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Superstrings in General Backgrounds 

In der vorliegenden Arbeit werden einige Aspekte des Superstrings im allgemeinen Hintergrund betrachtet. 
Die Arbeit besteht im Wesentlichen aus drei Teilen: Der erste studiert die Vorraussetzungen, unter denen man 
bosonische Strukturgleichungen in graduierte (z.B. im Superraum) iibertragen kann und formuliert diese in 
einem Satz. Auf diesen Betrachtungen basierend werden Konventionen verwendet, die graduierungsabhangige 
Vorzeichen absorbieren und die als Grundlage der Rechnungen des zweiten Teils dienen. 

Der zweite Teil beschreibt den Typ II Superstring mithilfe von Berkovits' "pure spinor" Formalismus. Die 
darin u.a. enthaltene Einbettung in einen Target-Superraum ermoglicht im Gegensatz zum iiblichen Ramond- 
Neveu-Schwarz Formalismus eine direkte Kopplung des Strings an Ramond-Ramod-Felder. Er eignet sich damit 
gut fiir ein Studium des Superstrings in allgemeinen Hintergriinden. In der Arbeit wird die Herleitung der "Su- 
pergravity Constraints" aus der klassischen BRST-Invarianz sorgfaltig rekapituliert. Die Herangehensweise un- 
terscheidet sich dabei in einigen Punkten von der urspriinglichen Herleitung von Berkovits und Howe. So 
bleibt die Betrachtung im Unterschied zu deren Rechnung vollstandig im Lagrange Formalismus und zur 
besseren Strukturierung der Variationsrechung wird ein kovariantes Variationsprinzip eingesetzt. Hinzu kommt 
die Anwendung des im ersten Teil formulierten Satzes. Auch die Reihenfolge, in der die Constraints erzielt 
werden, weicht von Berkovits und Howe ab. Als neues Resultat werden die BRST Transformationen aller 
Weltflachen-Felder hergeleitet, die bisher nur fiir den heterotischen Fall bekannt waren. Ein entscheidender 
weiterer Schritt ist schliefilich die Herleitung der lokalen Supersymmetrie- Transformation der fermionischen 
Targetraum-Komponenten-Felder. 

Dies liefert den Ubergang zur sogenannten verallgemeinerten komplexen Geometric (GCG), die Bestandteil 
des letzten Teiles der Arbeit ist. Die vierdimensionale effektive Supersymmetrie innerhalb einer zehndimen- 
sionalen Typ-II Supergravitation bedingt eine "verallgemeinerte Calabi Yau Mannigfaltigkeit" als Kompakti- 
fizierungsraum, welche wiederum mit Methoden der GCG beschrieben werden kann. In der vorliegenden Arbeit 
wird gezeigt, dass Poisson- oder Antiklammern in Sigmamodellen auf natiirliche Weise sogenannte "derived 
brackets" im Targetraum induzieren, darunter auch die Courant Klammer der GCG. Welters wird gezeigt, dass 
der verallgemeinerte Nijenhuis Tensor der GCG bis auf einen de-Rham geschlossenen Term mit der "derived 
bracket" der verallgemeinerten Struktur mit sich selbst iibereinstimmt, und eine neuartige Koordinatenform 
dieses Tensors wird prasentiert. Der Nutzen der gewonnenen Erkenntnisse wird dann anhand von zwei Anwen- 
dungen zur Integrabilitat verallgemeinerter komplexer Strukturen demonstriert. 

Der Anhang der Arbeit enthalt eine Einfiihrung in einige Aspekte von GCG und "derived brackets". Des- 
weiteren werden u.a. das Noether Theorem, Bianchi Identitaten, WZ-Eichung und F-Matrizen in zehn Dimen- 
sionen besprochen. 
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Superstrings in General Backgrounds 



In the present thesis, some aspects of superstrings in general backgrounds are studied. The thesis divides 
into three parts. The first is devoted to a careful study of very convenient superspace conventions which are a 
basic tool for the second part. We will formulate a theorem that gives a clear statement about when the signs 
of a superspace calculation can be omitted. The second part describes the type II superstring using Berkovits' 
pure spinor formalism. Being effectively an embedding into superspace, target space supersymmetry is manifest 
in the formulation and coupling to general backgrounds (including Ramond-Ramond fields) is treatable. We 
will present a detailed derivation of the supergravity constraints as it was given already by Berkovits and Howe 
some years ago. The derivation will at several points differ from the original one and will use new techniques 
like a covariant variation principle. In addition, we will stay throughout in the Lagrangian formalism in contrast 
to Berkovits and Howe. Also the order in which we obtain the constraints and at some points the logic will 
differ. As a new result we present the expHcit form of the BRST transformation of the worldsheet fields, which 
was before given only for the heterotic caseQ Having obtained all the constraints, we go one step further and 
derive the form of local supersymmetry transformations of the fermionic fields. This provides a contact point of 
the Berkovits string in general background to those supergravity calculations which derive generalized Calabi 
Yau conditions from effective four-dimensional supersymmetry. The mathematical background for this setting 
is the so-called generaHzed complex geometry (GCG) which is in turn the motivation for the last part. 

The third and last part is based on the author's paper on derived brackets from sigma models which was 
motivated by the study of GCG. It is shown in there, how derived brackets naturally arise in sigma-models via 
Poisson- or antibrackets, generalizing an observation by Alekseev and Strobl. On the way to a precise formulation 
of this relation, an expHcit coordinate expression for the derived bracket is obtained. The generaHzed Nijenhuis 
tensor of generaHzed complex geometry is shown to coincide up to a de-Rham closed term with the derived 
bracket of the structure with itself and a new coordinate expression for this tensor is presented. The insight is 
applied to two-dimensional sigma models in a background with generalized complex structure. 

The appendix contains introductions to geometric brackets and to aspects of generalized complex geome- 
try. It further contains detailed reviews on aspects of Noether's theorem, on the Bianchi identities (including 
Dragon's theorem), on supergauge transformations and the WZ gauge and on important relations for F-matrices 
(especiaHy in ten dimensions). A further appendix is devoted to the determination of the (super) connection 
starting from different torsion- or invariance constraints. 



^These transformations were presented already in the original version of August 16, 2007. In the meantime another paper 
Pi independently presented BRST transformations for the type IIA string, although in a very different ^tting, based on free 
differential algebras. Note also another interesting paper on the pure spinor string in general background [gj which has appeared 
in the meantime and takes into account recent developments in Berkovits' formalism, o 
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Some remarks in advance 



• The part about the superspace conventions is interesting in itself and was a significant part of my research 
work. This is why it was not put into the appendix. However, you can read the other parts without this 
one. Only if you want to follow some calculations in detail, you might miss some signs. Latest at this 
point you should study the part about the superspace conventions before you assume that you have found 
a mistake. 

• Capital indices M in the part about derived brackets and generalized geometry contain tangent and 
cotangent indices, while in the context of superspace they contain bosonic and fermionic indices. In the 
latter case we have M = {m, /x, fi}. The two fermionic indices are sometimes collected in a capital curly 
index M. = {/x,//,}. 

• The thesis-index at the end contains also a list of most of the used symbols. So in case you start somewhere 
in the middle of the document and would like to know, where some symbols or notations were introduced, 
have a try to look at the index. 

• There are a couple of propositions contained in this thesis. They simply contain more or less clear 
statements that one could have given in the continuous text as well. In particular, their formulations 
and proofs are mostly not of the same rigorousness as one would expect it in mathematical literature. In 
addition, there is no clear rule which statements are given as proposition and which are only given in the 
text. The ones in propositions are important, but the ones in the text can also be ... 

• Everything in this thesis has to be understood as graded. Graded antisymmetrization will just be called 
'antisymmetrization' and the square brackets [. . .] will be used to denote this, no matter if the graded 
antisymmetrized objects are bosonic or fermionic. Likewise, the supervielbein will often just be called 
'vielbein'. Only at some points the terms 'graded' or 'super' will be explicitly used. 

• It is a somewhat strange habit to desperately avoid the word "I" in articles, in order to express ones 
own modesty. Writing instead "the author" seems unnecessary long and writing instead "we" resembles 
the pluralis majestatis, and I don't see how this can possibly express modesty (although one then calls 
it pluralis auctoris or even pluralis modestiae). In spite of this, I got used myself to use frequently (and 
without thinking) the word "we". Understanding it as pluralis modestiae is probably only possible if one 
can replace "we" with "the reader and myself", for example in "we will see in the following ...". However, 
you, the reader, would probably loudly protest when I write things like "we think ..." or "we have no 
idea why..." and claim that the reader is included. Nevertheless, I am afraid that sentences like this will 
appear quite frequently and in order to avoid inconsistencies, they have to be understood as the pluralis 
majestatis ... 

• The symbol o marks the end of a footnote. If this mark is missing, it means that the footnote is continued 
on the next page or that I simply forgot to put it . (This remark was simply copied from my diploma 
thesis, but at least I have changed the footnote symbol and the language) 

• This document was created with LyX which is based on 1^1^. 
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This thesis is devoted to superstrings in general backgrounds, but it will of course restrict to only some 
aspects, leaving out many important areas. 

Apart from a few other simple cases, the quantized superstring is well understood only in a flat background 
where the worldsheet flelds have basically free-fleld equations of motion. The physical spectrum of a string in flat 
background, however, contains itself fluctuations around this background. A huge number of strings therefore 
can sum up to a non- vanishing mean background field, for example a curved metric or even Ramond-Ramond 
bispinor-fields. The worldsheet dynamics for the individual strings then has to be adjusted. In other words, 
it is very natural to study the superstring in the most general background. Consistency conditions from the 
worldsheet point of view implement constraints and/or equations of motion on the background fields. On the 
worldsheet level, the form of the consistency conditions depends very much on the formalism one is using to 
describe the superstring. In general, the gauge symmetries or alternatively BRST symmetries of the action in 
fiat background should be present in some form also for the deformed action (string in general background), 
especially after quantization. For the Ramond-Neveu-Schwarz (RNS) string, with worldsheet fermions, this 
boils down to the quantum Weyl invariance of the action, which also yields the critical dimension. For the 
Green Schwarz (GS) string and for the Berkovits pure spinor string (to be explained later), there are instead 
additional conditions. For the Green Schwarz string, the so called k gauge symmetry has to be preserved, while 
for the Berkovits pure spinor string one has to guarantee the existence of a BRST operator which has the form 
Q = §dzX°'dza in the fiat case. In fact, in the latter two cases, the BRST symmetry and the K-symmetry 
are already strong enough to implement the background field equations of motion at lowest order in a' , i.e. 
supergravity, such that quantum Weyl invariance does not give additional constraints at this order. 

There are of course backgrounds which are more interesting than others for phenomenological reasons. First 
of all, as we are observing four spacetime dimensions, we expect to live in a solution to the background field 
equations where 6 of the 10 dimensions are compactified on a small radius, such that they are effectively not 
visible. This compactification has to be compatible with the supergravity equations, but without restrictive 
boundary conditions there are infinitely many possibilities. For a long time, people were hoping that there is 
a dynamical mechanism, preferring precisely the compactification (or 'vacuum') that corresponds to our world. 
By now it seems more and more likely that there is no such mechanism or at least not such a strong one. 
Instead, the picture might be that we are simply sitting in a huge 'landscape' of possible vacua, where some of 
them are more probable than others. As there is such a huge number of effective four dimensional theories, it 
seems improbable that 'our world' is not contained in them. Of course, being able to derive the real world from 
string theory is a necessary requirement, if this theory is supposed to be more than just interesting mathematics. 
By now there exists a huge model building machinery. People are considering orbi- and orientifolds and are 
putting intersecting D-branes into the compactification manifold. The number of possibilities is huge. Quite 
a lot of models come reasonably close to the standard model, but none of them really matches. But even if 
there might be a lot of justified criticism to string theory, this particular problem of finding the real world is 
rather a matter of time. So far, only a very tiny, mathematically treatable subset of solutions has been studied 
and it would have been a lucky coincidence to find a suitable vacuum in a simple setting. The bigger problem 
might show up only after finding a vacuum which effectively reproduces the standard model: there might be 
a still big number of different models which likewise reproduce the standard model. Without knowing all of 
them and their common properties, one cannot really make predictions about so far unknown physics. This is, 
however, not an argument against string theory. If there is another theory, unrelated to string theory, which 
also describes correctly the standard model and gravity, then this model simply has to be added to the set of all 
models which describe the so far observable physics consistently. There is no reason to throw out the ones that 
might have been obtained from string theory. Any approach that can consistently describe the so far observable 
physics is of course admissible. 

It is not the immediate aim of this thesis, however, to describe observable physics, but to study the string 
in a general background in ten dimensions. As argued above, one can be optimistic that someone will find real 
physics within string theory. But sometimes it is easier to recognize simplifying structures in the general setting 
and not in some particular cases. Moreover, considerations like this should survive changes in the communities 
opinion of what is an interesting model to look at. This was the idea, but in the end, not everything in this 
thesis is as general as it should be. First of all, mainly classical closed strings in a type II background are 
considered. At some places we keep boundary terms for later studies of open strings. Secondly a whole part 
of the thesis is inspired by generalized complex geometry. This in turn is related to a not very special but still 
special type of compactifications. Let us recall this in the following lines: 

Again for phenomenological reasons, in particular the hierarchy problem, it is reasonable to expect that the 
four dimensional effective theory resulting from compactification is A^ = 1 supersymmetric. For that reason, 
Candelas, Horowitz, Strominger and Witten introduced in 1985 |^ Calabi Yau manifolds into string theory. 
These manifolds are Ricci fiat and obey therefore the Einstein field equations in vacuum. The supersymmetry 
constraint then corresponds to the existence of a covariantly conserved (w.r.t. Levi Civita) S'pm(6)-spinor. 
Soon after, Strominger realized in |^ that a background B-field, in combination with a non-constant dilaton, is 
also consistent with supersymmetric compactification. Nevertheless, there has been very little activity on this 
more general case while the Calabi- Yau case was intensively studied. This intensive study lead to invaluable 
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insights concerning dualities and the form of the landscape in the Calabi-Yau case. 

Only quite recently the importance of the general case including fluxes was properly noticed. It was realized 
that the Calabi-Yau condition gets replaced by a "generalized Calabi-Yau" condition, which brings the so-called 



generalized complex geometry into the game. See the introduction to part II] on page 117 for the relevant 
references. The derivation of this is mainly based on supergravity calculations. Starting from ten dimensional 
type II supergravity one demands effective A^ = 1 supersymmetry in four dimensions after compactification 
H, ||. The results could in general be modified by string corrections. In order to study this, one has to set up 
the problem in the worldsheet language. In other words, the superstring has to be placed into a general type II 
background. 

The first striking fact is that there is so far no treatable way to couple the RNS string to Ramond-Ramond 
fields. Ramond-Ramond fields can be either seen as bispinors (fields with two spinorial indices) or equivalently 
(expanding in F-matrices) as a collection of differential p-forms. Fullbacks of p-forms with p bigger than two 
vanish on the worldsheet. Likewise we do not have elementary fields with spacetime spinor indices in the RNS 
description. This is in short the reason why coupling to the RR-fields is an open issue in the RNS formalism. 
The natural alternative is the OS string which is basically an embedding of the string into a target superspace. 
The fermionic superspace coordinates or their momenta provide natural candidates for the coupling to the 
RR-bispinor-fields. This formalism, however, happens to have a fermionic gauge symmetry whose constraints 
are infinitely reducible and would require an infinite tower of ghosts for ghosts in the standard BRST covariant 
quantization procedure. It can be quantized in flat space in the light cone gauge and shown to be equivalent to 
RNS, but higher loop calculations are difficult because of the lack of manifest covariance. 

The problem of covariant quantization of the OS superstring was bothering people for many painful years 
without real progress until Berkovits came up in 2000 with an alternative formalism [Q, based on commuting 
pure spinor ghost variables, which can be covariantly quantized in the fiat background. It is similar to the GS 
string in that the target space is a supermanifold, but the origin of the pure spinor ghost is still a bit mysterious. 
This ghost field and the corresponding BRST operator are related to the K-symmetry of the GS string, but the 
relation is not very transparent. In addition, the pure spinor condition is a quadratic constraint on the spinorial 
ghosts, which seemed in the beginning not very attractive. For this reason there were several attempts to get 
rid of this constraint or at least to explain its occurrence. The beginning of my FhD research was devoted to 
a promising approach by Grassi, Porrati, Policastro and van Nieuwenhuizeng ||, |l^, |ll|] and I will give a few 
remarks about this at a later point. By now the need for an alternative formalism has decreased, as Berkovits 
managed to give a consistent multiloop picture in ||l^. In any case the pure spinor formalism seems to provide 
the adequate tool to study the superstring in curved background. On the classical level this has already been 
done in ||l^. It was shown that classical BRST invariance of the pure spinor string in general background 
already impHes the supergravity constraints on the background fields. 

One major subject of the thesis is to rederive this important result with different techniques. All steps will 
be carefully motivated and the calculations given in detail. Most importantly the calculation given in this thesis 
can be seen as an independent check, as it is done entirely in the Lagrangian formalism in contrast to ]l^ . 
Moreover, a covariant variational principle will be established and used to calculate the worldsheet equations 
of motion. Some results are obtained in a different order but match in the end. One new result is the explicit 
form for the BRST transformations of the worldsheet fields of the type II string in general background, which 
were so far only presented for the heterotic string in [g^ . After the derivation of the constraints, we go one 
step further and derive the supergravity transformations of the fermionic fields. The transformations are in 
principle well known, but the idea is to obtain them in the parametrization of the fields in which they enter 
the pure spinor string. The supersymmetry transformations of the fermionic fields are the starting point for 
the derivation of the generalized complex Calabi-Yau conditions for supersymmetric compactifications. Having 
a closed logical line from the pure spinor string to generalized geometry hopefully opens the door for the study 
of quantum or string corrections to this geometry. There is still a part missing in this line from the Berkovits 
string to generalized complex geometry, as we will end with the presentation of the supergravity transformations 
and not proceed with the derivation of the generalized Calabi-Yau conditions. Again, this calculation would 
not deliver new results (following |g|, ^), but it would be important to have everything in the same setting and 
with the same conventions. One might expect in addition that the superspace formulation will give additional 
insight to the geometrical role of the RR-fields. They are so far only spectators in generalized geometry. A 
bispinor is from the superspace point of view just a part of a rank two tensor, and it seems natural to include it 
into geometry by estabhshing some version of generaHzed supergeometry. See also in the conclusions for other 
possible extensions. 

Another new feature of the re-derivation of the supergravity constraints from the pure spinor string is 
the rigorous (and in some sense very unusual) application of some powerful superspace conventions. To be 
more precise, we are going to use conventions where all the signs which depend on the grading are absorbed 
via the use of a graded summation convention and a graded equal sign. This a not a completely new idea and 
northwest-southeast conventions (NW) or northeast-southwest conventions (NE) already refiect this philosophy. 
Nevertheless most of the authors still write the signs and take the rules of NW and NE only as a check. Only 
in jlSjl, I have found an example where the signs were likewise absorbed. However, a careful study, under 
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which circumstances this is possible seemed to be missing. This is the subject of part | on page ^. This 
part is more than just the declaration of the used conventions. The upshot is the formulation of a theorem 
about when the grading dependent signs may be dropped. The application to supermatrices shows that the 
underlying ideas lead to slightly different definitions of e.g. supertraces or some matrix operations. Using these 
definitions, all equations take exactly the form they have for bosonic matrices. In particular the equation for 
the superdeterminant reduces to an equation which holds in the very same form for purely bosonic matrices. 

Applying this philosophy to the Berkovits string calculation has some strange effects. Most importantly, 
the commuting pure spinor ghosts are treated as anticommuting objects. And likewise confusing, the chiral 
blocks 7^0 of the 10-dimensional F-matrices are treated as antisymmetric objects although they are in fact 
symmetric. This nevertheless makes perfect sense and the confusion is not, because the conventions themselves 
are confusing, but because of the difference to what one is used to. It is therefore a very nice confirmation 
of the consistency of the conventions that the quite lengthy calculation with the pure spinor string in general 
background went through and led to the same results as the original calculation. No single grading dependent 
sign had to be used. The part about the superspace conventions - although very interesting in itself - is not 
needed to understand the basic steps and ideas of the other parts. Finally it should be mentioned that the 
appendix about F-matrices in ten dimensions is written in ordinary conventions for 'historical reasons'. It is, 
however, simple to tran slate the equatio ns to the other convention where needed. 

There is finally part [III on page 117| of the thesis, which is dealing basically with so called derived brackets 
and how they arise in sigma models. This part is based on my paper ||l6|. The efforts to understand some aspects 
of the integrability of generalized complex structures have led to the observation that super Poisson brackets and 
super anti-brackets of worldsheet-supersymmetric or topological sigma models induce quite naturally derived 
brackets in the target space. A more detailed introduction an d motivation for this part is given at its beginning. 

The structure of t he thesis is as follows: We start in part I on page 6 with the discussion of the superspace 
conventions. In part [I on page 3£ we will consider Berkovits pure spinor string. After a short motivation for 
the formalism - coming from the Green Schwarz string - the derivation of the supergravity constraints will 
be given and the supergravity transformations of the fermionic fields will be derived. In part [II on page 117 
the appearance of derived brackets in sigma models and the relation to integrability of generalized com plex 
structures is discussed. All parts contain their own small introduction. After the Conclusions on page 143 there 
are a num ber of more or less useful appendices. It starts with notations and conventions in appendix A on 
pa ^ 145 . This appendix does of course not contain the su pers pace conventions which are treated in part |. Note 
also that there is an index at the end of the thesis (page |233|) which should contain most of the used symbols. 



Appendices B on page 148 and C on page 159| g ive introduction s to some aspects of generalized complex geometry 
and derived brackets, respectively. Appendix D on page 167 summarizes some important facts and equations 
for F-matrices with an emphasis on the ten-dimensional case. In partic ular the explici t representation is given 
and the Fierz identities for the chiral submatrices are derived. Appendix E on page 181 presents the Lagrangian 
version of the Noether theorem and the Noether identities. Additional statements which are important for 



our BRST invariance calculations of the pure spinor string are likewise given. Appendix F on page 189 recalls 
the general definitions of torsion, curvature and H-field (valid as well in superspace) . It likewise recalls the 
derivation of the Bianchi identities and gives the proof for a slightl y modified vers ion of Dragon's theorem [|l^ 
about the relation of second and first Bianchi identities. Appendix G on page 19g| contains a general discussion 
on how the connection is determined by invariance conditions and certain constraints on torsion components. 
The simplest example is of course the Levi Civita connection which is given by invariance of the metric and 
vanishing torsion. In ten dimensional superspace there is no canonically given superspace metric. In this 
appendix it will be discussed how the connection is reconstructed from more general constraints, like a given 
non-metricity or preserved structure constants. In addition the Levi Civita con nection will be extracted from a 
given general superspace connection. And finally, in appendix H on page 20C , the Wess Zumino gauge will be 
reviewed in a general setting. This gauge is useful and natural to eliminate auxiliary gauge degrees of freedom. 
By fixing part of the superdiffeomorphism i nvariance, one recovers ordinary diffeomorphism invariance and local 
supersymmetry. This will be used in part 11 on page 39| to determine the supergravity transformations of the 
fermionic background fields of the pure spinor string. 



Part I 



Convenient Superspace Conventions 



Chapter 1 

The general idea and setting 



Most bosonic definitions or equations have a natural generalization to superspace. There are, however, always 
sign ambiguities in the super-extensions of the definitions. For this reason, bosonic structural equations only 
hold up to signs in the superspace or graded case. The information that they hold up to signs is already a useful 
qualitative statement, but it can be very cumbersome to determine the correct signs. Rules like northwest- 
southeast or northeast-southwest were introduced to fix the sign ambiguities. These rules in principle allow to 
reconstruct the grading dependent signs from the structure of the equation. It is then a natural step to drop 
all the signs during the calculations and reintroduce them only at the very end. Or in other words, simply take 
over the results from a bosonic calculation and decorate it with the appropriate signs. But as usual, there exist 
some subtle cases in which a strict application of the sign rules compromises some other philosophy or is simply 
not possible. For this reason a large majority of people working in that field prefer to carry along all the signs 
and leave them away only in intermediate steps where it is obvious that no problems will occur. A paper by 
Dragon ||l^ is the only example I know, where the parity-dependent signs are left away completely. Nevertheless 
a precise formulation of the conditions under which this is possible still seems to be missing. Statements like 
"everything works basically the same in the fermionic case, but one has to be careful with the signs" are used 
frequently in talks. This is the reason, why we want to find out the precise form of the above conditions. In 
addition, this idea can probably be applied to many more situations than it was done so far. In this first part 
of the thesis, we try to fill part of this gap. 

1.1 Leading principle, graded Einstein summation convention 

The leading principle of our conventions is that every abstract calculation looks formally exactly the same as in 
the bosonic case. All modifications (signs etc) which are due to the fact that there are anticommuting variables 
involved should be assigned only in the very end, to the result of a purely bosonic calculation. 

The conventions will be based on either northwest-southeast (NW for short) or northeast-southwest (NE for 
short) conventions, which we will explain a bit below. The NW convention is used for example in some standard 
references as [^ |l^ while in B. DeWitt's book on supermanifolds [Q the NE convention is used (although 
this is not immediately obvious, due to his notation with some indices on the left). It is important, however, 
that we will in the end have a formalism which looks exactly the same for NW and NE. 

Our considerations will mainly treat objects with indices, for example - but not necessarily - coordinates 
or tensor components. We assume that there is an associative product among the objects being distributive 
over a likewise present abelian group structure (the sum). Sometimes we have even several of such products 
(tensor product or wedge product, product of components, ... ), which all will be treated in the same way. The 
described setting simply forms a general associative algebra. But let us start with the motivating example. 

Let x*^ be the coordinates in a local patch of a supermanifold. Assume that the first components are bosonic 
and the following are fermionic (anticommuting). 

x^'^ = {x"',x^) = {x"\e-^) (1.1) 



The som ewhat unusual choice of a curley capital letter for the fermionic indices will be convenient for part [I on 
^jage 39 . There we have two different spinorial indices that we combine in the capital curled one: x'^^ = {x'^,x'^). 



As usual, we assign a grading to the indices according to the split into bosonic and fermionic variables. 

M \ \ nr \ J for M = m . , 

x^' 1 = 1 M I = <^ ^ , . , _ . . (1.2) 



1 for M ^M 
For grading-dependent signs we use the shorthand notation 

i-f' = (-1)1^-^1 (1.3) 

(^_^K(M+N) ^ (^_i^\K\{\M\ + \N\) ^-^^-^ 
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A general object of interest is an object with r„ upper and ri lower indices (e.g. a rank (r„,r/)-tensor, but 
our conventions should also extend to non-tensorial objects like connection-coefRcients) . The overall grading of 
such an object is 

I T^'^-*'"jVi...JV, I = |r| + |Mi|+...+ |M„| + |iVi|+...+ |iVn (1.5) 

where a nonvanishing grading | T | of the "body" of the object (let us call it the rumpf , in order not to mix it 
up with the body of a supernumber) makes sense when there are ghosts involved, i.e. objects, with the same 
index-structure as the coordinates, but opposite grading. 

I c'' H c I + 1 M I ^'-='''-' 1+ 1 M 1= I ;^°^^^,:; (1.6) 

Also for differential forms we will have in general a grading that differs from their index-grading. E.g. for the 
cotangent basis elements, we will assign the grading | dz;*^ | = | d| + | A/ |= 1+ | A/ |. 

Superspace coordinates x^^ , the element cfe^^ of the exterior algebra and the classical ghost field c^^ are 
examples of graded commuting objects which are the main motivation for the following discussion. Let us 
therefore give the definition: 

a, b are graded commuting : .<==> ab = {—)"' ba (1'7) 

For objects where part of the grading is assigned to the indices, this simply becomes 

a*^6^ are graded commuting : ^^ a*^6^ - (_)(a+M)(fc+Ar)^iV^Af ^-^ g^ 

Before we come to our conventions, let us quickly remind the existing ones which already have the basic 
idea inherent. The generalization of definitions from the commuting (bosonic) case to the graded commuting 
case is not unique. A very simple example is the interior product which has in local coordinates the form 
lyOj = Y^^v^^iOm — J2m^mv"^- If One wants to extend this definition to vectors and forms that have graded 
components as well, the order makes a difference. In the northwest-southeast convention (NW for short) 
the extension is chosen in such a way that there is no additional sign if the contraction of the indices is from the 
upper left (northwest) to the lower right (southeast), i.e. i^w = X^a/^*'^'^*^ ~ Sm(~)*^'^J^"^^- Within the 
northeast-southwest convention (NE for short) instead, there is no sign when contracting from the lower 
left to the upper right: lyUj = J2m^mv^^ = J2Mi~)^^^^^^M- 

It is also possible and sometimes very convenient to use a mixed convention with different summation 
conventions for different index subsets. One could for example define lyUJ = J2m {''^"'"^m + v^'^n + {—)'^v'^^[i)- 
We will come back to this below. 

The above definitions are 'definitions by examples'. There will be additional examples in what follows. In 
any case, the philosophy of NW and NE is that for every new definition, possible ambiguities are fixed by the 
contraction directions. This should give a unique way of generalizing bosonic equations and already implies the 
possibility that one can calculate in a purely bosonic manner and reconstruct the signs at the very end, at least 
under certain conditions. 

In our convention, we will completely omit those signs which are encoded in the structure of the terms. NW, 
NE or mixed conventions then formally look the same, and there is no reason to decide a priori for one of them. 
During the derivation and motivation we will always give the signs for NW and only in important cases for NE. 

One of the main ingredients of our conventions will be what we call the graded Einstein summation 
convention: repeated indices in opposite positions (upper-lower) are summed over their complete range, taking 
into account additional signs corresponding to either NW, NE or mixed conventions. 

.M, ^ / Em(-)'"'«*'&a/ for NW , M^f EMl-r'+'^'^Ma^'forNW 



I Em (-)''''+*'«''' &M for NE ^^^^ = \ EM(-)"*'&Afa*^ for NE ^^'^^ 

The factor (— )^ appears always in the "wrong" contraction direction (i.e. in a NE contraction in NW conventions 
and vice verse). The factors (— )'^*^ and [—)^^' bring the contracted indices next to each other. This definition of 
the graded summation convention guarantees (in both cases, NW and NE) the following important properties: 

• All signs which depend on the grading of the dummy- indices, disappear in the equation for graded com- 
mutativity. If a^^ and 6a/ are graded commuting objects with a^^b^ = (— )(°+^^)(''+^)&7va*^ then the 



definition ( |1.9[) simply implies for their contraction 

a"'bM = i-r^hia'' (1.10) 

In an associative algebra it is important that the definition of the graded sum is compatible with associa- 
tivity. Taking a third algebra element c (which may or may not have an index) and multiplying from left, 
we have 

c{a''bM) = [caf'bM (1.11) 
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This is kind of trivial, because the grading of the first rumpf-symbol in the sum in ( |l.9| ) does not enter 
the definition. The other way round, however, we learn that the above property forces the definition of 
the graded sum to avoid the grading of the first element. 

In fact one can see the above properties as the defining properties of the graded summation convention. We could 
have made a more general ansatz with a sign depending on the rumpfs a, b, the index M and the contraction 
direction \ or /'i 

a'^bM ^ ^(-)^(''-'''^^^)a^^6M, foAffl^ ^ 5](-)^(^-^^'^)6Ma^ (1.12) 

M M 



Demanding the associativity property ( 1 . 1 1] ) implies that (^(a, 6, M, \) = 0(6, M, \), 0(6, a, M. y) — (f>{a, M, /). 



The graded commutativity property ( 1.10| ) then puts an additional restriction 



f_\<Pib,M,'\)+bM+M _ /_\4>{a,ALy')+aM q -j^g-v 

This fixes the a and b dependency of (-)'^ completely, namely (-)'^(''.a^.N) = (_)0o(M,\)+bM ^^^ (_-),^(a,Af,/) ^ 
(^-)MM,y)+aM _ jj^ addition we have {-)'l'oiM,\) ^ (^_-jM(^_)Mm,/') ^j^j^ ^^^^ ^^ rj,j^g ^^g^. general definition 
of the graded summation convention which has the above properties ( |l.lC| ) and ( 1.11 ) therefore readq^ 



a'^bM ^ J2'^-r'{-)^"^'''^a''bM, bMa'' ^ ^(-)^'^+"*'^(-)^«(^'^)6Ma^ (1.14) 



M M 



For (J)q{M) — 0, we arrive at NW-conventions, while for 4)q{M) =| M | we are in NE. In general the function 
4>q{M) may depend arbitrarily on the index M . A natural condition is of course that for M being a bosonic 
index, the summation should reduce to the ordinary one, so that we require 0o(M) = for | M |= 0. For 
the fermionic indices, we could in principle define the sign differently for every single index. In superspace 
applications, however, the result would then in general not be Lorentz invariant and therefore not very useful. 
But as mentioned already with the introductory example of the interior product, it is consistent e.g. in extended 
superspace to switch the sign between different subsets, each corresponding to a representation of the Lorentz 
group. A mixed convention is also useful in phase space considerations, where we combine configuration space 
coordinates x^^ and momenta pu to Darboux coordinates z— = {x^ ,pm)- The definition of the graded 
summation convention for the combined indices M_ will then change by (--)*^ when the index range goes from 
the coordinate index to the momentum index. 

By now we have defined in ( [LS| ) or ( 1.14 ) only an index contraction between two graded commuting obje cts. 



The fi rst generalization is t o allo w a^^and 6m to be not necessarily graded commuting. The definitions ( |1.9D or 
( 1.14 ) make still sense and ( |l . 1 1[ ) is still fulfilled, if a*^ and bM are elements of an associative algebra. There is 



no good argument to modify the definition in this more general case. Finally, we go one step further and assume 
that b in a^bjyi is not necessarily an algebra element, but simply a placeholder for either indices or rumpfs which 
can carry gradings. Likewise a will also be allowed to contain indices in addition to one or more rumpfs. I.e., 
we could replace 6 by an index 6 ^ ^r, to get a definition for a^^ nm- We could even remove 6 completely 
6 ^ {} to obtain a^'\i, or replace both by s.th. more complicated: a -^ Akl, b ^ ^^ Bj^ yields the definition 
for Akl^^ PQ Brm- This allows to define almost all possible contractions. Unfortunately, we are in this way 
restricted to expressions which end with the dummy index M. To close this gap we can introduce a third 
placeholder and define a^^buc = Em(~)''*^(~)*''^*^^«*^^mc and bna^^c = Y.m{~Y''^"^'' {"Y^'^^^'^^Ma^'' c. 
Similar to a, c is just a spectator and does not enter the signs in the sums. We should now check that with this 
general definition the graded sum is well defined, in particular when two index pairs are contracted. 

• The graded summation for more than one index pair is well-defined in the sense that the contraction- 
operations commute. 

In order to verify this statement, let a,b,c,d and e be placeholders in the above sense. In the following two 
examples of index contractions over M and N we will first start with the M-contraction followed by the iV- 



^Some people prefer to have not one single Z2-grading which governs the signs in a graded commutative algebra, but to 
have several distinct Z2-gradings. For example one can distinguish between the Z2 grading | ... |d of differential forms (even 
and odd) and the fermion grading | ... \f (fermion or boson). The graded summation convention can then be extended to 

a'^'bM = X;M(-)'''''^'*^'''(-)''''^'*'''^(-)'*'''-*^'(-)'^^'*'^'a*^''M- One could even introduce a seperate grading for ghost fields 
I . . . I9. Although the present discussion uses only a single Z2 grading, basically everything works the same for distinct gradings. 
As the summation convention swallows all the grading dependent signs anyway, one can even decide only at the end, which picture 
one prefers, o 
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contraction and then reverse the order. The simple case is when one contraction encloses the other: 

a^'bNC^dM '"=' ^(-)*«(*^)(-)*'^(''+^+^+^+'^)a^^6jvc^dA./= (1.15) 

M 

= ^(-)*''(*^)+^«(^)(-)*^(''+^+^+^+'^)(-)^^+^a*^5jvc^dM (1.16) 

M,N 



M 

E 

M,N 



^_-jMN)+MM)(^_)Nc+N^^-^Mit+c+d)^M^^^N^^ (^-^g) 



There is certainly no problem with the above case. But also for the case where the contractions intersect, 
everything goes fine if indices which are already contracted are not taken into account in the second contraction: 



UNb^'c'^dM ""^^' J2^-)^"^''\-)^'^'+''+'^aj,b^'c''dM= (1.19) 

M 

M,N 

Y^(-)MN)^_)mb+M+c)+N^^^^M^N^^^ ^ (1 21) 

M 

J2 (^)MN)+MM)^_)N(b+M+c)+N^_^Mic+d)^^f^M^N^^^ (^ 22) 



first N 



M,N 



Let us give one last example in (NW) (upper fine) and (NE) (lower line)to clarify the general treatment: 

A KN1N2 Ns^J Ml Ma — (,J-.^«jJ 



r V ( \Mi{K+N2+M2 + B) + M2(B+Ni)+Ni{l+N2 + B) + N2{l+B+L} + N3il+B) aMi_^^^^ ^Ah^^ nNaN,^ 

V ( \Mi{l+K+N2+M2+B)+M2{l + B+Ni}+Ni{N2+B)+N2{B+L)+N3B aMi ^^^^ ^Al2^^ R^aWi ,, 

/^MuM2,NuN2M3\~) ^ KN1N2 JV3-D Ml 



Ma 



LN2 



LN2 

Ma 



The terrible signs in the lower lines of ( 1.23| ) are exactly those which we want to omit during calculations. We 



thus will define every calculational operation in such a way that it is consiste nt wit h this graded summation 



convention, s.th. one can calculate only with expressions as in the upper line of (|l.23| ) and assign the signs only 
in the end of all the calculations. 

By definition all the signs which depend on dummy indices are swallowed by the definition of the graded 
summation. As mentioned, the equation a^'^b^ — {—p'^'^^^'^^^^'bNO,^ for graded commuting algebra elements 
reduces in a su m to a^^bM — {—Y^bMO-'^^- The same simplification occurs for terms with several contracted 



indices, like in ( |l.23[) . Assuming that the objects there are graded commuting as well, we get 



4M1 Ma T^NsNi LN2 _ ( \iA+K)(B+L) nNsNi LN2 aMi Ma n OA^ 

A KN1N2 N^ti MiMa — {-) -D AI1AI2 A KN1N2 N3 (l'^4j 

Although there are still signs depending on the naked indices, this is far better than without the graded 
summation convention, where we would have obtained instead the full sign factor 

r\(A+Mi+K+Ni+N2+Al2+N3){B+N3+Ni+Ah+M2+L+N2) Q 25) 

1.2 Graded equal sign 

The graded summation convention takes care of all dummy indices. But we can still be left with naked indices 
and/or graded rumpfs, which likewise produce inconvenient signs. Also the summation convention on its own 
might be dangerous. To show this, look at the following example: Consider graded commutative variables 
a^ , 5*^, c*^ and d^^ with bosonic rumpfs. Then the following equations, which are obviously correct (using our 
graded summation convention) 

a^'b^CNdM-a^^b'^dMCN = Vgraded comm. a*^ 5^, dM,CAr (1.26) 

^ a^^b^ {cffdM ^ dMCN) = Vgraded comm. a^^, 5^, ^m, c^v (1.27) 

could lead to the - in general - wrong assumption 

CNdAi — duCN — Vgraded comm. dM,CN (not true in general!) (1.28) 

We therefore introduce a graded equal sign =g, which states that the equality holds if for each term a 
mismatch in some common ordering of the indices is taken care of by an appropriate sign factor: 

cjvrfM - dMCN =g : ^F=^ cpfdM - {-)^'^'^dMCN = (1.29) 
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If we imagine objects like in ( [l.23| ), the graded equal sign allows one to write down quickly correct equations 
without bothering all the involved signs. And it will also lead as a guiding Hue for all definitions of new objects, 
which should all be writable in terms of the graded equal sign, in order to make them compatible with the 
graded summation convention. 



The idea of how to define the graded equal sign should be clear from ( 1.29 ), but in order to be able to write 
down a definition for the general case, we have to be a little more careful. For practical purposes it should be 
enough to have a look at the examples following the general definition, to convince yourself that everything is 
very natural and intuitive. 

Let us introduce the graded equal-sign for the most general case in two steps. At first we look at equations 



with only bosonic rumpfs, like in ( 1.26| ). 



Graded equal sign for bosonic rumpfs 

Any term T(^i) of the equation (which can be a product of a lot of objects with indices) has some nonnegative 
integer number k of naked indices (the vertical position of the indices does not play a role for this definition, 
so we write them all upstairs, but the very same definition holds for any position). We take the first term in 
the equation, call it T(i)*^i-*^'=, as reference term. Any other term r(i) in the equation has to have the same 
index set but perhaps with a different order or permutation P(i) of the indices. A permutation of an index set 
{Ml, . . . , Mk} is defined via a permutation of the set {1, . . . , fc} 

P(,)(Mi,...,Mfc) = (Mp(^,(i),...,Mp,^,(fc)), P(i) = l (1.30) 

In order to assign the appropriate signs to the terms, we introduce for any of the k indices Mi an auxiliary 
graded commutative object o*^' which carries the grading of the index 

If Mi are just supercoordinate-indices, then the supercoordinates x^^ themselves can be taken instead of defining 
new variables o*^. Let us now define something which we call a grading structure for a given term, namely 
a product of those objects o with as many factors as the term has naked indices: 

gg^yMi...M,^ = 0*^1 •••0^^'= (1.32) 

In the grading structures of different terms, we can rearrange the objects until all the naked indices have some 
common order. For example for two terms with 3 naked indices we have 

gg(yMiM2M3) = o^'^o^'-o^'^ (1.33) 



'(1) 

-(2) 

We call the resulting sign the relative sign of the grading structures 



^g/rpMsAhMi^ ^ ^Ma^Ah^Mi ^ f\Mi{M2 + M3}+M2M3^Mi^M2^M3 (134) 



gs(C^'-"^-''') ^ sign^,....j7^f---^^^«-).gs(l^--^) (1.35) 

As the rumpfs carry no grading so far, it is notationally more convenient to replace sign^ mi..-m^ i'^d) *' *' ) 

by|j sign^,^^ J^J^ (a/p (i)...Afp (fcj). For the above two terms with three naked indices we thus have 

sign^.,,.,,,,, (r^^f'^^^-^^) = signl,^,,^,,jM3M.M0 == (-)^^^(^^^+^^^)+^-^^*^^ (1.36) 

Using this definition of the relative sign of grading structures, we can now define the graded equal sign for an 
equation with general terms (but still bosonic rumpfs) as 



^T(,)"H,(^)-*H,(^-) =^0 :^=^ Esign^„,...,,jT(,)*'H,(^)-^'H)<'=>).T(,)*'H,(^)-^'H)<'=) =0 



T 

(1) 



(1.37) 



This definition does not depend on the choice of the reference term (above it is T^s^" ''), because only the rela- 
tive sign is relevant. One can replace sign^^i-.-M^ (T'Ci) "'<')*"■■■ -^(')"°')bysign^M„ n^■■■'-'p ik^^ii) ''(•)'"'■■ '"^(•)"°') 



(1) ^,., 

a 



for any j. As mentioned above we can also replace it by simply sign^^^ j^ {mp ,-Ly..M, 



P(i)(k), 



^Note that this sign does not in general coincide with the signature of a permutation. The relative sign 
sign^j ^^ (P(j)(Afi,...,M),)) coincides with the signature of the permutation P(i) (which is given by minus one to the number 
of switches one needs to build the permutation) only if all indices carry an odd grading, o 
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In the following sections we will always give definitions and important equations with the graded equal 
sign and with the ordinary one. The somewhat long-winded definition of above should therefore become more 
transparent in numerous examples later on. But let us first complete our definition to the case involving graded 
rumpfs. One could get rid of all graded rumpfs by shifting the grading to the indices (if present), or create a new 
index with only one possible value. As this would be notationally not very nice, we stay with graded rumpfs, 
but we keep in mind that a graded rumpf is similar to a naked index. Problems for including the rumpfs in the 
definition of the graded equal sign appear, when the same rumpf appears several times in one term, which is 
thus similar to to having coinciding naked indices: 



Problem of coinciding indices: 



The graded equal sign above ( |l.37| ) is only well defined if all naked indices can be distinguished. In general 
calculations one usually uses different letters for each index, even if they are allowed to coincide, and then there 
is no problem. What, however, if one looks at some special case with two coinciding indices? Consider the 
following relations (which simply apply the definition of the graded equal sign) : 

('„^ T' MN rr, NM , , rp MN / \NMrp NM /-, oo\ 

(a) J(i) =gJ(2) -^=^ J(l) = (-j ^(2) (l-<30j 

/i\ rp MN rp MN , , rp MN rp MN / -i on^ 

(0) J(l) =3^(2) -^=^ J(l) =-t(2) (1-39) 

For M = N (no sum) this reads 

(a) Td)^"'^ =,, r(2)*"'^ 4=» Td)^"^ = (-)*^T(2)*"'^ no sum over M (1.40) 

(b) Td)^"-^ =g T(2)*'^*^ ^^ Td)*"' = ^(2)*"' no sum over M (1.41) 

Now (a) and (b) obviously contradict themselves and the graded equal sign is therefore ill-defined. There are 
two options to solve this notational problem. The first is to always rewrite the equation with an ordinary equal 
sign before looking at any special case. The second is to make apparent the original name of the index in the 
following way (this is also useful to suppress summation over repeated indices if it is not wanted) 

/ \ rp M(N=M) rp (N=M)M , , rp M(N=M) I \Mrp (N=M)M /-, ^o^ 

(a) J(l) '=9^(2)' ^=^ J(l) = (-) J(2)' (1-42) 

(K\ T M(N=M) rp M(N=M) , , rp M(N=M) rp M(N=M) /-, An\ 

(6) J(i) '=gl(2) ^ ^=^ -'(1) '^J-{2) ^ (1-43) 

Graded rumpfs 

A grading of a rumpf is like a naked index grading at the position of the rumpf. The lesson from above is, that 
we can only include the rumpfs completely into the definition of the graded equal sign, if in each term every 
rumpf appears exactly once. As we can't rely that this is the case in all equations of interest, we will include the 
rumpfs only partially in the definition of the graded equal sign. Namely, the graded equal sign will not compare 
the order of the rumpfs, but the position of the indices with respect to the rumpfs. This is again necessary 
to stay consistent with the graded summation convention. Consider therefore the same trivial example as in 



(1.26), however, now with graded rumpfs 

a^'h^CNdM-i-f^a^'b^dMCN = Vgraded comm. a*^ 5^, ^m, cat (1.44) 

=> a^^h^ {cNdM - {-f^dMCN) = Vgraded comm. a*^ 5^, ^m, cat (1.45) 

We now want to simply read off 

cnAm ~ [~Y d-MCN =g Vgraded comm. dj\/. Cat (1-46) 

In order for this to be correct, we have to extend the definition of =g appropriately to the case of graded rumpfs. 



Let us therefore write out the summation convention in (1.45) explicitely (in NW-conventions 



Y,a^'b^[i-f'^'+'+'^+'''cNdM-{-)''^'+^+'^+''^''+'H-r''dMCN) = (1.47) 



M,N 



{-)^^'^CMdM-{-f'''+''H-r^dMCM = (1.48) 

{-f''cMdM-{-Y'''+"''{-r''dMCM = (1.49) 



Comparing the last line with ( 1.4q ) we get 



CNdM - {-f^dMCN =5 : ^^ {^fcNdM " {-f'^'^^'^-r^dMCN = (1.50) 

The graded equal sign therefore takes care of the order of the naked indices via (— )*^^ and of the order of the 
naked indices with respect to the rumpfs, i.e. it puts their grading to the very right of all rumpfs via (— )^'' and 
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(— )^^^. Only the order of the rumpfs among themselves is taken care of by hand via {—Y'^- As stated before, 
the correct order of the rumpfs cannot a posteriori be figured out, when some of them coincide. E.g. for d = c, 
the above equivalence would become 

CNCM-i-TcMCN^gO ^=> (-)^'^CArCA/ - (-)^^^+*''=(-) = CMCiV = (1.51) 

There is no way to deduce the sign {—Y from the structure of the equation itself, if one doesn't see it as a 



special case of (1.50). The relative order of the rumpfs is not visible in (1.51). For that reason we did not a 
priori include the order of the rumpfs into the definition of the graded equal sign, as it can be ill-defined in such 
situations. Nevertheless we will make a suggestion a bit later, how to include the rumpfs to some extent into a 
graded equal sign. The nice observation so far is that we got rid of all index-dependent signs! The use of the 
graded equal is in particular useful to define composite objects of the form 

K 

This makes sure that the notation A^^ is consistent with the position of the gradings. This is again necessary 
to guarantee consistency with the graded summation convention. I.e. for every Dmn we have (ordinary equal 
sign, all indices contracted) 

A'^^'Dmn = B^'^Ck'^Dmn (1.53) 

which would not be true for the definition A'^'^ = B^^Ck^^ without the graded equal sign or the appropriate 
signs in front. 

For a more general definition of the graded equal sign in the case of graded rumpfs, we can again introduce 
auxiliary graded commuting objects o and extend our previous definition of the grading structure, i.e. the 
product of these objects o with as many factors as there are naked indices and rumpfs in a given term. For 
every rumpf which appears twice in a term we have to introduce a second graded commuting object (call it o'), 
because sticking to only one object would lead to o'^o'^ = for | c |= 1. Instead of giving a general definition, 
let us give two examples: 

gs(c*^c^T^^x^) EE o''o''o"'o''o^o''o'^o-oP (1.54) 

gs(x^A*^^^c^) ^ o^o''o^o^'o''o''o'o'^ (1.55) 

In the grading structure, we can now rearrange the objects until all the rumpfs are in the front (with unchanged 
relative position) and the naked indices have some common order. E.g. 

gs(c*^C^r^^a;^) = (^^YM+T{M+N)+.{M+N+K+L)^cjcj^. . ^M ^N ^K ^L ^P (^ gg) 

gs(x^A*^^^c^) = (-)^^+^(^+*^+^+^)o^o-^o^ • o^o^^o^o^o^ = (1.57) 

We call the resulting sign the relative sign of the grading structures 

gj <? (x^ A^^^^ C^) = (YM+T{M+N)+x{M+N+K+L)i\AK+c(K+M+P+N)i\MK+N(K+P) + LP 

(1.59) 
This definition of the relative sign reduces to ( 1.35| ) in the case of bosonic rumpfs. In order to write down 
the general definition for the graded equal sign, let us replace the terms of an equation (like c^^ c^T^^x^ and 
^K j^MPN ^L above ) by placeholders T(j) (where i just labels the different terms). In the same way as for the 
bosonic rumpfs in ( |l.37| ) we can finally give the definition for the graded equal sign in the general case: 

Definition 1 (graded equal sign '=g') 



Y^ T(i) =30 : -^=^ XI «*5'^T(i) iT(Ci) ■ T(i) = 



(1.60) 



Sometimes we call '—g ' also the "small graded equal sign". 
In our example of above, this reads 

^M^Nr^KL^P _ ^K^MPN^L ^^ q .^^ c""' c"" T^ ^ x"" ~ sign,M,«^^.,P (x^^^^^^C^) • X^A^^^^C^ = 

(1.61) 

Proposition 1 (Equivalence relation) The such defined graded equal sign obeys transitivity (X =g Y , Y ~g 
Z ^ X —g Z) as well as reflexivity (X =g X) and symmetry (X =g Y ^ Y =g X) and is therefore an 
equivalence relation. 
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Proof: Reflexivity: If the expression X is a sum of terms T(j), i.e. X = J2i T(i) then the claim that J2i ^(i) =s 
J2i T{i) is equivalent to J2i signTd, {T(i)) ■ T^^i) = J2i signTd, {T(z)) ■ T(^i) which is obviously true. The symmetry 
is induced by the fact that siguj^ Tq) — sign^- T(j). Transitivity finally is seen as follows: Assume that we 

have J2iT{t) =g 'E^T(i) (equivalent to ^. signf,^^^(T(,)) • T(,) = J2iS^&^T„^i%)) ' ^(o) and E» 2^(») =s Ei ^(i) 
(equivalent to J2i^^&^f {T'(i))T{i) — Si sign|, {T(^i))T{^i)). Then it follows (using transitivity of the ordinary 
equal sign) that E* sigHTd, (^(i)) ' ^(*) = sigHTd, (^^(i)) E» sign|^^^ (f(,))f(,) = E* signf,^^^ (f(,))f(,) which is in 
turn equivalent to Y.i T(i) =3 J2{i) T^H)- ^ 



Remark: In part |l|, beginning with chapter |5 on page 43 , we will throughout use the graded summation 



convention (based on NW) and the graded equal sign =g. The latter will then simply be denoted with an 
ordinary equal sign —, in order to keep the notations simple. 

Next we go one step further and define a big graded equal sign =g which also takes care of the order of 
as many rumpfs as possible. Let us give some simple examples: 

{ABf=GB'^A^ :^^ [ABf ^ i-)^'' B^ A^ (1.62) 

(AB)t = (-)'4S5t^t (1,63) 

[ab]* = a*b* (1.64) 

Dm{AB) - {DmA)B + (-)^°+'"^^A{DmB) (1.65) 



{AB)^ =G SU^ 

{ab)* =G a*b* 

Dm{AB) =g {.DmA)B + A{DmB) 



The above examples are well-designed. Every rumpf or naked index appears in every term exactly once and a 
comparison of the order in each term is possible. 

• In more general situations, the big graded equal sign —a will be defined by first adding the signs 
corresponding to the use of the small graded equal sign =g and then taking care of a maximum of common 
(to all terms) and distinguishable (among themselves) rumpf-symbols. For all remaining rumpf-symbols, 
a sign will be included that assumes that their standard position is to the very left (not changing their 
relative order). 

Writing down a more formal definition of this idea in general would probably be lengthy and not very illumi- 
nating, so let us again consider some examples (which are not necessarily meaningful in real calculations): 

ABAC ^G CB : -4=^ {-f^ABAC = {-f^CB (1.66) 

The maximum set of symbols common to each term is {B,C}. Their relative order is different in the two terms, 
so that we get the factor {—)'"^, while the factor (— )^"^ is the sign that compares to the structure where all 
A's (which do not belong to the common set) are to the very left. Another example (with explanation right 
afterwards) : 

=G AmB^AkCl+BmAnAlCk + A^BmCrAl : <;=> 

= {-)^^'+^^^'+''^+^^''+''+''\-)^^AmBmAkCl + 

In a first step we have applied the small graded equal sign, which includes moving all rumpf-gradings to the 
very left without changing their relative order. This leads to the sign {—)BM+a(m+n)+c(m+n+k) £qj. ^j^g 

first, {-)AM+A(M+N) + C{M+N+L) foj. ^j^g ^^^^^^ ^^^ ^_-^BN+C(N+M)+A(N+M+K) foj. ^^^ ^^^^^ ^^^^ rj.^^ ^^^^^ 

graded equal sign also takes care of the relative order of the naked indices in all terms. If we take the first term 
as reference term, this yields the factors (— )^^ for the second and (— )^*^ for the third term. The additional 
contribution from the big graded equal sign is obtained as follows: This time the set of all rumpf-symbols 
{B,C,A} is common to all terms, but A appears in two indistinguishable copies. The maximum set of common 
(to all terms) and distinguishable (among themselves) rumpf-symbols is thus again {B,C}. The gradings of 
the remaining v4's are put to the very left, which yields a factor {—)^^ for the first term, {-~)^yA-+A) _ ^ £qj. 
the second and (— )(^+'^)^ for the third term. Finally the relative order of B and C in each term is compared 
which gives no extra factor in this example. 



Note that the naked index in ( |l.65| ) was treated on equal footing with the rumpfs. The big graded equal sign 
simply compared the relative order of all involved symbols, no matter if they were rumpf or naked index. In this 
case, where all rumpfs appear in each term exactly once, this is equivalent to applying our more general definition 



(given below ( 1.65 )), where we firs t app ly the small graded equal sign, which moves all the rumpf-gradings to 
the very left. Indeed the example ( 1.65| ) can equivalently be written as 



Dm{AB) =g {DmA)B+A{DmB) : ^=^ {-)^^+^^^' Dm{AB) = {-)'^^+^^^' {Dm A) B+[-)^ ''{-)'' ^A{DmB) 

(1.68) 
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There is a serious drawback of the so far given definition of the big graded equal sign: it does not in general 
obey transitivity. We will below modify the definition such that transitivity is guaranteed, but let us first give 
examples where it is violated. If one defines composite objects, like A =c ba, using the big graded equal sign, 
it does not have any effect. The maximum set of symbols common to all terms is empty. The symbol 'A' on 
the lefthand side doesn't appear in the term on the righthand side, and the symbols 'a' and 'b' do not appear 
in the term on the lefthand side. The same reasoning holds for B =g ab: 

A =G ba ^=^ A = ba, B =g ab ^=^ B = ab (1.69) 

Assume that we have A —q B (which is equivalent to A = B, i.e. ba = ab). Transitivity would then imply that 
ba —G ab which is equivalent to ba = {—)''°'ab and does in general not agree with the starting point A = B. A 
way out is to define the big graded equal sign not for a single equation, but for the whole system of equations 
under consideration. 

Definition 2 (big graded equal sign '=g') Given a system of equations, we first determine for each equa- 
tion i the set M^ of rumpf- symbols which appear either exactly once in each term or not at all in the given 
equation. Call the intersection of these sets M = Hi M^. The big graded equal sign '=g ' in a system of equa- 
tions is now defined by first applying the sign rules corresponding to the small graded equal sign '=g ' and then 
adding a sign that compares the relative order of all rumpf-symbols which are in the set M. For all remaining 
rumpf- symbols, a sign will be included that assumes that their standard position is to the very left (not changing 
their relative order). 

In the previous example this works as follows: The equations under consideration are A ~q ba, B ~g o-b and 
ab =Q ba. The symbol '^' in the first equation appears once in the term on the lefthand side, but not at all in 
the term on the righthand side. It is thus not in the set Mi. The same is true for the rumpf symbols 'i?' in the 
second equation and for 'a' and '6' in the first and second equation. We thus have Mi = {}, M2 = {}. Only 
for the last equation the rumpf symbols 'a' and '6' appear exactly once in each term so that M3 = {a,b}. The 
intersection, however, is still empty M = Mi n M2 n M3 = {}. The big graded equal sign compares only the 
relative order of the symbols in M. In this case it therefore reduces to an ordinary equal sign and transitivity 
is trivially preserved. 

Proposition 2 (Transitivity) In addition to symmetry and reflexivity, the above defined big graded equal 
sign =G obeys transitivity within the given set of equations that was used for its definition and is therefore an 
equivalence relation within this set. 

Proof: Under the conditions of the definition (all rumpf symbols appear for any given equation either exactly 
once in each term or not at all in this equation) one can replace every rumpf by a bosonic rumpf with an 
auxiliary naked index which carries the grading. The big graded equal sign then reduces to the small graded 
equal sign whose transitivity we have seen already. D 

1.3 Calculating with fermions as with bosons - a theorem 

Now we are equipped with the main tools that are necessary to turn bosonic structural equations into graded 
structural equations. The set M in the definition of the big graded equal sign contains all symbols whose relative 
positions in a system of equations can be uniquely determined. This is precisely the property that allows to 
assign a grading to such a symbol and therefore deserves its own definition. 

Definition 3 (Gradifiable) We call a naked index or rumpf of an algebra element gradifiable in a given 
equation iff it either appears in every term of this equation exactly once or it does not appear in the equation 
at all. We call it gradifiable in a system of equations iff it is gradifiable in each of them. In addition, every 
dummy index (one which appears in a single term twice, once in upper and once in lower position) is also called 
a gradifiable index. 

Example In the equation a^'^bN — bNa'^^ all indices {M, TV} and all rumpfs {a, 6} are gradifiable, because 
they appear in every term exactly once. However in the set of equations a^b^ — b^a'^ , A^ n — a'^^b^ 
only the indices {M, N} are gradifiable, while the rumpfs {A, a, b} are not gradifiable any longer, as they all 
appear in the second equation, but not exactly once in each term. The same set of equations, with the second 
one written as A{a,b)^N — a^b^, however, has gradifiable rumpf-symbols a and b. The notion 'gradifiable' 
therefore depends on the way how objects are denoted. 

Definition 4 (Gradification) The gradification of an index 'K ' or rumpf 'a ' assigns an undetermined parity 
\ K \ or \ a \ to it, which will enter the graded summation convention and the graded equal sign. The gradification 
of a given set of algebraic equations is defined to be a new set of equations with all gradifiable objects gradified, 
the equal sign replaced by the big graded equal sign and the sum over dummy indices replaced by the graded sum 
(using an arbitrary but well-defined sign rule like NW or NE) over graded dummy indices. 
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More or less by definition, the following theorem holds: 

Theorem 1 If a set of algebraic equations implies (perhaps via some intermediate equations) a second set of 
algebraic equations, then the same holds true for the gradification of the whole system. 

Remark: According to the definition of 'gradifiable in a system of equations' only those indices and rumpfs 
which are gradifiable in each equation (even the intermediate ones) are gradifiable in the whole system. 

Comment on the proof: All definitions were chosen precisely with having in mind that the theorem should hold. 
Therefore it seems that there is nothing to prove and the theorem just holds by definition. Nevertheless, any 
attempts of mine to make this statement more rigorous, failed so far. One might therefore insist on calling the 
above theorem a 'conjecture' only. CaUing it a conjecture, however, would somehow implement that the proof 
is difficult. But as argued above, I suspect that it is rather a triviality as soon as an appropriate setting is 
used. A naive idea for a proof would be that the gradification provides an isomorphism from one algebra to 
another. However, the gradification map is not in general invertible. For example a commutative but otherwise 
freely generated algebra is mapped to a graded commutative (and otherwise freely generated) one. For odd 
generators, the square is zero and therefore the gradification has less basis elements than the original algebra, 
if the number of generators is the same. What is mapped one to one is therefore not the algebra itself, but a 
certain (sub)set of equations which characterize the algebra, namely the gradifiable ones. D 

Further remarks: 

• The example given after the definition of 'gradifiable' demonstrates that the power of the theorem depends 
on how the original equations are written. If one introduces auxihary variables for composite objects (Hke 
A'^^ M = a^bN), the number of gradifiable objects may reduce, if the elementary variables are not denoted 
as an argument (like in A{a,b)'^'^ n)- The theorem gives no statement about the best notation to use. It 
rather gives a statement which holds for any notation, but the notation has an infiuence on the number 
of gradifiable objects. Sometimes rumpf-symbols can be turned gradifiable by a change of notation but 
sometimes this seems impossible. It would be useful to characterize the 'best notation' which makes as 
many symbols as possible gradifiable. 

• This theorem provides the possibility to use existing bosonic tensor manipulation packages for Mathemat- 
ica or other computer algebra systems also for the graded case! 

• It is not excluded a priori that the original set of equations contains fermionic variables which are then 
made bosonic (or are assigned an undetermined grading). However, one has to make sure that equations 
like 

ee = (1.70) 

are not contained in the set of equations that were needed to derive something. In the above equation, B 
obviously appears twice in one term and is thus not gradifiable. This is also the reason why anticommuting 
variables cannot be replaced completely by commuting ones. In particular the sum of two nilpotent objects 
is not necessarily nilpotent any longer in the commuting case. A recent paper ^^ studies the properties 
of nilpotent commuting variables where some further differences (e.g. in the Leibniz rule) appear w.r.t. 
the anticommuting case. 

Counterexamples 

In the rest of this part of the thesis we will give a lot of examples and applications of the theorem. There will, 
however, also be some rather subtle examples which seem to be counterexamples at first sigh t. One of those 



"counterexamples" is the graded inverse of a matrix with graded rumpf, treated in subsection 2.4 on page 22 



Another "counterexample" is the derivative with respect to Grassmann variables: the bosonic equation 

A, = i (1.71) 

suggests to define 

for fermionic variables. This definition makes perfect sense, but results using this derivative cannot be derived 
via the theorem from the bosonic case, as the rumpf theta does not appear excatly once in every term. This 
problem can be omitted, if one introdu ces a new index and puts the grading into the index. We discuss such 



derivatives in subsection |3.1 on page 2q . 



Finally, a quite disturbing counterexample, which demonstrates that intermediate equations have to be taken 
into account in the process of gradification, is discussed on page ^. 



Chapter 2 

Graded matrices (supermatrices) and 
graded matrix operations 



Supermatrices are the perfect objects to study the effects of our considerations. We will drop the word 'super' 
or 'graded' in every definition, since everything in this part has to be understood as graded. The equations of 
this section will all be written in two ways: once in the left column with the help of the (small) graded equal 
sign and the implicit graded summation conventions and once on the righthand side with ordinary equal sign, 
and the sum written out explicitely (in NW conventions), in order to make the reader familiar with the new 
conventions. 

Within this chapter, we will always consider four different kinds of matrices, which differ in their index- 
positions: 

A' ,B n,Cm ,Dmn (2.1) 

Remark: In case that we have several matrices of one type, e.g. type B, we will denote them by J5i, 82,- . . . 
It is important to have in mind that we consider Bi as a rumpf by itself and not as a rumpf B together with 
an index '1'. 

2.1 Transpose and hermitean conjugate 

Let us start with the definition of a transposed matrix and a hermitean conjugate matrix in each of the four 
cases. The simple rule is to take the bosonic definition and replace the equal sign by the big graded one (which 
reduces to the small graded one in the below cases): 



{A^f'^ ^g A^^' 






{j(r\MN ^ (\MNj^NM 


(2.2) 


[-D )m =g ij M 






{B^)m'^ ^ i-r^'B^M 


(2.3) 


fr'T\M _ ^ M 
[U ) N =g '^N 






(C^)^V ^ i-f'^Cj,'' 


(2.4) 


(D )mN =g DpfM 






{D )mn = (-) ' Dnm 


(2.5) 


(At)*^^ =g (A^A^)* 






{A^)MN ^ (^_^MN(^^NMy 


(2.6) 


(Bt)^^ =g ^B^^y 






{b^)m'' ^ i-r'^iB^jy 


(2.7) 


{C^)^N ^, {Cm'')* 






{c^)^N = {-)''^{CN^'r 


(2.8) 


{D^)mn =g {DnmT 






{D^)mn = {-f'^iDNM)* 


(2.9) 


Clearly we have 












{M^f . 


= M 




(2.10) 




(Aft)t 


= M 




(2.11) 



for all matrices M, which is a first simple confirmation of the theorem. 

2.2 Matrix multiplication 

We meet a first deviation from usual definitions when we consider matrix multiplications.!^ '^^^ definition of 
the matrix multiplication will depend on the index structure of the matrix. Both, graded equal sign and the 



^Although they seem to agree with the definitions in |gj||, when one moves there all indices which are to the left of a rumpf to 
the right with the corresponding sign according to that reference. o 
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graded summation convention have an influence now: 

iMKry N t Ar<\MN _ 



{ACY" 



MN 



J^MI^Q 



K 



{ABf% ^, A^'^Dkn 



{AB^Y''' =g A''''{B^)k^ 



= ^MK^W 



K 



{BAY'^ =g B^'kA''^ 



(i>li>2J AT =g Oi K^2 N 



[ACY 



(ADY'n 



[AB^ 



(BA) 



{B1B2) N 



NW 



NW 



T\MN _ 



NW 



MN _ 



NW 






'E(- 



^K 



\MD aMK n 

A Ukn = 



\MD 



Y,{-)''°A''^Dkn 



K 



^MB^MKj^N^ = 



\MB 



K 



^MAj^M^^KN ^ 

\MASr^f\K+KAnM A^N 

K 

\MB2 Tj M r> K 

) i^i K^2 N = 



\MB: 



(2.12) 



(2.13) 



Y^^_^KiB + N)^MKj^N^ (2.14) 



(2.15) 



Y^^^^K+KB^j^M^j^^K^ (2.16) 



K 



Associativity 



Up to now, we have used the graded equaUty and summation mainly for deflnitions (apart from ( 2.10 ) and 
( 2.11 )). Now we can apply our theorem by stating that the (graded) matrix multipHcation as deflned above is 
associative 



\M 



\AI 



{{BiB2)B^) N — -81(^2-83) AT 
((CiC2)C3)^^ = Ci{C2C'i)M 



(2.17) 
(2.18) 



The graded equal sign has no effect in these equation. Associativity is guaranteed by theorem || The full 
reasoning in the B-case would be the following: 
In the bosonic case we have 



{B1B2) ' N — Bi KB2 N => {{BiB2)B'Y) Q = Bi{B2B'i) q 



(2.19) 



The dummy indices are by deflnition gradiflable. Each of the naked indices M and N appears in every term of 
the first equation exactly once and not at all in the second and is therefore gradifiable. One could have written 
the second equation also with the same indices M and N and they still would be gradifiable. The same reasoning 
holds for P and Q. Finally, Bi and B2 each appear in every term of the first as well as of the second equation 
exactly once, while Bt, does not appear in the first at all, but it appears in the second in every term exactly 
once. All the rumpfs -61,-82 and -83 are thus gradifiable in this system of two equations. The gradification of 
the whole system then reads 



{B1B2) N 



G -Dl KiJ2 N 



((-81-82)^83) Q —G -81 (-82 S3) Q 



(2.20) 



where Bi, B2 , B^, M, N , P and Q have been assigned an undetermined grading, the sum over dummy indicies 
now has to be understood as the graded sum and the equal signs were replaced by the big graded equal sign 
(which reduces to the small graded equal sign in the first equation and to the ordinary equal sign in the second) . 
For this example it is still quite simple to check the vaHdity of the statement expHcitly, e.g. in NW 



(_)AfS3 ^(_)LS3+L ('(-)A^S^^(-)^S^+^BiA^^B2^l) B. 

Y^[-)KiB,+B,)+K j^^M ^ ^Y^B, J2{-] 
K \ L 



^ l\M{B2+B3 



LB3+L n K t:; L 

02 L^3 N 



(2.21) 
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Unit matrix 

The definition of the unit matrix is 

Ml ^ M MM (2.22) 

which implies via associativity (for the matrices of type B and C) that M{\N) = [Mt)N = MNMM,N and 
thus 

IN = N MN (2.23) 

For the different types of matricies A,B,C and D, we have in fact different types of unit matrices: 

K 

(Birj,^ B''k5^^ = B'% {B1)''m''^Y.^-)''b''k5''n = B'\ (2.25) 

K 

(C1)m^^ Cm'^Sk'' = Cm^ {C1)m''''^J2Cm''Sk'' = Cm'' (2.26) 



K 



{D1)mn = DmkS'^n = Dmn {D1)mn ^ ^{-)^Dmk5'^n = Dmn (2.27) 

K 

From the righthand side we can see 



8.,^ I <,forNW 

Om - i (_)MA'^jv for NE (^-^^^ 



with 5^,j being the numerical Kronecker delta, and 

5''n =, 5^'' 5''n = i-r^'Sr,'' (2.29) 

This graded Kronecker (the lefthand side shows that both versions are graded equal anyway) of course also 
fullfils its task for vectors and arbitrary rank tensors:^ 

u^'Sm'' = a^ (2.30) 

TMi...Mr-iK6 N — Tmi...]\I^_iN (2-31) 

2.3 Conjugations of matrix products - hermitean scalar product 

Other simple applications of theorem |l| are statements about the transpose and the hermitean conjugate of a 
matrix product. Both, transposition and hermitean conjugation, were defined as gradifications of the bosonic 
versions and thus the equations for their action on matrix products wih simply be the gradification of the 
corresponding bosonic equation. We wih start with the transposition. The hermitean conjugation wih follow a 
bit later after the discussion of complex conjugation and hermitean scalar product. 

2.3.1 Transpose of matrix products 

The transpose of a matrix product in terms of the big graded equal sign has the familiar bosonic behaviour. 

{{ACff' ^a {C^A^f'' {{ACff' = {-^^ {C^ A^f" {2 m) 

{{ADf^N =G {D^A^rN {{ADffN = (-)-^^(i^^A^)*^^ (2.33) 

{{BAff' =G (A^B^)^'^ {{BAff = (-)^^(A^B^)^^^ (2.34) 



^If the capital index combines two subsets of (small) indices with different position, we might insist on NW (or any other 
convention) for the small indices which leads to different definitions for the Kronecker delta: 

a"' = (a'", Am) 



a^'SM"" 


= 


a'^5^^ + a 


.^5"^ = 






mixed conv. 


m 




1 
= a 


Om 


= 








S^N 


= 


N 


o 
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Let us again verify explicitly that this is indeed true for e.g. the first line (in NW conventions): 

{{ACf)'''' = (-)'^^(AC)^*^ = 



^ f_\MN f\NCSr^f\CKANK(^ M__ 

K 

_ f\MN+NCSr^(\CK+(C+K+M){A+N+K)^ M aNK _ 

K 

^ '^/\CA+KA+KN+K+MA+MK^ MaNK _ 

K 

= (-)-^^(-)^'^5](-)^-'+^(C^)^k(A^)^^ = 



K 

= (-)^^(-)*'^(C^)^k(A^)^^ = 

= (-)^^(C^A^)'^'^ (2.35) 

2.3.2 Complex conjugation of products of (graded) commuting variables 

Before we come to the discussion of hermitean scalar products and hermitean conjugation of matrix products, 
we will have a short look at complex conjugation of graded commuting variables (we will often call them graded 
numbers, or just numbers) and products of them. The reason to do so, is that the complex conjugate of a 
product of two Grassmann variables is often defined differently to our way, and we therefore want to motivate 
it carefully. 

Complex conjugation of usual complex numbers is just what it is. For a (graded commuting) algebra based 
on a complex vector space one usually defines some basis to be real, so that the complex conjugation acts only 
on the expansion coefficients. Different definitions of the action on the basis elements are possible and simply 
a matter of convenience. However, the definition of the conjugation of the basis vectors should at least obey 
the conjugation property ()** = ( ). For an algebra whose vector-basis is generated by some generating set, the 
reality properties of the composite objects are determined by the reality properties of the generating set and the 
action of the complex conjugation on the product of elements. It is natural to define {ab)* = a*6*, but using the 
opposite sign {ab)* = —a*b* for vectors a, 6 would also be consistent. Indeed, in the case of an anticommuting 
algebra this definition is very common because it can then be written as (ab)* = b*a* and resembles the bosonic 
version of hermitean conjugation where the order of objects is interchanged. Although there is thus good reason 
to make this choice, we want to convince the reader in the following that there is even better reason not to 
make this choice. For a graded commuting algebra, where a and b are of arbitrary grading, the choice 

(ab)* = a*b* (2.36) 

is certainly the one which fits into our philosophy, as it is the gradification of the usual choice for (bosonic) 
commuting algebras. This choice implies that the product of real objects is real again and the real elements 
thus form a subalgebra. Indeed the above conjugation rule can be derived from this reality condition. We could 
thus go the other way round and define the complex conjugation simply by saying that the product of two 
real products is always real. To derive the above conjugation rule from that condition, consider the (graded) 
commuting variable a and decompose it into its real part 5ft(a) and its imaginary part 3(a), defined by (use of 
a graded equal sign makes no difference here) 

5R(a) ^ ^ (2.37) 



2 
— ( 

'2i 



^ , s CL — a , , 



Both are real because a* * ~ a 

^{a)* = 3?(a), 3?(a)* == 3(a) (2.39) 

and we have 

a = 3?(a)+i3(a) (2.40) 

a* = 3?(a)-«9(a) (2.41) 

We thus can seperate any number into a real and imaginary part, and complex conjugation fiips (as usual) the 



CHAPTER 2. GRADED MATRICES (SUPERMATRICES) AND GRADED MATRIX OPERATIONS 20 

sign of the imaginary part. Consider now the complex conjugation of the product of two graded numbers 

(ab)* = P(a)3?(6) - 3(a)3(6)) + i{di{a)^{b) + 3(a)5R(6))]* = 

=- (3?(a)5R(6) - 3(a)3(fe)) - i(3?(a)Q?(fe) + Q?(a)5R(fo)) (2.42) 

a*b* ^ {n{a) - iQ{b)) (3ff(a) - iQ{b)) = 

= {n{a)n{b) - 3(a)9(&)) - i(5R(a)5(&) + ^{a)n{b)) (2.43) 

^ (ab)* = a*&* (2.44) 

From the first to the second fine we have used that the product of two real variables is real again. From our 



definitions of real and imaginary part in (2.37) and (2.38), which are just graded versions of the bosonic case 



we could have deduced (2.44) as well via our theorem. We just want to stress that in our context this is the 
only natural complex conjugation. In order to allow a comparison with the 'usual' definition|^ let us for the 
moment denote the alternative version of complex conjugation by (■•■)*■ 

{abf = b*a* = {-)''''a*b* (2.45) 

As mentioned, this behaviour would not at all fit into our philosophy. The same is true for the hermitean 
conjugation of the product of graded matrices in the next but one subsection (as well as of graded operators 
in the infinite dimensional case). How can we easily switch in applications from one defin ition to t he other? 
Instead of redefining the complex conjugation itself, the switch of the behaviour from ( 2.44 ) to ( ^.45 ) can also 
be achieved by redefining the algebra product appropriately: 

aob = i''^"'a-b (2.46) 

^{aob)* ^ {-iY-^'"'a*b* ^{-f^a*ob* (2.47) 

We used here the symbol Ca to denote the parity, in order to emphasize that the exponent of 'i' really should 
take only values and 1, while for our usual prefactors (—)"'' = (— )l'^ll^l, the grading | a \ does not need to be 
a Z2 grading. The parity is given by e^ =| a | mod 2. 

2.3.3 Hermitean scalar product 

Using our above definition of complex conjugation also fixes the behaviour of the graded version of a Hermitean 
scalar product. We use the index notation (u*)*^ = (w*^)*. The scalar product (in a finite dimensional vector 
space for the beginning) then will be defined as 

^3^ \^ f \N+wN f^*\M TT _ ,„N 



{v\w) EEC {vT'Hmn^'' {v\w) "= y (^-f+^'N (y*)M H^ 










MN 



W 



) =G H^M with {Hj^jj^y* = H^'^Hj^j,, (2.48) 



where 77 is a matrix of type 'Z?' which is (graded) hermitean. Strictly speaking, the rumpf H appears only on 
the righthand side and is therefore not gradifiable. However, if we identified on the lefthand side the vertical 
line 'I' as a placeholder for the H-rumpi and also identify their grading, then it would be fine to even grad- 
ify the rumpf H. For the following considerations we will nevertheless stick to a bosonic rumpf H, i.e. ^mjv 
should be considered as a bosonic supermatrix. The resulting scalar product is (graded) sesquilinear in the sense 

(\vi + V2 I fJ-Wi + W2) =G (Awi + V2 I fJ-Wi + W2) = 

=G AXwi I wi)+X*{vi \ W2) + = {-T"^ X* ti{vi I wi)+X*{vi I W2) + 

+fi{v2 I wi) + {v2 I W2) +(-)^^Xi;2 I wi) + {V2 I W2) (2.49) 

for A and /x being complex supernumbers. It is furthermore (graded) hermitean, i.e. 

{v\w) =G {w\vy {v\w) = {-)^^{w\v)* (2.50) 

The last equation impHes that a scalar product of a vector with itself obeys 

{v\v) = {-r{v\vr (2.51) 

and is therefore real only for even vectors and purely imaginary for odd vectors. Note that a scalar product 
( I )o which obeys {v \ w)o = {w \ v)* is obtained by either replacing * by ? of the previous subsection or by 
defining {v \ w)q = (— i)^"'^"'(ti | w). 

The adjoint B^ of a matrix B with respect to our scalar product is defined as 

^^It seems that in the last decade, the definition (ab)* = a*b* has already become more popular (see for ejiample pi]]), while in 

pa] it was still defined with the opposite order. Another discussion of complex conjugation can be found in [M. o 
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{v\Bw) =G {B''v\w) {v\Bw) = (-)^^(Bti; I w) (2.52) 

Assume that the hermitean matrix is non-degenerate in the sense that it has an inverse 

HmkH ^ ^m ^ H -ffifw ^ S N (2.53) 

Although it is more common to use only the symmetric part of a scalar product to pull indices up and down, we 
will in this section use H^^j^ and H^^ to pull indices. For a vector v^ we thus have the following additional 
possibilities of index-position and form: 

Vm = Hmnv"" (2.54) 

{v*)m = {vmT (2.55) 

(^*)^ = (z;^)* = {v*)nH''^' (= {Hf,j,v''rH^^ =3 Hjij^H^^'iv")*) (2.56) 

X - M 

Using the inverse matrix H^^ , we can now give an explicit expression for the adjoint matrix of B: 

{v I Bw) = {v*)'^Hmj,{B^kw^) - (v*)^ {HonB^^jM^HpkW^ ^g {{B*)m'' v^)* Hpj,w'<= {B^v \ w). 

From this calculation we can read off 

{B^fM =, {B^/y = (H^^B^LH^^y =,HPHb^H^m (2.57) 

Up to pulling indices with H this agrees with our earlier definition of the hermitean conjugate of a matrix 
Having used indices all the time, we have impHcitely chosen some basis 

\eM > = \m> (2.58) 

Every vector |u > of definite grading can be written as a linear combination 

\v>^v^^\m> (2.59) 

The complex conjugate basis is |^ >= \m >*, so that \v* >= \v >*— (w*)^^|m >• Bra-vectors involve a 
complex conjugation. Because of < v^ eM\ — (v*)^ < sm] it is convenient to denote 

<eM| = < m\ (2.60) 

such that 

<t;| = („*)*<^| and (M,Ar>=i^MJV (2.61) 

The dual basis will be denoted by < ^^| and it is defined via 



"' ' -^ - S'^N (2.62) 



N) 



After pulling down one index with H one arrives at the equation (m | jv) = -^MAf which we just had before and 
which is in turn consistent with {v \ w) = {v*)^ H ^ j^w^ . The dual basis < ^\ thus agrees with the "hermitean 
conjugate" < m\ of |m > up to raising the index with H^^ . 

Clifford vacuum The above recall of some basic linear algebra will help us to understand the graded version 
of creation and annihilation operators acting on some Clifford vacuum. Let us denote just for this paragraph the 
index of the creation operators by k,l,m, . . ., although we used those indices before for bosonic indices, while 
now we still assume them to be graded and not purely bosonic. The creation operators generate a complete 
basis from the Clifford vacuum, s.th. the indices fc, Z, to, ... are just a subset of the basis-indeces M, N, . . .. Let 
us denote the annihilation and creation operators by a'^ and {a'')k respectively and the corresponding vectors 
or states by 

|fe> = {a^)k\0>, Ifc.fe, >=(at)fc,(at)fe, |0>, \k,k,k, >= {a^)kria^)k,{a^)k,\0 >, ■ ■ ■ (2.63) 

The basis is then given by 

\k >e {|0 >, Ifc >, \k,k2 >, Ifcifc2fe3 >,...} (2.64) 
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Finally we need the annihilation property of a'^ and their commutator with the creation operators: 

a'=|0>=0, K,(a^)z] =g 5\ (2.65) 

Assume that the Clifford vacuum is bosonic, so that we can normalize it to one 

(0 I 0) = 1 (2.66) 

This equation is not gradifiable, which is the reason why a bosonic vacuum is preferrable. The dual basis is 
then given by the dual vacuum < 0| and its descendents 

<'=! EE <0|a^ \<^'^^ = \<G\a^'a^\ ^<*''^^*'^\ = ^<Q\a^'a!'^a^^, ... (2.67) 

{^\i) = <Q\a\a^)i\Q>^5\ (2.68) 

hi"'"' I i.i.) - \ < "'la'Ha^Uh >=a -2 < 'M(«^)b«'lh >+\< 'H'5'^/.k >=. ^''Ui.S'^U) (2.69) 

irC^'^'M /3bh> =9 &''\i^&''hj'''i,) (2.70) 

<^| e {<Q\,<''1\<^'^'1^<^'^^'''1...] (2.71) 

In the literature the indices of creation and annihilation operators are usually put at the same vertical position, 
and the corresponding states are normalized to be (fe | /) = Ski- The Kronecker delta on the righthand side 
corresponds to a special choice of the scalar product and should in our context be replaced by 

{-k\i) = H-^i (2.72) 



which agrees with ( p.68D after pulling one index with H. 

Note that the definition of a norm induced by the scalar product will not be possible under the conditions 
of theorem |l|. The bosonic definition || v \\ = {v,v) has the rumpf v appearing twice on the righthand side which 
is therefore not gradifiable. Still it makes sense to define a norm, but it will not simply have gradified properties 
of the bosonic one. In order to get a real norm, (while {v \ v) is imaginary for odd v), we have to include an 
imaginary factor in the fermionic case and fix the arbitrary overall sign: E.g. 

\\v\\ = j^{v,v) (2.73) 

Only at this point (choosing an appropriate Hfjj^) we make contact to the usual definitions in the literature. 
Physical observables and probabilities should of course not depend on the conventions in the end. In the same 
way as above, the definition of the probability of some transition (which contains an absolute value square and 
is therefore also not gradifiable) has to include an appropriate complex factor. We are not going to work with 
Hilbert spaces in the second part of this thesis anyway and therefore leave the details for further studies. The 
leading thought was just to keep the idea of gradification as long as possible and break it only in the last step, 
in the definition of the norm and of probabilities. 

2.3.4 Hermitean conjugate of matrix products 

From our definition of a hermitean conjugate and of complex conjugation of products of numbers, we get via 
the theorem the natural rules for complex conjugation of (graded) matrix products: 

{{AO^f' ^a {C^A^Y"" {{AO^f' = (-)^^(CtAt)^^^ (2.74) 

{{AD)^fN =G {D^A^f'N {{AD)^fN = (-)^^(I?Ut)^V (2.75) 

{{BA)^f =G {A'^B^f''' {{BA)^)'''' = (-)^^(AtBt)^^^^ (2.76) 

Similarly we expect for operators in the infinite dimensional case 

(iB)t =G B^A^ {AB)^ = (-)'^^BUt (2.77) 

As mentioned in the context of complex conjugation, it is simply a matter of redefining the operator product 
with a factor (— t)'^^'^^ if one wants to make contact to the usual definition without sign. 

2.4 Graded inverse - a nice "counterexample" to the theorem 

Consider for the beginning matrices with even rumpf only 

I A hi B 1 = 1 C 1 = 1 i? 1=0 (2.78) 



n aKN 
UmrA 


r N 

= Om 


aMK ri 
A Dkn 


= AT 


tdM tjK 


^ N 


rii Kr^2 N 


= Om 


<5m^ = (- 


\MNxN 
-) M 
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We say A is the (graded) inverse of D, B2 the inverse of Bi and C^ the inverse of C^ iff 

(2.79) 
(2.80) 

(2.81) 
(2.82) 

with 

(2.83) 

The so defined inverses in general do not coincide with the naive inverses. Q 

From our theorem we can e.g. deduce that for matrices M N of any type (with even rumpf) we have 

{MN)'^ ^G (N-'^M^^) (2.84) 

|M| = ^|=0 ^j^jj^yl ^ ^^-1^-1^ ^2.85) 

This is easily directly verified using associativity of our graded matrix multiplication. 

Counterexample 

If we take the rumpfs arbitrarily graded and still define an inverse via M^^M — 1, then we still haveg 

{MN){N-^M-^) '' = ^ M{NN-^)M-^ = 1 (2.86) 

=> [MN)-^ = {N-^M-^), for any | M |and | N \ (2.87) 

There is no expected prefactor [—)^^ in the lower fine! This looks strange in terms of the big graded equal 
sign, which should swallow the rumpf-dependend signs, but produces one here: 

[MN)-^ =G i-f'^{N-^M-^) (2.88) 

The theorem thus is not applicable here! What went wrong? Our definition of the inverse 

(MM-^) = 1 (2.89) 

is a non- valid gradification of the bosonic one: The theorem allows us to assign a grading only to rumpfs which 
appear exactly once in each term. The rumpf AI appears twice on the lefthand side and not at all on the 
righthand side. Thus, the theorem does not allow to give M a grading. If we do so nevertheless, we can't 
derive known rules from the bosonic case. The definition itself is of course ok, but in order to stress that it is 
not simply a gradification of a bosonic definition, we should better give it a new name, like special graded 
inverse. 

The naked indices in ( ^.781 ) to ( 2.82| ) appear excactly once in each term and can therefore be generalized to 
graded indices. 



■'To verify this statement, write out the equations ( |2.7!J )-(2.82) in NW-conventions, using 5m^ = ^m' 

\K+N -r>K ^ 



\N 



EnM I \K + N r>K 
^1 K(~) -O2 N 



E ^M^"^: 



if ^2 N _ cN 
K — "M 



Only in the last case C^ is the naive inverse of C^ . o 

^Note that although a Grassmann-variable has no inverse, a matrix with fermionic rumpf can have an inverse. Take e.g. x,y ^ 
bosonic and c fermionic, then we have 

cx\;0 i\ /lO 



^ n ^ -i J ^ V 1 > (#) 

The matrix multiplication above, however, is not according to our graded matrix multiplication rules, which are 

(CC~ )j^j =g Cm (C" )k =g Sm 

^ \yC )j^j = 2^{-) Cm [C )k =Sm 

K 

The following choice of matrices therefore correspond to the equation (#): 

c = ( _; 7 ) c- = ( ° i 
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2.5 (Super) trace 

We now come to another important deviation from usual supermatrix-definitions which will enter an interesting 
result for superdeterminants. The trace is the sum of the diagonal entries and makes sense for matrices of type 
C and B only (matrices with one upper and one lower index, i.e. endomorphisms) 

.^n _ R^^,-/ T^M^^^M NW . . 



EAfi-rB^M NE 
trC = Cm -| Y.mCm"' NE ^^'^^f 

The (— )^^ is familiar from usual definitions. We have it here, however, either only for NW for matrices of type 
C or for NE for matrices of type B while the other cases do not have the familiar (— )*^ in the trace-definition. 
The reason is that e.g. for B-type matrices in NW (where the trace has no sign factor) the (— )*^ instead is 
hidden in the matrix multiplication of two matrices. Thus, either the matrix multpilication contains an extra 
{—)^ and the trace doesn't, or the other way round. In any case, the graded cycHcity property of the trace 
holds: 

trSiSa = B^'KB2''M^{-f''''irB2B^ (2.92) 

4=, tx[Bi,B2\ = (2.93) 

For matrices of type A and Z?, we need a metric, in order to define a meaningful trace: 

ivA = A'^'^'Gmn (2.94) 

tr£) = DmnG^'^ (2.95) 



2.6 (Super) determinant 



We finally come to the so far most interesting demonstration of the use of our conventions. Namely the definition 
of the superdeterminant. As usual, we start from the definition via the exponential: 

detC = e*^''^^, detB = e*"''"^, (2.96) 

Remember that in NW-conventions for a matrix of type B, the definition of the trace matches the bosonic 
definition, while the definition of the matrix product differs. For NE or for matrices of type C the situation 
is just the other way round. In both cases the above definition thus differs from the bosonic one, even if the 
matrix is purely bosonic (but having two fermionic indices). Let us derive this in detail. 
Consider the decomposition of B in bosonic and fermionic blocks: 



{B-.) . ^^,; B^:)-[c^: yj^ 1-1-0,1,1-1 (2.97) 

Assuming that the matrix (a) is invertible (which implies that a (and thus the rumpf of B) is bosonic, because a 
matrix with purely fermionic entries cannot be inverted) , one can seperate C in a product of two block-triangular 
matrices 

B = B1B2 (2.98) 

-- ( : s ) ( s ^--■' ) 

Now we will use two facts. One is that the trace of the logarithm factorizes: 

^F^G BgH ^F+G+i[F,G] + ... (2.100) 

B1B2 = glni3i+lni3. + i[l„i3i,lnB.] + ... (2.101) 



^ tr \n{BiB2) '^ tr InSi + tr InSa (2.102) 

And the other fact is that an arbitrary power of a block-triangular matrix stays a blocktriangular matrix with 
the powers of the diagonal blocks in the block diagonal: 

(2.103) 
\fa,b,c,d (2.104) 



a 





b 


c 


a 


b 





d 



a" 





* 


c" 


a" 


* 





d' 
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In particular 



1)" 








(Bi-l)" = 

(i?2-a)" = 

Now we use the power series for the logarithm 

oo . oo ^ 

n— 1 n— 1 



n=l ^ 



n-1 



oo ,. 

= Y^^ tr(a-l)^ 

n=l 

— tr Ina 
tr In(Bi) = tr ln{d - ca^^b) 

We thus get 

det B = det Bi ■ det B2 = 

= det a • det((i — ca^^6) 



2.105) 
2.106) 

2.107) 
2.108) 
2.109) 

2.110) 

2.111) 
2.112) 



2.113) 
2.114) 



This result is true for every block-decomposition, o, d do not necessarily have to be bosonic as well as b and c 
do not have to be fermionic. At first sight this seems to contradict the expression that one usually finds in the 
literature, namely sdetB = deta/ det{d — ca^^b). 

The reason for this mismatch lies simply in the graded definition of the matrix multiplication (or the trace) 
and thus of the determinant of a bosonic matrix with two fermionic indices. For NE-conventions, the trace of 
the type-B submatrix (d^i/) gives an extra minus w.r.t. its naive bosonic trace. Its determinant defined via the 
exponential and the graded trace is thus equal to "l/det((i)", where now the determinant is the naive bosonic 
one, built with the naive trace. The same is true, if we consider the corresponding submatrices of a matrix 
of type C in NW-conventions. For the determinant of a matrix of type B in NW (or likewise type C in NE), 
however, the comparison between our and the usual convention is a bit more subtle. In the following we write 
terms in the usual convention in quotation marks. At first, let us define the dimension of a square matrix (or 
of the vector space it is acting on) as the trace of the corresponding unit-matrix: 

dim(B) = S'^'m = " dim(a) - dim(d)" (2.115) 

dim(d) = " - dim(d)" (2.116) 

I.e., fermionic dimensions are negative dimensionslM The logarithm in the definition of the determinant has to 
be understood as a power series, so that we first should look at simple powers of the block d: 

d^^V = d'^Ad^- (2.117) 

W J2d^,d\(-)' (2.118) 

A 

=>d" = "(_i)"-id« = _(_(i)"" naive matrix mult in quot (2.119) 

Logarithm and determinant of d'^i, can thus be written as 

ln(d) = >'^^ (d-1)" ^~jr^ (2.120) 



-1" 



>; 


(-)"- 

Tl 


1 
-{d- 


n^l 






11 


00 , 


.)«-! 



and (2.11 



/ -(-rf-1)"" (2.121) 

and (^.1190 f— ' n 



= " — ln(— d)" naive matrix mult in quot (2.122) 

dct(d) = exptr lnd = "l/det(-d) = (-l)<^™('')l/detd" (2.123) 



^ The observation that fermionic dimensions can be considered to be negative dimensions has been made in literature at several 
places and with several arguments. From the group theoretic point of view, this has been studied in pa, M. o 
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The sub-matrix (d — ca ^b) is of the same type as d, so that we finally get 

(2.124) 
" (_i)d™(d) jg^ ^/ jg^(^ _ ca^^b)" naive matrix mult in quot (2.125) 



det{d-ca~^b) "" -^'^^ " "(-l)d™(rf)i/det(d-ca-i6)" 



detB 

For matrices of type C in NW-convention, the situation is the same as for matrices of type B in NE-conventionid" 
"d"", Id = "Id", Ind = " Ind", tr Ind = " - tr Ind". We thus get 



det B = det a ■ det{d — ca ^b) 



" (-l)d™(d) det a/ det{d - ca-^b)" NW 
"deta/det(d-m-i6)" NE 



for B^^N = 



a b 
c d 



M 



N 



and 



"deta/det(d-ca-^6)" NW 



det C = det a . det(d - ca' 6) = | „ ^_^y^^^d) ^et «/ det(d - ca^^bT NE 



for Ca-^ 



^M 



a b 

c d 



N 



(2.126) 
(2.127) 

(2.128) 
(2.129) 



M 



As a check, let us take C — B^ 



a^ c^ 
6^ d^ 



det B = det B^ 
Indeed, in NW-conventions this becomes in naive matrix-notations: 



T T \ 

a c \ 

,j' ,x I "■ Then we expect, following our theorem: 

(2.130) 



"(_l)dim(d)dg^(^_^^-l^y: 



^ " det(-d^ - b'\a"'yc'r = 

= " det {-d^ - {^y''ca-^bf " = 

= " det {-d + ca-^b) " = 

= "(-l)'^™('^Met(d-ca-i6)" y 



(2.131) 
(2.132) 
(2.133) 
(2.134) 



2.7 Graded gamma-matrices 



Gamma matrices and some of their properties are discussed in appendix P on page 167[ Usually, they are 
considered to be ordinary bosonic matrices with the anticommutator relation 



|pa p&i ^2r;"''l 



(2.135) 



There are two ways how a grading can be introduced into the gamma-matrix algebra. Either via the rumpf or 
via the indices. Let us start with the rumpf. 

The anticommutator is for general matrices not a very natural object. It does not automatically have 
derivative properties or a .Jacobi identity Hke the commutator. However, the gamma matrices can (in even 
dimensions) be represented by off-diagonal matrices. This offers the possibility to regard them as fermionic 
supermatrices F" whose fermionic diagonal blocks simply vanish. The anticommutator above then simply 
becomes the graded commutator 



pa pt 



21^1 



(2.136) 



Terms like rpVdaip in a Lagrangian still stay bosonic, because ip — ip'T contains another odd gamma-matrix. 
This interpretation of a graded algebra appears naturally in the RNS-string, where the spacetime spinors are 
generated by acting with fermionic creation operators on a Clifford vacuum. Linear combinations of these odd 
creation operators then correspond to the (odd) gamma matrices. 

It is interesting that in the graded picture the chirality matrix plays a different role than the other gamma- 
matrices, because (as a product of all gamma-matrices in even dimensions) it is an even object F'^ ex r° • • • T ~^. 
The anticommutation of it with the other matrices stays an anticommutation even in the graded picture 



{F#,r''} = 0, {F#,F#} = 2a 



(2.137) 



This is actually also a hint that s.th. like the RNS string could not work in the same way in odd (e.g. 11) 
dimensions, where one of the gamma-matrices (and thus one of the generators acting on the Clifford vacuum) 
needs to be even. 
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The second possibility to re-distribute the grading, is to consider the fermionic (Dirac) indices of V^—p to 
carry an odd grading. (The underhne simply shall distinguish the Dirac-indices from Weyl indices, which are 
mainly used later on.) As the fermionic indices come in pairs it does not change the overall grading. We still 
assume the rumpf to be odd, too. The graded commutator then becomes (in NW-conventions) 



pa pt 



racy. Tife"y I -r^b(x T^ay 
—^1 -!-R + 1. — -,i -!-f 






(2.138) 
(2.139) 

(2.140) 



The algebra thus changes the sign. It would not d o so, however, if we would grade only the indices and not the 
rumpfs. In any case, in appendix D on page 167 we took the conventional point of view of ordinary gamma- 
matrices with ungraded indices, because people are more famihar with the equations in the conventional picture. 
For our appHcation to the Berkovits string in the second part of this thesis, it is then necessary to make a grading- 
shift in the indices to get the correct equations. However, for future applications in superspace it might be more 
favourable to have all the equations in the graded picture with graded rumpfs and indices. In this picture it 
would also be more natural (though it was not done in this thesis) to adjust the definition of the antisymmetrized 
products of gamma matrices according to the graded summation. E.g. r°-^°-^—f3 =g r'"^'— .^r'"^'-^ with the 
graded summation convention and the graded equal sign instead of the ordinary ones. 



Chapter 3 

Other Applications and Some Subtleties 



3.1 Left and right derivative 

Bosonic rumpfs 

In the bosonic case we have for a variation of some function 

Sf{x) = fe"- — / = /- — <5x'" (3.1) 

df/dx^ 

There is no difference between left and right derivative here, except that we write it either on the left or on the 
right of the function. 

f = df/dx"" (3.2) 



dx 

For the graded case with bosonic rumpfs, the situation is very similar. We define (using graded summation; no 
need for graded equal in the beginning, as there are no naked indices, but in the third equation it is essential) 

Sfix)^gSx''^f ^g 9//ax^fe^ (3.3) 

^ =, Sx^^-^f-df/dx^^ (3.4) 

^ -f =, df/dx^ ^ A^f=i^^yMQj/Q^M (3^5) 



For / = X we have 



dx^' 9 ^/ Q^ 



fe^ = Sx'^^x'^ =dx'^/dx''5x'^ (3.6) 

^.x^ - Sk"^ (3.7) 



dxi^' 
dx^/dx'' - 5^'k (3.8) 

In the case of coordinates with bosonic rumpf, we will also use the following symbols for derivatives 

9m f ^ d^^ir-jQ^f (3-9) 

Tmn,k = TMN^ = dTMN/dx'' ^{-f^^+''+''^dKTMN (3.10) 

We will not use the notation Om for derivatives with respect to ghosts or other objects with rumpf of odd or 
undetermined grading, as the rumpf becomes invisible. 

Graded rumpfs 

For fermionic indices a the above equations imply 

^.f = i-ydf/dx" (3.11) 

^ 13 = -dx^/dx"" = 5 J (3.12) 



dx 
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This would for fermionic objects c without indices also suggest to define left and right derivative such that 

—c = -dc/dc (3.13) 

However, written without indices it is less intuitive and also not common. We thus follow the literature and 
use the following definition of left derivative and right derivative (now for c being of undetermined grading 

|c|) 

(3.14) 
(3.15) 
(3.16) 



SF{c) E 


E 5c^^F{c) = dF{c)/dc5c 


|-<") - 


= {-r{-f^dF{c)/dc 


d 


= dc/dc = 1 



Although ( 3.14 ) and ( p.lC| ) seem to be quite intuitive, ( 3.15 ) unfortunately is less intuitive. The factor ( 



\Fc 



is expected, because we interchange the order of F and the derivative with respect to c. This factor cou ld be 



absorbed by using the big graded equal sign. The extra factor {—Y, however, stems from the fact that in ( 3.14 ) 
the order of d/dc and 5c is exchanged, and the big graded equal sign cannot figure that out, so that ( 3.15 ) 
becomes -^F(c) =q {—YdF{c)/dc. Thus for graded rumpfs, left and right derivative are simply not the same 
operation (just written in a different order), but they differ by a sign depending on the grading of the rumpf. 
The above definition is thus not simply a gradifcation of a bosonic one. Indeed the rumpf 'c' was not gradifiable 
from the beginning. If one wants t o use statements derived via the theorem, one has to introduce an extra index 
which carries the grading, like in ( ^.llp . 

The generaHzation to the case with graded indices, however, is straight-forward again: 

^ .F{c) =, {-Y{-r^dF{c)/dc^ -^F{c) = (-)^^(-)^+=^a^(c)/ac^ (3.17) 



dc^ ' ' y ^ ' •^ ' - y-"- Q^K 

g^C -g bM (-) T^C - bu [^ - bf^ij (3.18) 

dc^'/dc'' =g b^'N^aSM"" {~Y^'dc^'/dc^ = 5^'n (3.19) 

dc^'/dc'' ^g ^c*^ i-Y^'dc'^/dc'' = (^)^N+N^'A_c^i (3.20) 

This implies (using as always the graded summation convention) 

SF{c) = bc^^Fic) = dF{c)/dc^ bc^ (3.21) 

3.2 Tensor and wedge product 

Let us consider the wedge product 

dr^dr" = dr" A dr" = i (dr™ ® dc" - dr" ® dr") (3.22) 

(The normalization i impHes that p-forms are written as uj'^^ = a;mi...mpdz;™i • • • dc™" without the usual 
prefactor ^.) The wedge product is antisymmetric if x"^ are the coordinates of a bosonic manifold. If one 
considers dr™ to be an odd object (w.r.t. the form grading), the wedge product is a graded commuting 
product. As a;™ itself is even, the grading has to sit in 'd', and it is therefore printed boldface. The form 
grading is a priori independent from the Fermion grading but one can consistently combine them to have only 
a single Z2 grading, where e.g. an odd differential form which is at the same time Fermionic is considered to be 
even. We will take exactly this point of view throughout the thesis, although one should keep in mind that it 
is especially fitted to the exterior algebra of forms. One can certainly define a symmetrized tensor product as 
well, for which it would be more natural to consider dx™ as an even object. However, it plays a less important 
role than the wedge product. As argued already in the very beginning, it does not really matter which point 
of view one takes, as the use of graded equal sign and graded summation convention swallows all of the signs 
anyway. One can therefore do all of the calculations without fixing this issue and only in the end choose one or 
another version of graded summation or graded equal sign. 
Let us now consider some tensor of rank (2, 1): 

T(2.i) = r™„'=dz;™ (g) dr" «) Sfe (3.23) 

Already before bringing any Fermion-grading into the game, we have a graded equation which should match 
our philosophy of notations. The grading on both sides is | T^^'^^ | = | T | +2 | d| -I- | c) |. It is therefore essential 
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that we do not denote the tensor simply by T, because then the tensor T is odd while the rumpf T is even 
which would lead to confusions. The superscript '(2,1)' therefore should carry the grading 2 | d| + | | of the 
basis elements. Although we might not always write this superscript, it is always understood that | T | is the 
grading of the rumpf and not of the tensor. 

All the indices in the above equation are dummy indices and are thus gradifiable. The rumpf T appears in 
every term exactly once (with the above explanation) and is thus gradifiable as well. The rumpf x, instead, is 
not gradifiable. The gradification of the tensor definition reads 



rp(2.1) N^ sr-^ f\M+N f\M(N+K)+NK f\ 



Md+Kd ^ 

X 



xTMAT^cfc''" ® cfe'" ® dK (3.24) 

A two form e.g. takes the following form: 

u;(2) ^ u;MArcfc^Ack^'^=^^(-)*^^+^c.M^ck^Adr^ (3.25) 

M,N 

The grading of a p-form uj^^' is | uj'-P' \ = \ uj \ +p and the graded Leibniz rule for the exterior derivative acting 
on the wedge product uj'^p^ rj'^'''' = w'^' A 77^''' thus reads 

d(u;(p)r/(«)) =G dj'^P^rj'^''^ + lj'^p^ dr]^'^^ d(uj'^P^r)'^i'>) = du(P'>r]^i'> + {-)\'^\+Puj'^P^(Jr](i'> (3.26) 

A subtle counterexample to the theorem Gradification of the exterior algebra is subtle, because we 
start with something anticommuting and turn it in something commuting, which is less restrictive. One of the 
problems one meets is the observation that there is no gradification of the definition of the epsilon tensor, which 
provides the volume form in the bosonic case. The more severe problem is the related to the nilpotency of 
1-forms: 

We start from the gradifiable anticommutativity equation dE^idc™^ = — cfc^idz;™^ (the indices are gradifi- 
able) and the gradifiable definition of the dimension d = Sm"^. In the bosonic case it follows that dx"^^ ■ ■ ■ dc"^'^+^ = 
0. Also this last equation is gradifiable in the indices but is wrong in the general graded case and thus seems 
to contradict our theorem. But the theorem includes also intermediate equations into the gradification. In 
the above case, the reasoning goes from dx"^'^ dx"^^ = —dx"^^dx"^^ via ck'^dz;'" = (no sum) to the conclusion 
(jj;"ii . . . ^md+i _. Q jjj ^jjg intermediate equation dz;'"dz;'" — 0, the index m is not gradifiable. 

Originally there was the hope that intermediate equations are irrelevant. In particular, if all indices are 
fermionic, the dimension is negative. The condition dx'^^ ■ ■ ■ dx^''+'^ = then simply would not be a restriction 
and everything is fine. For mixed fermionic and bosonic variables, however, this mechanism breaks down. 

It might be that including intermediate equations in the gradification can be omitted by saying that an 
index is only gradifiable if the number of copies in which it appears does not exceed the dimension. We leave 
this for future studies. 

3.3 Graded Poisson bracket 

For bosonic rumpfs 'g' and 'p' of the phase space variables q^ and pm, the bosonic Poisson bracket is easily 
generalized to the graded case. The overall sign, i.e. whether one first takes the derivative with respect to the 
momenta pm and then with respect to the configuration space variables q^ or the other way round is already 
an ambiguity at the bosonic level and is only a matter of taste. As it is just an overall sign, it is easily changed 
if preferred differently. Our choice {pm first) was made in order to have the Hamiltonian as the generator of 
time translations on the left of the bracket. We always try to let generators or operators act from the left. In 
any case the graded Poisson bracket is a simple gradification of the bosonic one: 



{F,G} = dF/dpM^G-dF/dq^-^G^ (3.27) 



d d d d 

-F,^G^—jF-—G (3.29) 



dpM dq^ dq^ dp 



M 



{F,G} = -i-f^'iCF} (3.30) 

{pM,g^} = <5m^^-^<5£ (3.31) 

{q'\p^} = -S^N^'^-i-rS^ (3.32) 

Like always, the sum over the index 'M' has to be understood as graded sum. The left and right-derivative 
with respect to variables with bosonic rumpfs coincide (w.r.t. the graded equal sign) and the generalization is 
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therefore unique, as soon as the underlying summation convention (NW or NE) is chosen. The sign (— )^'^ in 
the second and fourth line of the above equation array would disappear upon the use of the big graded equal 
sign. The rumpfs '5' and 'p' are a priori not gradifiable in these equations. 

Nevertheless the case of graded rumpfs 'g' and 'p' can be covered by just gradifying the indices. Assume for 
example that we have in addition to q^^ and pm (with bosonic rumpfs) also some ghost variables c*^ and bM 
with the same indices. In general, the indices of ghost variables would just cover a subset of the index range of 
the original phase space, but this subtlety does not matter for the present discussion. The rumpfs of the ghost 
variables carry a grading and it is thus not uniquely fixed how to extend the definition of the Poisson bracket 
to the ghost variables. A natural way (having in mind the conditions for our theorem) is to introduce some 
variables with two indices z**^ containing q^ as well as c*^ and the same for the momenta: 

z'^' = {q^',c^'), z^^' - <7^^ z'^^ = c''' (3.33) 

T^iM = {PM,bM), TTiM = PM, 7I'2M = ^M (3.34) 

The grading is now sitting in the additional index i, i.e. | * |= S -, r ■ _ o • ^^^ ^^^^^ ^^^ ^^^ freedom to 

decide whether this index should be upstairs or downstairs for z or equivalently whether we choose NW or NE 
for the graded summation of this index. Choosing the position as above and NW for the summation yields 



z 



iM^ \^f \iMiM^ \^(„M^ .( \M^Mt \ M^ _i_^Mt fo or\ 

T^iM = >,(-) z TTiAf = > (<? Pm + [~) c bM) ^ q Pm + c Om (3.35) 



TTiMZ 



i,M 


\iM iM^ 
-) Z -KiM = 


i,M 


>;(- 


-) TTiAf 


^iM ^ 



= E {i~)''PMq^' bMc'") = pMq"' bMc'' (3.36) 



i,M i,M 



Note the sign change of the last term from the first to the second line. Now we can also write down the graded 
Poisson bracket for this case, which looks in terms of the variables {z^^ ,TTiM) the same as the one before in 
terms of {q'^'^ ,pm), but contains an additional graded sum over the index i: 

{F,G} = dF/d7:,M^G-dF/dz'^'-^G= (3.37) 



(9z»*-f ' dn, 



M 



NW J2(^^yMQp/g^^^^_d_^_^_yM+.+MQp/Q^jM_l_^ (333) 

Before we rewrite this Poisson bracket in terms of q'^'^ ,pm,c^'^ and bm, let us recall the definition of left and 
right-derivative of page 12^. With the graded equal sign, left and right derivative w.r.t. z**^ are simply given by 
g Jm z^^ =g SiHm'^ =g dz^^ /dz^^^ . The same is true for the derivatives w.r.t. TTiM- Written with the ordinary 
equal sign, this reads 

9 ,JN ^ ^_yM gj J^^W = (_)0+JV)(^+M)a^iA^/a;2'A^ (3.39) 



Q^iM 

d 



diT, 



M 



NW:Si 

n,N = i-y^' 5', <5^'iv = (-)(^'+^)('+''^a^,iv/a^.M (3.40) 



AfW:-<5!. 



For i — j — 1 this agrees perfectly with the definition of left and right derivative w.r.t. q^^ or pM- For i — j = 2 
instead (remember z^^ = c^ and tt2m — b^f), we observe some mismatch (in NW for the right-derivative 
w.r.t. c^^ and for the left-derivative w.r.t. bn/j, in NE the other way round) 



dc^ 



d ^2N ^ (_)M g^2 g^^N ^ _^_^N+M+NMQpNiQpM (3 ^^^ 



dz'^M 

NW:1 
^ bN = [-Y'S^'n = i-)'''+''+''^dbN/db 



dbM 

d 



M 
M r2 rM _ _/_\M+N+MN ■ 



.. . ^2N = {-r ^2 5^V = -(-)^^+^+*^^a7r2Ar/9^2M (3.42) 

NW:-1 

The definition of left and right derivative therefore depends on the notation we use {c^'' ,bM or z"^^'^ ,tt2m)- In 
NW-conventions (for the index i) we have 



d NW d d NW d 



d NW d d NW d 

dbM dTT2M' dbM dTT2M 



(3.43) 
(3.44) 
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In NE conventions (for the index i), we would have the opposite signs. In the Poisson bracket, these signs 
always cancel (for NW and for N E), b ecause the left derivative w.r.t. bM comes with the right derivative w.r.t. 



c*^ and vice verse. Looking at ( 3.3S ) one can see that the only additional sign which is not absorbed by the 
graded summation of the index M is the (— )* in the second term due to the 'wrong' contraction direction. This 
sign would come with the first term, if we had NE conventions for the index i. The Poisson bracket given 
before in terms of z'*^ and tt^/ can therefore be rewritten (in graded summation conventions) as 

{F,G} - dF/dpMT^G-dF/dq''^G±(dF/dbM^G + dF/dc^'-^G)= (3.45) 



dq^ ' ^ dpM V dc'^' db 



'M 



■^G-i-f^dG/dpM^F± {dFldbM^G-{-f^dGldbM^_ 



The upper sign is for the choice of NW-conventions for the index i while the lower sign is for NE. This is in 
principle independent of the summation convention for the index M . If one prefers overall NE, where the minus 
in front of the bracket might be annoying, it might be more natural to define the Poisson bracket with an overall 
minus (or take NW only for the index i). If one wants to apply the gradification theorem in order to derive 
true statements about the graded Poisson bracket, it is in principle necessary to reintroduce the extra index i 
which carries the grading and rewrite the result again in terms of the graded rumpfs after having applied the 
theorem. In practice this is rarely necessary. For example, in order to show the Jacobi identity for the graded 
Poisson bracket, it is enough to know that one can write it as a gradification of a bosonic Poisson bracket. The 
Jacobi identity itself does not explicitely contain the variables z**^ and therefore has the same form in terms of 
the variables q^'^ and c^ . The same is true for Leibniz rule when acting on products of phase space functions: 

{F,{G,i?}} - {{i^,G},iJ} + (-)^«{G,{^,iJ}} (3.47) 

{F,GH} ^ {F,G}H + {^f^G{F,H} (3.48) 

The sign (— )^'^ would disappear when using the big graded equal sign. Let us now fix the sign-ambiguity in 



(3.4£). We will throughout use the more convenient upper sign for the definition of the Poisson bracket. This 



{F.G} 


= -i-f 


^{G,n 


{bM,C^) 




{pM,q''}^gSM'' 


{c^'M 


cAf 
—g N, 


{q'',p^} ^, -S'^' 



implies 

(3.49) 

(3.50) 

'n (3.51) 

Note again that this does not fix the summation convention for the index M. We had only made a convenient 
choice for the auxiliary index i which is now absent anyway. The above equations further imply 

{6m,...} = 9^ (■■■), {PM,---}=g^i---) (3.52) 

{...,5m} = 9(...)/ac*^ {...,pM} = -d{...)/dq^' (3.53) 

K,...} . ^ (...), (,-,... }.-^(...) (3.54) 

{...,c*^} - a(...)/9bM, {...,/^}=9(...)/9pM (3.55) 



Antibracket A bracket which is closely related to the Poisson bracket is the antibracket. It is defined in an 
extended configuration space with as many odd variables (antifields) q~^ as even variables g*^: 

(F,G) = aF/9g+^G-(-)(^+i)(«+i)aG/a9+^F (3.56) 

Note that this bracket is not simply a gradification of the Poisson bracket. We had discussed before that 
the rumpfs 'p' and 'q' in the Poisson bracket were not gradifiable but that this problem can be removed by 
introducing an auxiliary index. However, this implies that still q and p have the same parity, while here they 
have opposite parity. On the other hand, the above equation can be seen as the gradification of an antibracket 
defined for purely bosonic rumpfs 'F' and 'G' and bosonic dummy index M. Rewriting it in terms of the big 
graded equal sign =g, the sign — (— )(-P'+i)("^+i) would get replaced by a + sign. Writing the antibracket without 
the big graded equal sign better demonstrates its relation to the Poisson bracket. In a sense, it behaves as if 
the gradings of 'F' a nd ' G' were shifted by 1. The antibracket will b e further discussed at a later point (see e.g. 
footnote |l^ on page 131 or footnote |l| in the appendix on page |16C| ) . 
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3.4 Lagrangian and Hamiltonian formalism 

The structural equations of the Lagrangian or Hamiltonian formalism are good examples for the application of 
the gradification theorem. Graded versions of the Lagrangian equations of motion will most probably be very 
familiar to the reader. The intention here is only to carefully demonstrate how at the one hand the choice of 
the summation convention fixes all ambiguities and how on the other hand this choice need not to be done a 
priori (apart from the choice for the auxiliary index i to be introduced again below). 

Let us consider a Lagrangian L{q,c,q,c) which depends on variables q^ with bosonic rumpf and ghost 
fields c^'^with fermionic rumpf and their time derivatives. The indices of q and c will in general differ, but 
the assumption of the same index simplifies the presentation. The variation of the action will contain also 
derivatives w.r.t. c^ and it is thus useful to introduce again the variable z**^ = {z^^ ,z^'^) = {q^ ,c^). 

SS ^ Jdt Sz^'^'^L + Sz^^'^L= (3.57) 

dt S^'^' (tA^L iiJ^L)) + bdry terms (3.58) 



The equations of motion thus have the form 

where the graded equal sign has no effect here. As discussed earlier, left and right derivative are graded equal 
and because L is always bosonic (at least in usual examples) they are in fact equal and there is no arbitraryness 
of choosing left or right derivative. If we have NW conventions for the auxiliary index i, the derivative w.r.t. 
z^^ becomes the left derivative w.r.t. c^ or minus the right derivative w.r.t. c^ , although an overall minus 
in the equations of motion is of course irrelevant. 

In a similar way the definition of the conjugate momentum is already fixed by the choice of the summation 
convention. The definition is simply 

Again, left and right derivative coincide for bosonic rumpf z (when L is bosonic) and their definition is fixed by 
the choice of the summation convention. If we have NW conventions for the auxiliary index i, this definition 
becomes 

PM ^ ^^-^^ (3-61) 

^l--l1- 

For the choice of NE for the index i, the right derivative would be without sign. Remember again that the 
choice of the summation convention for the index i does not fix the one for the index M. 

The Legendre transformation to obtain the Hamiltonian is of course also fixed by the summation con- 
vention 



""^M - 7jT-^i - L—-^ (3.60) 



^M ^ TTTm^^-^TTTm (3-62) 



H{z,Tr) = dt zJ^'ttm - L{z,z{z,tt)) (3.63) 

Although writing z"^^ at the first position seems to fix NW-conventions, this is not true. The signs are as 
usual hidden in the summation. We thus have z'^^TiiM = '^iMz'^^ and are still free to decide in the end, which 
convention will enter the actual summation. As before we have to make a choice for the summation convention 
of the auxihary index i, if we want to write this expHcitely in terms of q^ and c^ and its momenta: 

H{q,c,p,b) = ^ dt q^pM + c'^^bM - L{q,c,q{q,c,p,b),c{q,c,p,b)) (3.64) 

The same reasoning is applied for the second Legendre transformation which yields the first order action 
L{z,n,z,Tr) = J dt z^^ iTiM — H {z , n) . 

We had already mentioned that the summation convention for i could differ from the one for M and that 
even within M we could have different summation conventions for different index-subsets. Applications where 
the advantage of such mixed conventions becomes obvious, are those where one joins several variable with 
different index position to one variable, but wants to keep the summation conventions of before. This is the 
case for example for the introduction of Darboux coordinates to parametrize the phase space. Let us forget for 
the moment about the ghost variables. We can then define for example 

Z^={q^,PM) (3.65) 
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The Poisson bracket is then written with a mixed summation convention for the index M_ (based on NW for 
M) as 



E( ^^^P_^P^^^_^r^4- r \M+N jp ^ pAf 9 



Mi,M2,Ni,N2 



dq'" dq^ ' ' 9g*=f dpN 



+Fj^Pm''j^G + [^^fJ-Pmn^-G (3.67) 

dpM oq'^ dpM OPN 

If we had NW conventions for the indices M and N_, the definition of the graded summation would have a 
(— )*^ in front of every of the four terms. For the special choice of coordinates (with split in configuration space 
coordinates and momenta), the Poisson bivector is simply 

^— =f A ""n^"^ ) (3-68) 



-(5^^- 
. <5m^ ^ 

where the relation of the graded Kronecker deltas in NW-conventions to the numerical S^j is given by Sm^ = 

XN _ / \MNxN 

3.5 Lie-groups and -algebras 

3.5.1 Gradifiable and not gradifiable group definitions 

The positive experience with the graded definition of matrix multiplication demands its appHcation to super- 
groups. The first question arising is, which supergroup definitions have a natural gradification and which do 
not. Let us just give a few examples to make the idea transparent. 

The general linear group, i.e. the group of all invertible matrices GL{n) is easily gradifiable, because 
we know how to gradify the matrix multiplication and we have (for bosonic supermatrices, i.e. matrices with 
bosonic rumpf) a clear notion of invertability. If the index of the matrix runs over h bosonic and / fermionic 
indices, the resulting group is denoted by G'L(&|/)(see e.g. |g^, p. 90]). Also the definition of the special linear 
group is gradifiable, because the definition of the determinant is gradifiable as we discussed earher, and the 
condition det M — 1 thus makes sense in the graded case as well. Because of det(M • N) = dot M ■ det TV, this 
condition defines a subgroup which is denoted as SL(h\f). 

For bosonic matrices, the unitary group is defined via 

U^U = 1 (3.69) 

Or with indices 

{U^W'SklUK, = 5,nn (3.70) 

We have a well defined notion of graded hermitean conjugation and also of a graded unity in the sense of a 
graded Kronecker delta with one lower and one upper index. There is no natural gradification, however, of a 
Kronecker delta with two indices at the same position. It is strictly speaking a metric and not a unit operator. 

In even dimensions we could use I „ j as metric for the fermionic subspace, but this would be an ad-hoc 

choice. The problem is that there is no characteristic property of 5mn which is gradifiable in our sense to 
uniquely give its graded version. The characterization that it is a diagonal matrix with only I's in the diagonal 
is certainly not suitable for gradification, because for fermionic dimensions the metric should still be graded 
symmetric (i.e. antisymmetric) and is therefore necessarily off-diagonal. There is thus at first sight no natural 
gradification of the definition of the unitary group. Note that there exists nevertheless the notion of a unitary 
supergroup U{h\f) in the literature (see e.g. Pq , p. 90]) . 

The practical meaning of the unitary group is that it leaves the canonical scalar product 5mn in C'' in- 
variant. Suppose we have a more general scalar product (a, b) = {a)"^gmnb" and make a basis change. 

a" = U"'ka'', 6" = C/"/6'. Then we obtain {a,b) = {U"" ka'')* grnnU"^ ib^ = (a^Ygj.fi. The hermitean scalar 
product gmn therefore transforms like 

hi = {U"'kr9mnU'\ = {U\^gmnU^i (3.71) 

We could define a matrix to be unitary with respect to gmn iff 

(C^^)fe"ffmnC/"i = 9rnn (3.72) 
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This is a gradifiable definition, because it is based on some generic <?„„ instead of the specific 6mn- As discussed 
above there is no defining property of Smn which is gradifiable. 

The situation is the same for the Lorentz group (or likewise for the orthorgonal group) with 

(A^),„SfciA'„ == 77,„„ (3.73) 

where we are again missing a gradification of the definition of Jjmn ■ 

The situation is a bit different for the symplectic group, although its definition is very close to the above 
two. Symplectic structures need even dimensional spaces. Assigning upper indices ^ to the first d dimensions 
and lower indices k to the second d dimensions and combine both into one index - = (*^, fc), then the canonical 
symplectic form (being the matrix-inverse of the canonical Poisson structure of the previous section) can be 
written as 

Bu^i i_ "' ) (3.74) 



4' 
. -5^ ^ 

In contrast to the metrics of before, the symplectic form is gradifiable, because it contains two unit operators 
in subspaces of which we know the gradification. Elements S of the symplectic group SP{2d) are then given by 

{S )m-BkiS-n = Bki (3.75) 

Simply gradifying the indices yields the graded definition of the symplectic group. The body S of the symplectic 
matrix, however, is not gradifiable, as it appears twice in the term on the left and not at all on the right. If the 
index k runs over b bosonic and / fermionic indices, the resulting group could be denoted by SP{2b\2f), while 
in literature it is common to introduce instead the notion of an orthosymplectic group which differs, however, 
a bit from this group (see e.g. Pq , p. 90]). The precise form of the group elements S S SP{2b\2f) depends on 
the choice of either NW or NE for the definition of the matrix multiplication and of the position of the indices 
at the matrix (first index up and second down or vice verse). 

Having seen the above example, it is obvious that gradification also works for 0{d, d) or SO{d, d) based 

on the metric r jmn = ( rm "n ] ■ ^^ ^^^ indices m, n take d values, this metric has in the bosonic case 

the signature {d, d). Containing two off-diagonal Kronecker deltas, the graded version of the metric looks just 
the same. If d splits into b bosonic and / fermionic dimensions, the resulting supergroups could be denoted as 
0{b,b\f,f) and SO{b,b\f, f). For the fermionic subspace we have (5^^ = —Si,'^, and the corresponding matrix 
block of the metric is numerically just the matrix of a bosonic symplectic form. In this sense, 0{d,d) and 
SP{2d) interchange their role in the bosonic and fermionic subspaces: 

0(d, d|0, 0) ^ SP{0, 0\d, d) and 0(0, 0|d, d) ^ SP{d, d|0, 0) (3.76) 

Note finally that all supergroups which cannot be seen as a gradification of a bosonic group, of course still 
make perfect sense. The message is only that properties of those supergroups must be studied independently 
and cannot be deduced from the corresponding bosonic groups via the gradification theorem. The main example 
are groups of fermionic supermatrices. The bosonic definition of a group requires the existence of an inverse 
matrix. As we discussed already in the chapter on supermatrices, the notion of an inverse matrix can only be 
gradified in the case of a bosonic supermatrix, while the definition of a 'special graded inverse' of a fermionic 
supermatrix cannot be used to take advantage of the gradification theorem. 

I n P3| , |2J| it was observed that SO{d) can be seen as SP{—d) (with d fermionic, i.e. negative dimensions - see 
page |25|) and that SP{d) can be seen as SO{—d). Understanding SPi —d) = SP{Q\d) and SO{~d) = 5*0(01^), 
this does almost but not completely match with our above observation ( ^■7(j ) which holds only for split signature. 
This might be due to different definitions of the supergroups and it would be interesting to make the comparison 
in more detail. 

3.5.2 Graded Lie algebra 

In the previous subsection we have just discussed a few examples for the gradification of some Lie groups, 
although a more detailed study would be a very interesting subject. Likewise we are not going to discuss 
(graded) Lie algebras in any detail in this subsection, but instead want to stress a few minor points, related to 
the summation convention. In the previous subsection we were only discussing supergroups whose elements are 
bosonic supermatrices, i.e. graded matrices with bosonic rumpf, because only there we have a natural gradified 
version of an inverse matrix. Nevertheless, even when the group matrices of a Lie Group are all bosonic, its 
infinitesimal generators (when based on the module of supernumbers) might well be expanded in a basis Ta 
that contains fermionic matrices. Each of the Ta's is a supermatrix, and it depends on the index A, whether it 
is a fermionic or a bosonic one: 

I {TAf'N hM I + I M I + I TV I (3.77) 
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Like in the bosonic case, group elements in the connected component of the unity can be parametrized byQ 

g{x) = e'"^^^ (3.78) 

where a;^ are some coordinates whose grading | >1 | is the same as the one of the generators Ta, so that the 
group element is a bosonic supermatrix. For example, for g{x) to be in GL, the exponent can be any (small) 
supermatrix, while for g{x) to be in SL, it has to be traceless (date" '^^ — expix"^trTA)- One possible basis 
of the algebra of all supermatrices consists of the matrices with one entry 1 and zero everywhere else. If the 1 
is in one of the diagonal blocks, the corresponding basis matrix Ta is a bosonic one, while if the 1 is in one of 
the off-diagonal blocks, T^ is considered as a fermionic supermatrix (although it has bosonic entries only). The 
fermionic supermatrices Ta are contracted with a fermionic parameter 9 = x'^, so that the resulting group 
element g{x) is a bosonic supermatrix. 

The algebra is determined by providing the structure constants for the (graded) commutator 

[Ta,Tb] =g ifAB^Tc (3.79) 

The graded equal sign has no effect here again, because the naked indices A and B are in the same order on 
both sides. If one is dealing naively (see remark in footnote ffl) with (graded) hermitean matrices (or operators) 
T\ = Ta, then the commutator is always graded antihermitean [Ta, Tb]'^ —g [T^, Tj^] —g [Tb, Ta] =g —[Ta, Tb], 
no matter whether the indices A and B are bosonic or fermionic. Extracting the imaginary unit 'i' then leads 
to real structure constants. Note that in most of the literature, fermionic and bosonic operators are treated 
differently in this issue, because of the different definition of hermitean conjugation. An immediate application 
of the gradification theorem is the Jacobi identity in terms of the structure constants, which has of course 
the same form as in the bosonic case, but with graded summation and graded antisymmetrization: 

flABl'^fDlcf = (3.80) 

An invariant metric 

{Ta,Tb) = Hab (3.81) 

is defined to obey 

{[Tc,Ta],Tb) + {Ta,[Tc,Tb]) ^g (3.82) 

In terms of the structure constants (with Jabc = Iab^'Hdc), this reads 

fcAB + IcBA -g (3.83) 

which means that the structure constants are also (graded) antisymmetric in the last two indices and therefore 
in all indices. Indices are pulled up again with the graded inverse of TIab which is defined by 

TiAcn^^ - Sa^ (3.84) 

or equivalently H^'^Hcb — 5^b- The graded inverse Ti.^^ differs from the naive (numerical) inverse by a factor 
(-)^ in NW and by a factor (-)^ in NE. 

The defining equation for the structure constants ( 3.79|) seems to suggest that we already have fixed NW 



conventions, but it can also be rewritten to enfavour NE. To this end we need the fact that in the case of the 
existence of a group invariant metric to pull up and down the indices A, B and C , the struc ture constants with 
all indices down are completely (graded) antisymmetric Jabc —g I cab- The commutator ( ^.7!: ) then reads 



[Ta,Tb] =g iTcTAB (3.85) 



A 



^Note that due to our definition of complex conjugation and hermitean conjugation x^Ta is hermitean if T^ is hermitean and x 
is real: (x'^^Ta)^ = ix^)*Tj^ = x^Ta- The group element e*^ "^^ thus would correspond to a unitary group element. This would 
disagree with the statement before that there is no natural gradification of unitary matrices. In fact, already for the hermiticity we 
were too sloppy in the above reasoning: A graded hermitean matrix is defined only when both indices are at the same position. If 
one index is upstairs and the other is downstairs, one needs a metric to define hermiticity, and this is again missing in general in 
the graded case. 

Note further that sometimes it is convenient to parametrize the group element differently, namely by exponentiating seperately 
the bosonic and the fermionic contributions: 

g[x) = e'-'*^^ = e^y'^^'^e^y"'^" = giy) 

The relation between x and y is obtained by using the graded version of the Baker-Campbell-Hausdorff formula, which is simply 
the gradification of the bosonic one, i.e. e^e^ = eA+s+i[A,s]+i[A,[A.s]] + i[[A,s].B]+0([.,.]3)^ ^ 
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In both versions of the equation, the actual summation convention has not yet been fixed. Let us finally write 



down the original form (B.7£) of this commutator explicitely in NW-conventions, including the matrix indices: 



K C 

(3.86) 
The position of the supermatrix indices (first one upstairs, second downstairs) is more natural for NE conven- 
tions, where the sign (—)^ would not appear in the terms on the lefthand side. 

Natural appHcations of the above considerations appear in the study of WZNW-models based on graded Lie 
algebras (e.g. in our study [^ of a WZNW-like model ||l^, where we however not yet rigorously applied the 
present conventions). 

3.6 Remark on the pure spinor ghosts 

In part |l|, we will make frequent use of the presented conventions. In particular, we will always use the graded 
summation convention and the small graded equal sign without denoting it explicitely! There are some effects 
that one needs to get used to. The formalism contains among others the variables x™, B'^, 6 and a commuting 
ghost variable A^. When we want to describe the first three as just components of a supercoodinate x^'^ , we 
have to assign all the grading to the indices: 9'^ ^ O'^ = x^^ . We call that a "rumpf- index grading shift". The 
fermionic variable 0'^ — 6"^ can be treated in both ways, either as odd rumpf with even index or as even rumpf 
with odd index. The boldface notation should serve as a reminder, which point of view we take. When we are 
considering the combining object a;*^, we have no choice, because all entries share the same rumpf 'x'. Therefore 
we have to assign the grading to the index and have to do the same for the ghost index, because it simply is 
the same index: 

A^ -^ X" (3.87) 

When we leave away in calculations all index-dependent signs, the pure spinor ghost will effectively be treated 
as an anticommuting variable, because the rumpf is anticommuting! Another similar effect is the switch of the 
symmetry properties of bispinors. E.g. the chiral 7-matrices 

lU) ^ ifc/S] (3.88) 

which are symmetric before the grading shift, become effectively antisymmetric afterwards. As an example, 
consider the following term 

(A7^5A) - A"7U)5A^ - 9A"7U)A'' = (aA7=A) (3.89) 

The calculation goes through in the same way after the shift, because the antisymmetry of the 7-matrix is 
compensated by the "anticommutativity" of the ghosts. 

Xj^dX ^ A°7f=„^jaA'^ = aA°7[„/3]A'' = dX^^X (3.90) 

As one of the summations is over a graded rumpf and another is in the wrong direction, the contraction coincides 
with the one for ungraded indices. This is not true for 9, where we have a sign change (for NW as well as for 

NE): 

X^dX = XYdX (3.91) 

e-f^de = -e-f^de (3.92) 

Note finally that the rumpf of 7^^ (the off-diagonal b lock of V^) stay s bosonic, even when V^ -^ V^ is reinterpreted 
as a fermionic supermatrix as suggested in section p. 7 on page 26 . 
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Berkovits' Pure Spinor String in General 

Background 



Chapter 4 

Motivation of the Pure Spinor String in 
Flat background 

4.1 From Green-Schwarz to Berkovits 

The classical type II Green Scliwarz (GS) superstring describes the embedding of a string worldsheet into a 

target type II superspace with coordinates x^ = (a;™,0'^,0 ). The bosonic coordinates x™ locally parametrize 

the ten-dimensional spacetime manifold, while the fermionic coordinates 6^ and 6 have the dimension of 
Majorana Weyl spinors and thus have each 16 real components. The Lorentz transformation of spinors is from 
the supermanifold point of view a structure group transformation in the tangent space of the supermanifold. In 
the fiat case, where one can identify the manifold with its tangent space, the 6's are clearly spinors themselves. 
In the context of a curved supermanifold that we will treat later on, this will not be the case a priori. The 6's 
then only transform under super-diffeomorphisms and not under structure group transformations. However, the 
supergravity constraints will allow to choose a gauge (WZ-gauge) in which the two transformations are coupled 
and the 6 s likewise transform under a structure group transformation. This is just a remark on the use of 
the "curved index" fi. Objects that transform a priori under the structure group carry the fiat index A or in 
particular a. 

The cases type IIA and IIB will be treated at the same time via the choice 0=9^ for IIA and 6=0 
for IIB. The supersymmetry transformation in flat superspace reads 

Se^" = e'^, 56'' = e (4.1) 

fe™ = £7™0 + £7'"6» (4.2) 

The small 7-matrices are discussed in the appendix y. In order to build a supersymmetric theory, it is reasonable 
to consider supersymmetric building blocks, in particular supersymmetric one-forms (vielbeins) 

E^ = dx^'^Eu^ = ( cfe'^ + d6/7"6» + Sj^d , d0" , cW") (4.3) 



Its pullback to the worldsheet will be denoted by 



n-,^9,/,x-£;M" (4.4) 

We do not distinguish notationally between the coordinates of the superspace and the embedding functions. 
The bosonic components 11° are known as the supersymmetric momentum 

n^/,- = d,f,x'' + d,/,9r0 + d,/,9rd (4.5) 

The introduction to the Green Schwarz string and the motivation for the pure spinor formalism will be 
rather quick and sketchy. We will be much more careful when we start to discuss the pure spinor string in 
general background. 

The classical Green Schwarz superstring in flat background consists of the square of this momentum plus a 
Wess-Zumino term which establishes a fermionic gauge symmetry. This gauge symmetry, called K-symmetry, 
guarantees the matching of the physical fermionic and bosonic degrees of freedom. The GS action has in 
conformal gauge the following form: 

Sgs = Jd^z ^W'.r^ablll + Cwz (4.6) 

Cwz = -in,„ (07" a0~07"a0)+i(07'"c'6») (07^90) -(z^z) (4.7) 
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It is covariant and almost manifestly spacetime supersymmetric. In this last feature it differs from the RNS 
string, where space time supersymmetry only comes in after GSO projection. The problem for the Green 
Schwarz string on the other hand is that a covariant quantization with the standard BRST procedure does 
not work. The reason for this misery is a set of 16 mixed first and second class constraints d^a that cannot 
be split easily into first and second class type in a covariant manner. The conjugate momentum p^^ of 6" 
can be entirely expressed in terms of other phase space variables and the corresponding fermionic phase space 
constraint is just dza- It has the following explicit form (the form of conjugate momentum to a;™ was already 
plugged in) 

d,„ ^ p^^-^ {^,6)^ (^8x^-^9^09 -^9^89^ (4.8) 

Half of these constraints are first class and correspond to the above mentioned fermionic k gauge symmetry. 
The fact that they have a second-class part can be seen in a non-closure of the Poisson-algebra, which has the 
following schematica form: 

{d,,(a),d,/3(a')} (X 27^^n,a<5(a - a') (4.9) 

Siegel |^2l had the idea to make d^Q part of a closed algebra by just adding the generators that arise via the 
Poisson bracket, which leads to a (centrally extended), but otherwise closed algebra 

{d,„,n,J a 2jac.0de''5{a^a') (4.10) 

{n,a,Tlzb} a VabS'{(J-a') (4.11) 

{d,a,d9P} oc <5f(5'(a-a') (4.12) 

The important observation is now that the same chiral algebra can be obtained from a free-field Lagrangian, 
where the variable p^^ is independent and cannot be integrated out: 

Sfree = J d^ z ^dx"^r,„,ndx^ + d9''p,^ + 89^ p.^, = (4.13) 

d^z in°7/a6n| + Cwz +d9"d,^ + d9"d,& (4.14) 

" v ' 

Cos 

In the second fine we have used the original definition (^) for d^a- Remarkably, this action coincides with the 
Green Schwarz action for d^ = d^ = 0. In the above free theory, however, d^a is a priori not a Hamiltonian 
constraint, but still a generator of a chiral (not local) symmetry. In any case, the reformulation does not remove 
the mixed first-second class property of d^Q, but it provides a simple free-field Lagrangian. Berkovits had 
the idea to implement the constraints cohomologically with a BRST operator disregarding its non-closure. The 
corresponding current [Q = ^ dzj^) for the left-moving and the right-moving sector take respectively the simple 
form 

j, = A"d,„, j, = (4.15) 

3, = A"d,-5, j, = (4.16) 

where A" is a commuting ghost. For first class constraints the BRST cohomology can be built, because the 
BRST operator is nilpotent due to the closure of the algebra. For second class constraints, however, the non- 
closure implies a lack of nilpotency of the BRST operator. To overcome this problem, Berkovits put a constraint 
on the ghost field A and A, the so called pure spinor constraint 

A7"A = 0, A7"A = (4.17) 

This enforces nilpotency of the BRST operator and provides a well-defined theory. The pure spinor constraint 
and the ghost kinetic term have to be added to the original free action: 

Sps = Jd^z ^8x"'r]^ndx"+d9"p^^+89"p,^+Cgh (4.18) 

= f(fz ^UtT]abIil + Cwz + d9''d,^+89"d,&+Cgh (4.19) 

n^ = 8x'' + 89j''9 + d9'y''9 (4.20) 

4a = p,^-{jrn9)a.(dx"'-^9Y'^d9~hY''89\ (4.21) 

Cwz = -h\,„,{9-i'^d9-h"'d9)+]^{9Y^d9){9^md9)-{z^z) (4.22) 

Cgh = 5A^c^./3 + aA^(i,^ + iL,,-„(A7'^A) + iL,,,(VA) (4.23) 
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The pure spinor constraints seem like a replacement of one problem by another. The constraints turn now out 
to be first class but infinitely reducible. They generate antighost gauge symmetries of the form 

S{p)U!za = tJ'za{l"'\)a, <5(^)'iza = iJ'za{l°''^)a (4.24) 

accompanied by some transformation of the Lagrange multipliers. We will discuss this in more detail in the 
general background-case. In spite of this, the pure spinor constraint can be better handled than the original 
constraint. One can solve the pure spinor constraint explicitely in a U(5)-parametrization and calculate operator 
products. Although the U(5) coordinates break manifest ten-dimensional Lorentz-covariance, the resulting 
gauge-invariant OPE's all have a Lorentz covariant form and the quantization is effectively Lorentz covariant. 
Berkovits showed in the above cited papers the equivalence to the ordinary string. In ||l2| he presented a 
consistent description for the calculation of higher loop amplitudes. There are still many conceptual problems. 
The pure spinor formalism starts in the conformal gauge and does not have worldsheet diffeomorphism invariance 
any longer. Attempts to construct a composite b-ghost (as homotopy for the energy momentum tensor) always 
involved inverse powers of the gost field. In [Q, Berkovits recovered a N = 2 algebra by the introduction 
of additional worldsheet fields, which is now known as "non-minimal formalism". Multiloop calculations were 
described or performed by Berkovits, Mafra, Nekrasov and Stahn in |28[ ^, pOl, pl[ (Since the last version of 
this thesis new results were obtained. A recent detailed review is provided in ll20|] ). However, there is still a 
clear picture of the origin of the pure spinor constraint missing. Attempts to relate the pure spinor string to 
the Green Schwarz string via similarity transformations and redefinitions were successful in [Sj, but not very 
enlightening. An additional task is the resolving of the tip-singularity of the pure-spinor-cone. These questions 
were adressed in |^^ and Q|. 

We should finally mention that the pure spinor approach of Berkovits differs significantly from the hybrid 
formaHsm||35|, which was developped by the same author and shares only some of the properties of the pure 
spinor approach. Two recent presentations of this formaHsm including the numerous relevant references can be 
found in ||](37|. 

4.2 Efforts to remove or explain the pure spinor constraint 

There were plenty of efforts to get rid of the pure spinor constraint in the years after Berkovits presented his 
approach the first time. A quite natural ansatz was followed by Chesterman[p8|, p9[ , who implemented the 
first-class pure spinor constraint cohomologically, via a second BRST operator. Due to the infinite reducibility 
of this constraint, there arises an infinite number of ghost for ghosts. Nevertheless he was able to extract the 
most important information and avoided solving the pure spinor constraint explicitly. 

Somehow related are the considerations of Aisaka and Kazama|Q ^, ^, |4|, Q. They were able to 
construct a BRST operator with five additional ghost fields and no pure spinor constraint, using however U(5) 
parametrization and breaking manifest Lorentz invariance. The relation to Chesterman's approach can be 
established as follows: The infinitely reducible pure spinor constraint can be replaced by an irreducible one in 
an U(5) parametrization. This constraint can be implemented cohomologically via a second BRST operator in 
a relative cohomology, and via homological perturbation theory one can replace the two operators by a single 
one. Within their 'doubled spinor formalism', they provided in iQ a derivation of the pure spinor string from 
the Green Schwarz String on the quantum level. 

Another enlightening approach by Oda, Tonin et al.|Q| was the interpretation of the pure spinor formalism as 
a twisted and gauge fixed version of the superembedding formalism. This led to a slightly modified version of the 
pure spinior formaHsm, the Y-formaHsm, and to new insight about the missing antighost b-field||4^, ^, ^, Q. 

There was finally yet another approach by Grassi, PoHcastro, Porrati and van Nieuwenhuizen, at that time 
most of them in Stony Brook, which we will discuss shortly in a seperate section, as it was subject of my early 
PhD studies. 

4.3 Some more words on the Stony-Brook-approach 

In a series of papers |g, 50, ^ ^, |l^, 52, Q Grassi, Policastro, Porrati and van Nieuwenhuizen have removed 
the pure spinor constraint by adding additional ghost variables. They realized in |Q that their theory has the 
stucture of a gauged WZNW model with the complete diagonal subgroup gauged. It is based on the chiral 
algebra above. A current can be set to zero by gauging the corresponding symmetry and thus making it a first 
class constraint. However, dza does not form a subalgebra and thus cannot be gauged on its own. So if one 
starts gauging dza and tries to make the resulting BRST-operator ( 4.15| ) nilpotent by adding further ghosts. 



one automatically arrives at a BRST operator that corresponds to a theory where also Tlzm and 89" are gauged 
(see e.g. ||9|, p. 7] or ||lO| , p. 4]; this fact was later also used to describe a topological model in ||5j|). In the gauged 
WZNW description this means that the complete diagonal subgroup is gauged. Therefore a grading or filtration 
had to be introduced, in order to obtain the correct cohomology. In |Q it was argued that for any (simple) 
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Lie algebra one can in general gauge a coset (in our case the algebra that corresponds to d^a, modding out 
the subalgebra) by gauging the complete algebra and later undo the gauging of the subalgebra by building the 
relative cohomology with respect to a second BRST operator. This corresponds to the former grading. Despite 
its elegance there are some puzzling points about the WZNW action: 

• For the heterotic string one starts with a chiral algebra and gets from the WZNW model a chiral as well 
as an antichiral algebra. Somehow one has to get rid of the antichiral one. 

• For the type II string one starts with a chiral and antichiral algebra. Both of them double and the Jacobi 
identity forces one to mix those algebras. Thus it has not been possible yet to produce a WZNW model 
for the type II string. 

• The classical WZNW theory is not a free field theory which might cause problems for calculating OPEs. 

For those reasons, we avoided in ||0| the WZNW action. Although the cited paper contains the work of the 
early stage of my PhD, it will not be presented in this thesis in detail. The reason is that it would open yet 
another field, whereas the presented parts share some common aim. Let me therefore just sketch the results: 
We started in ||ll| with the free field action of above, discussed its off-shell symmetry algebra generated by 
the current dza and gauged it, in order to turn d^a into a constraint. Before actually gauging the algebra via 
the Noether procedure, we had to make it close off-shell. To this aim we introduced auxiliary fields Pzm and 
Pzm- There still remained double poles in the current algebra, which caused trouble in the gauging procedure. 
They were be eliminated by doubling all fields as it was done in |lC|| , in order to establish nilpotent BRST 
transformations. Gauge fixing leads to the BRST-transformations as they are given in fw^ . 

Finally, we had a closer look at the final BRST operator proposed in [Q, which includes diffeomorphism 
invariance by adding a topological ghost quartet. We came to the conclusion that this operator has to be 
modified via a second quartett of ghost fields in order to become nilpotent. More details can be found in ||ll| 
and |||. 

A last major progress was achieved in |56| by estabHshing an A^ = 4 algebra in this formalism. There exist 
also independent studies of WZNW models based on supergroups Hke for example on PSU(1,1|2) in |^ . 



Chapter 5 

Closed Pure Spinor Superstring in general 
type II background 



The pure spinor string in general background was first studied by Berkovits in IQ. The one- loop conformal 
invariance of the heterotic version was studied in ||5^. The classical worldsheet BRST transformations of the 
heterotic string in general background were derived in ||lj|. The one- loop conformal invariance of the type II 
string finally was shown in |^ where also the derivation of the supergravity constraints was reviewed. Note 
also 1 60, ^ H for another useful presentation of some aspects of the pure spinor string in general or AdS5xS5 



background. In the following we will present again the derivation of the supergravity constraints as it was 
done in ||l3|,||59| but we will explain in more detail several steps and also we will use a different method to 
derive the constraints. In particular we will not go to the Hamiltonian formalism in order to derive the BRST 
transformations as generated via charge and Poisson bracket but we will stay in the Lagrangian formalism and 
will use what we call "inverse Noether". In addition we will use a spacetime covariant variation in order to derive 
the classical equations of motion in a spacetime covariant manner and we will present the BRST transformations 
of all the worldsheet fields for the type II string in general background. This has so far been done only for the 
heterotic string in ||lj| . Having derived the supergravity constraints we will finally go to the Wess Zumino gauge 
and derive the local supersymmetry transformations of at least the fermionic fields in order to make contact to 
generalized complex geometry. 

Note that there was a carefull study in |^ of how to construct type II vertex operators in the pure spinor 
formaHsm. This is at least for massless fields directly related to the deformations of the action that we are 
going to study now. (After the first arXiv-version of this thesis, another thesis by 0. Bedoya ||l2l| studying and 
reviewing many aspects of the pure spinor string in general background has appeared) . 

5.1 Ansatz for action and BRST operators and some EOM's 

In the following we will consider the closed pure spinor string coupled to general background fields. One 
can either add small perturbations (integrated vertex operators) to the action or simply consider the most 
general classically conformally invariant action with the given field content and the same antighost gauge 
symmetry (generated by the pure spinor constraint). The action, however, is not enough to specify the string 
completely. In addition, we need two (one left-moving and one right-moving) BRST operators in the general 
background. The existence of two such BRST operators which have to be nilpotent and conserved (holomorphic 
and antiholomorphic respectively) turns out to be equivalent to supergravity constraints on the background 
fields. The important steps of this calculation will be carefully motivated in the following. 

The idea is to start from the most general renormalizable action with the given field content. It is convenient 
to throw away immediately the tachyon term which is allowed by renormalizability, but which is not even BRST 
invariant for the undeformed BRST transformations, at least for a non-constant tachyon field. The starting 
point then reduces to the most general classically conformally invariant action. In order to write down a 
classically conformally invariant action (ghost number zero in each sector), we have to combine elementary 
fields to terms with conformal weight (1,1). There are no fields with negative conformal weight. The a priory 
possible elementary building blocks of ghost number (0,0) are thus 

weight (0,0) x^'^ 

weight (1,0) dx^\d^o.,X^L^^fi 

weight (0,1) 9a;*^,4a,A u}-^ 

weight (1,1) ddx^^ ,d\°'u}^p,d\ lj^^, Bd^a, ddg^ 
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We now can combine an arbitrary function of x*^ (background field) with either a (l,l)-building block or with 
one (1,0) combined with one (0,1) building block. Via partial integration, a i99a;*-'^-term with an arbitrary x- 
dependent coefficient can always be rewritten as a dx^^ Bx^ -tern^ Before writing down the resulting action, let 
us note that we will immediately absorb the x-dependent coefficient coming with dX^uJzp in a reparametrization 
of ijJzfj so that we simply get the free ghost kinetic term dX'^uJza.- Likewise for the hatted variables. 

The most general classically conformally invariant (or renormalizable, adding Tachyon term) action with the 
same field content (including the pure spinor constraint on the ghosts) with independently conserved left and 
right ghost number now reads 



S = I <fz \dx'\c 



{Gmn {x) + Bmn ( X ))dx" + dx''' EM"ix)dzc.+ dx''' Em'^ ( x ) 4a + 

+dzo.V"f'{x)d-^ + A°C„^^(S) i^zpd-z^ + X'cj^ix) Cj-pdz-, + A°a"5„a^''(5) ^.p<^zp 
+ [dX'' + X'^Bx'^'VlMJix)] uizp + (dX^ + x"dx^^hMJ{x)\ Cj-. 



'5/3 



= V,-A'3 



= V,A3 



-iL,,-„(A7'^A) + i4-,a(A7''A) (5.1) 



Note that we denote with x the complete set x*^ of superspace coordinates, while x will only denote the 
bosonic subset a;™. As stated already above, the kinetic ghost term dX^bj^p can always be brought to this 
simple form by a redefinition of a;. We will discuss this and other worldsheet reparametrizations below in detail. 
The motivation for the definition of the covariant derivative VjA'^ will also be given at a later point. For 
the moment, ^moP{x) is just an arbitrary coefficient function or background field. Like in the fiat case, we 
implement the pure spinor constraints via two Lagrange multipliers. 

In order to complete the theory, we need two BRST operators which reduce to the well known ones in the fiat 
case. Their nilpotency and (anti)holomorphicity will be checked later and lead to the supergravity constraints. 
For the moment, let us just write down the most general ansatz of their currents, which have to be of conformal 
weight (1,0) and (0,1) and ghost number (1,0) and (0,1) respectively 

h = A°(4« + T(2)„Af(3)9.a;^'^ + A^T(3)„/(J)u;,^), j, = (5.2) 

% = r(4« + t(,'l,(^)a.-x*' + A^tg/^(5)c:',-;3). J.-o (5-3) 

Like for the ghost kinetic term, we have immediately absorbed any ai-dependent coefficient T(^)q,^(x) coming 
with X'^dzp and its hatted version in a redefinition of dzp and dzB^ ^^ course one can further redefine dza and 

dza, such that we arrive at the standard form j^ — X dza and jj = A dza- This does not change the general 
form of the action. We will discuss the reparametrizations more carefully in the next section. 

The following observation is important to reduce the computations one has to do. Let us first define 

Omn = Onm, (g^G,B^-B,H^-h) (5.4) 

-p^i = -p-yy (5,5) 

^aa = '^aa ("■") 

Then - rather obviously - the following statement holds 

Proposition 3 (left-right symmetry) The complete theory (action +BRST operators) is invariant under 
the exchange of hatted and unhatted objects if at the same time their indices are flipped from hatted to unhatted 
and from z to z and vice verse, and d is exchanged with d: 

d^ d,X^ X,uj^ u:,L^ 1,0 ^d,v ^v,s ^ s,c '^c,n<^n,v <^ v,t(*) ^ tW,j ^ j . . 

9 <-> 9, indices: ct <-> a, z <-> z 



In particular the replacement O ^^ O implies due to l\5.4 ) that 

B ^ -B, G^G (5.8) 



^This, however, contributes to the surface term. In the case of open strings, adding a (9flx*^-term is therefore equivalent to the 
modification of the boundary part of the action. o 

^If one wants to study degenerate limits of the theory, one should remember and reintroduce the coefficients X'^) , X'^) and the 
one coming with the ghost kinetic terms, o 
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Simple eom's Before we close this section, let us quickly give the equations of motion of those worldsheet 
variables (all but x^) which can be seen from the target superspace point of view as tangent or cotangent 
vectors. This refers to the form of their reparametrizations that will be discussed on page ^. Their equations 
of motion are comparatively simple: 



SS 

Sdz-f 

SS 

Sdg-y 

SS 

SS 

SS 
SX" 

SS 

sx" 

SS 

SLzza 



Bx^'Em'' + V^^d-,^ + a"C'£,^"'w 



27 



'zP 



Ox^'Em^ + d.-yT'^^ + X'^Cj^U,,p 



= - ( V,A^ + A° ( Cc'^^d;-^ ~ A 5, 






m 



^ -v.x" 



VA + a" (c&^-'d,-, - X^Sc^o.^'^i^^p) j = -P,A' 



(5.9) 
(5.10) 
(5.11) 
(5.12) 



- ( Vja;,„ - (C„^^4-y - X'Sa^s.'^l'Cj-p) u,p\ + L,,a{l''X)a, = -V.LJ,^ + L.ja(7"A)„ (5.13) 



= - Vzi^zr, - 



(Ce.^^d.-y - A°5„a''^u;./3) i^^zp) + Lz-Ul''X)s. = -VzC^-zs, + Lz,a{rX)a (5.14) 



2 (At" A), 



4^ = i(A7'^A) 

SLzza 2 



In (5.11)-(5.14) we have introduced yet two other "covariant derivatives" Pj and Vz- 



V-zXl" = dX'^ + A-zJX'^, A-zJ = dx^'nMj + Co.''^d-z^-X"So.6.'''^Cj-^^ 



v.x^ 



d>r + AzJx", AzJ = Ox^'CImJ + Cj^dz-y - X'^Sococ'^P^zp 



(5.15) 

(5.16) 
(5.17) 



These covariant derivatives are introduced simply for calculational convenience and we do not give a geom etric 
interpretation - although this might be interesting. For the covariant derivatives Vj and V^ defined in ( |5.l| ) 
instead, there exists a simple geometric interpretation. They are pullbacks of the covariant target super tangent 
space derivatives with connection coefficients VlMa^ and VLmo.^ to the worldsheet. The reason why these two 
background fields can be seen as connections will be given in the following. 

Note that the derivation of the still missing variational derivative with respect to x^ is quite involved and 
will only be given in section 5.5 on page p4 using a covariant variational principle. 



5.2 Vielbeins, worldsheet reparametrizations and target space sym- 
metries 



There are several ways to reparametrize the worldsheet fields in the above action and the BRST currents. One 
can use such reparametrizations to simplify the form of the action (as we did already implicitly in order to get 
a simple ghost kinetic term) or of the BRST currents. 

Before we come to the first convenient reparametrization, let us observe the following: The two background 
fields Em"' and Em"', combined to a 42 x 32 matrix Em lA. G {a, a} have maximal rank 32 in a small 
perturbation around the string in fiat background. Or in other words, the quadratic block i?A4 is invertiblqj. 
It can thus be completed by some Em"" to an invertible 42 x 42 matrix which we can interpret as (super)vielbein. 
The only requirement for Em"" to be a vaHd completion is that its bosonic sub-matrix E„i"- is invertibleg. The 
"background field" Em"" does not appear in the action and nothing should depend on it. Let us from now on 
use the completed vielbein Em^ and its inverse Ea^ to switch from curved to fiat indices and vice verse. In 
particular we define 



Gab 



Tj M (-^ -p N 



For later usage we denote the components of the pullback of the vielbein E^ to the worldsheet as 



n^ = dx^'E^-^ 



n 



A _ 



Bx^'Em'' 



(5.18) 

(5.19) 
(5.20) 



In fiat space, n° , will just be the supersymmetric momentum and the fermionic component will reduce to the 



worldsheet derivative of the fermionic coordinates: H^^ -^ dz/zf^ ■ 

Let us now study the possible reparametrizations of the worldsheet variables systematically. 

o 



^Again it might be interesting to study also degenerate limits 

p] a K -4. 



The bosonic supermatrix 



IS 



invertible, iff its bosonic blocks {Em"") and (-Ea4 ) ^^re invertible. 
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Possible reparametrizations We denote by (jy^^ the collection of all worldsheet fields. If we make some 
reparametrization (jy^^ = /[^aiil' the Jacobi matrix has to be invertible in order to lead to equivalent equations 
of motion: 

The following reparametrizations are the most general ones which respect the conformal weight as well as the 
left and right-moving ghost numbers (note that the Lagrange multipliers have ghost number (—2, 0) and (0, —2) 
respectively): 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

/^^ has to be an invertible function and A, S^^^S'^^S^^^ and their hatted equivalents have to be invertible 
matrices. For a general reparametrization, K^^ can be a general invertible matrix, but if we want to leave the 
form of the action invariant, it has to be an element of the spin group or a simple scaling. We will discuss that 
below. Note also, that we have already used S'^^ and 'Ey'^ and their hatted versions to get a simple ghost-kinetic 
term in the action and a simple first term of the BRST operator. 

Shift reparametrization Let us first study the effect of the shift-reparametrizations 

4„ = 4„-S(2)„M(^)5a;*^-S(3)„.^^(S)A^a;,5, SW„'' - <5„^ (5.28) 

d,6. = ~d,a-^ti{x)dx'' ~E%\x))Cq^-„ sW'^-J^^ (5.29) 



i^ = 


- f'i^) 


A" = 


= Ap'^{x)Xf', X° = A>(J)a'' 


dza = 


= sW„'3(S)4;3 + s(2)«M(J)ax*'' + s(3)„.,^(J)A^a;,, 


dza = 


= ^^^)d,^ + m.i^)Bx- + mr'(-)^^.s 


^ZOL = 


- sW„'^(5)a;.;3, C.,^ = ^^i:i)G.,^ 


Lzza - 


= S(5),^(J)L,,,, L-,, = 2(5)^(^)2,-,, 



on the form of the action. Plugging the above reparametrization into (5.1)-(5.3), the form of the action and the 
BRST currents does not change if the background fields are redefined accordingly. The shift-reparametrization 
thus induces an effective transformation of the background fields: 

En-< = EN-'-r-^'^t^llEN'', Em^ =Em^-E^^KaEm''V'^^ (5.30) 

"A/a — "Ma L/a ^^^£/A/ — £jM ^ ~/a + ^ ~/a r ^aA'^M (5.31) 

O /3 _ o P n /3«'='(2) J? A p T'£:(3)/3 I ^(2) 771 A'r,a^i:(^) J3 (K'in\ 

^l-Ma — ^IMol '^a ^ aA-CyAI — -tiyM ^^^ + ^ aA-t^M r ^A/^ \0.6I} 

CoP^ = CoP"^ -E^^^oPV"' , dj-^ ^Cj'^-V'^"<^fj^ (5.33) 

G .PP - q .PP <r/p-iz:(i) /3 I fi /37e(3)(3_"(3) /3-p77e(3),a /c o4^ 

^(2) _ -^(2) ^(2) f (2) _ ^{2) A(2) , . 

y(3)/3 _ -^(3) P _-^CX) P t(3)_ .(3 _ f(3)3 _ A(3)^ ('^ '\a\ 

Finally we have the transformation of Omn — Gmn + ^mn which we split after the transformation again into 
its symmetric and antisymmetric part: 

Gmn = -Em -Ejv x (5.37) 

/ G ^ + 2=(2) ,-ptt5(2) q _ _ =(2) +2=(2) , ,-pTT = (2) ^ _ _ 6(2) , ^^(a) , |-p7T=(2) \ 



a I -=(2) , i2=(2) ,-p77e(2) Q «-2=(2), ,, +2=(2) , .-pi^^V^) n ._=(2) . _ 5(2) , 2=(2) , |-pT75(2) 

'^ab ^ ab ^ ^^ 7(a|' -i-|b) "Z' {a/3) ^^ ^-- T(a|' -)-|/3) a/3 " a/3 ^a^ 7(a|' -y|/3) 

^.^-=(2) 2=(2) ,.,-PTtS(2) G-fl -=(2)«- -='^> +2=(2) ,.,-P77=(2) (J . _ 2=(2) + 2=(2) ,., 13775(2) 

\^ Ij-ab "db + ^" 7(a|' "-T.|b) '^'^^ "" /3a ^&f3 ^ ^^ T(a|' t|/3) '^d/3 (<i/3) ^ 7{a|' -y|/3) / 



-Bm/v = Em^'En" X (5.38) 

/ B f, + 2=(2) r tV^-'-^^ B fl-=(2)fl +2=(2) , ,-p7T=(2) ^ . I =(2) , 2=(2) , .•p7T5(2) 

B .+=(2) i+2=(2) r ,-p-rT=(2) B fl+2=(2)r „,+2=(2) r ,^7^5(2) Q .+=(2) . i =(2) , 2=(2) , |-pTT = (2) 

B-. _5(2) , 2=(2) ,.,-p77=(2) fi.„ _=(2)„. _=(2) , 2=(2) ,.,-pT7=(2) B --2=*^^ + 2=(2) ,-,-P77=(2) 

Y -Oab --db+^" 7[a|' --T.|b] -"a/S -" ^a --d/3 ^ ^"" 7[a|' "7|/3] ■°(i/3 [d^S] 7[a|' -y|^l / 



Interestingly, looking at ( |5.37| ), one can bring Gab to the block diagonal form Gab ~ diag (Gq/,, 0,0) at least 



for vanishing pT^. For general V^ , this is less clear because the equations become at first sight quadratic]^ 



^Note that the matrices in (5.37) and (5.38) do not yet correspond to Gab and Bab given by Gmn = Ei\.t^Ekt^G A p an d the 



equivalent equation for Bmn , as we have expressed Gmn and Bj^im in terms of the untransformed vielbeins. Due to (5.30), the 
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in the transformation parameters. It is thus more convenient to use the shift reparametrization to bring the 
BRST-currents to their standard form, i.e. simply shift T^^^ T^'^), and their hatted counterparts to zero. From 
now on we will thus use the simple BRST-currents: 



Jz = A"4„, Jz = 

Jg = X dga, 3^ == 



(5.39) 
(5.40) 



In ||l^ the authors start with both, the simple form of the ERST currents as well as the above mentioned 
special form of Gab and thus a reduced rank of Gmn- As we cannot reach both at the same time with the 
shift reparametrizations, the simplified form of the symmetric two-tensor has to be a result of BRST invariance 
or likewise on-shell holomorphicity of the BRST-current. We will discover this result soon. Only then we will 
use the freedom of the choice of the auxiliary vielbein components Em"' (which do not appear in the action), 
in order to fix Gab to rjab^ or at least proportional to it. For the moment, however, we do not assume any 
restrictions on Gmn, Em"' and Gab apart from the invertability of Em"- 



Local target space symmetries There are still many reparametrizations left and we could try to further 
simplify the form of the action. It is, however, convenient not to fix all freedom. As we do not want to destroy 
the form of action and BRST currents that we have already obtained, the freed o m co nsists of 'stabilizing' 
reparametrizations. I.e. we have to restrict to those reparametrizations out of ( 5.22 )-( 5.27 ) which leave the form 
of the action (5J_) and the simple BRST currents ( 5.39|) and ( 5.40|) invariant if one transforms the background 
fields accordingly. These reparametrizations are in general not symmetries from the worldsheet point of view as 
the compensating transformation of the background fields corresponds to a change of the coupling constants. 
However, as the action remains formally invariant, all the constraints on the background fields which will be 
derived later will also remain formally invariant. From the target space point of view the transformations of the 
background fields (going along with the x -dependent reparametrizations) thus correspond to local symmetries 
of the target space effective theory. What we have done so far by e.g. eliminating the coefficient fields T^'^ in 
the BRST operator, corresponds to a target space gauge fixing of auxiliary background fields. 



Residual shift symmetry Any further shift reparametrization of d^a and dgSi changes off-shell the form 
of the BRST currents (5.39) and (5.40). But we may still allow changes of the current up to the pure spinor 
constraint. The pure spinor constraint generates a gauge transformation as we will see in the next section. Any 
change of the BRST currents proportional to the pure spinor constraint thus can be compensated by a gauge 
transformation. Under the reparametrizations 



ClzCX ^ZOL 

CLza ^za 

the BRST currents change to 

3z 

Jz 



-S(3),^(J)(7&A)„a;,5, 
-Sf)^(J)(7''A)^u,,^, 



^(3) S ^ b ^(3) 5 
" a-y — la~t^ b 

6(3)5^ h A(3)a 
^a7 /ct-y'-^b 



A«4„ - S(3)/(5)(A7''A)u;,5, j, = 
(J)(VA)u,,^, J,=0 






(5.41) 
(5.42) 

(5.43) 
(5.44) 



Global symmetries like the BRST transformation can always be redefined by a gauge transformation without 
changing their physical meaning. Doing this brings us back to the simple form of the BRST currents. The 
transformation of the background fields under this reparametrization is 



flMa 

Qmo. 



n 



Mc 












Q .P^ - Q ^PP .fi/M^h ^(3)j3 , ^ (5^ h A(3)/3 



'ycx. 



■yoL^-'b 



I'ydL^b 
.^a ^(3) /3'p7^^^„^(3)^ 



(5.45) 
(5.46) 
(5.47) 
(5.48) 



This target space gauge symmetry will be fixed at a later point in section 5.11 on page |7lJ. 



vielbeins transformation has the form 



,£;,f^,£„T 




V 



__-T>OLd "^ 



,55(2) 



Sc 

a=(2) 



-v 



.5 5(2) 
5-y 



5^^ 






\ 



J 



For non- vanishing PTT, the inverse of this matrix would enter the final form of Gab c^nd make the problem of finding a 
reparametrization with Gab = diag (Gab, 0, 0) more complicated. o 
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SuperdifFeomorphisms Let us now consider the general reparametrizations ( ^.221 ) of the superspace- 
embedding functions x^^ which correspond to target space super-diffeomorphisms. 

jAf^jM(-) (5.49) 

The worldsheet derivatives of the embedding functions transform hke target space vectors 

Bi^^ = dSc'^'/dx'^ ■ dx^ (5.50) 

For the action and the BRST-operators to remain form- invariant, the background fields have to transform 

tensorial according to the appearance of the curved index M, e.g. ^Ma^(x) — QNcx^{x)dx^ /dx'^'^ . All 
objects with only flat indices or no indices have to transform like scalars. In this way we observe that the 
resulting effective equations for the background fields will be superdiffeomorphism invariant. 

Gauge transformation of the B-field One of the gauge transformations of the background fields is a bit 
special, as it is not related to a worldsheet reparametrization. It is the shift B \-^ B + dA with some one-form 
A. This does not change the action at all, as the total derivative term simply drops out (for closed strings). It 
is, however, again not a worldsheet symmetry, as we do not transform the worldsheet fields but the coupHng 
constants. The background field-constraints will in the end be the same for the transformed B and we thus 
have again a gauge symmetry from the target space point of view. 

Local Lorentz transformations and local scale transformations Next we consider reparametrizations 
of the ghost A°. An admissible reparametrizations ( 5.23 ) of A° turns the pure spinor term Lzga{^ 7"-^) into 



Lzzai^ A^^7°A-^ ^^A). In order to obtain the old pure spinor term also in the new variables, the reparametriza- 
tion of the ghosts has to be accompanied by an appropriate reparametrization L^gb — Afc°(a;) • L^za of the 
Lagrange multiplier Lzza- The condition for the invariance of the pure spinor term under the reparametrization 
then read^ 

For infinitesimal reparametrizations we can rewrite it as 

2i[«|'75V] = ^''"^«/3 (infini) (5-52) 

withA^'^ = do.^ + Lj, Kj' = 5l + Lj' (5.53) 



^The fact that we use the index structure A^" instead of A"^ is only for later notational convenience. It is not necessarily 
related to using NW-conventions, although A = A'^A^° contains a nice NW-contraction. For us the reason is simply that the 
alternative index position would be very inconvenient for the associated connection. The symbol fiM/s" is just much simpler to 
type (and looks better) than Hm^/s- o 
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To obey this, both reparametrizations are restricted to local Lorentz transformations and local scale transfor- 
mationsQ The infinitesimal generators thus have the following explicit form: 



Lj 



The reparametrization so far reads 



4 ab / 



2 



cd 



-L 



(L) 
dc 



a" 



K}'L 



(5.54) 
(5.55) 
(5.56) 



(5.57) 
(5.58) 



Note that in our notation A contains both, Lorentz transformations and scale transformations (dilatations). 

In order to maintain the special form of the ghost kinetic term and of the BRST-operator, we likewise have 
to transform 



w. 



= (A-i)„^u;,;3 



(5.59) 
(5.60) 



with infinitesimally (A~^)q,'^ — 5oP — La^ . The background fields can again be reparametrized in a way that 
the complete action plus the BRST operators remain form- invariant: Just transform every background field 
with unhatted spinorial indices accordingly. E.g. 



C^"^ = (A-i)„^A5'^C^^^, 



(5.61) 



Only the field ^Ma^ must not transform like a tensor, but Hke a connection, in order to keep the form-invariance 
of the action 



n 



Mc 



-Om^J + (A-i)„^A/f}M^' 



(5.62) 



This is exactly the reason why we have combined it to a covariant derivative in the ghost kinetic term right 
from the beginning. For the effective field equations all this means that they will be invariant under a local 
Lorentz transformation and dilatation acting on all the indices of the background fields which are coupled to 
the ghosts, the ghost-momenta and the variables dza, or in other words, acting on all unhatted fiat spinorial 
indices. 



'^The 32 X 32 unity and the antisymmetrized F-matrices r^i ■"? (see appendix |d| on page 167ff) form a basis of the vector space 
of all 32 X 32 matrices. The 16 x 16 sub-matrices A„'^, 'v °i°2„^. . . . .^ °i ■°io^y in the block-diagonal (they vanish for an odd 
number p ^of bos o nic ant isymmet rized indices, see (pjlOf) on page 177) therefore span all the 16 x 16 matrices. And due to the 

form a complete basis 

DL ^ ^a. ) 



relations (D.128)-(D.131) on page|l78|, i.e. 7IPI oc 7 



already the matrices Sa^ , '^"■i'^^^^ and 7^1 



of all 16 X 16-matrices. We thus can expand the infinitesimal generator La of the reparametrization matrix (i.e. Ka 
as follows: 

La = -L'- 'da + -■^aia27 a -(-Lai. ..047 « 



Plugging this expansion into the condition (5.55) yields 



Lb la/3 



2L,, 



7a 1/3] 



r{D) a I £ r (-t) ^aia2 S a ,r,j 

^ 7a/3 + 2 "l''^ 7 [a\ 7^1^] +^-^ai. 

^ V ^ 

°^Tc3+7[c/3] 






{*) 



vPl [5] 

'[a/3] +^al3 



Below the curly bracket, we have indicated the schematic expansion (D.llS) of page 177. Due to (D.lll), all the x s vanish 

='[1] -'^-' 



because of the graded antisymmetrization. We can thus concentrate on the 71^' and 7 1°^ -part 

,5 



7 



1S\fi] 



(D.114) 



27 



[a.1 _ ^7y^2]a 



7 ' *[a| 751/3] 



(D.114) 



ai...a4a 
I af3 



The righthand side of (*) has to be a linear combination of 7'"s which is not true with a remaining 71^1-term Lai...a47"^'''*''a/3. 
We thus have to demand 

! 
Lax ■■■a4 = 



With this condition, (*) and therefore ( 5.5z ) are fulfilled and the relation between the reparametrization of the ghosts and of the 
Lagrange multipliers is given by 



Ija 
Lb 



irC-D)^ S ,ir(L) aiaa S 
1^ Oa -I- -iJaia27 ol 

l(°)5^ -f L(f''r,'='^ o 
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We get an equivalent but in the beginning completely independent local Lorentz transformation and scaling 
Aq'^ acting on the hatted indices. In addition we may redefine the bosonic vielbein E°- — dx^ Em"", which we 
introduced by hand. Remember, it is related to Gab via Gmn — Em^GabEm^ and we did not yet restrict 
Gab- The matrices Em'^ (of maximal rank 10) can thus be redefined by an arbitrary GL(IO) transformation 
on the index a, accompanied by a compensating transformation of Gab- At a later point, we will obtain a 
restriction on Gab which then allows only Lorentz and scale transformations Aa'' acting on the index a of 
Em"' ■ This transformation, acting on bosonic fiat indices only, is again independent of the other two local 
structure group transformations (acting on the spinorial indices) . The relation of the three transformations will 
in the end be fixed (see page |9|) by a convenient gauge fixing of some torsion components. In contrast to the 
fermionic transformations, the bosonic local Lorentz transformation is not coupled to a reparametrization of an 
elementary field (from the worldsheet point of view), but only to the transformation of Gab'- 

Em" = Ac"Em' (5.63) 

Gab = (A-i)/Gcd(A-i),^ (5.64) 

The transformation of the background fields is determined by their fiat indices. Combining the bosonic and 
fermionic fiat indices to A = (a, a, a), we have a block diagonal structure group transformation acting on 
the target super tangent space: 

A^^ = I A^/^ I (5.65) 

V A^^ ; 

All three blocks are independent. A^'' instead, which is acting on the Lagrange multiplier (but on no background 
field!), was induced by A^^ via the invariance of 7^3. Also keep in mind that Aa'' is so far not restricted to 
Lorentz transformations or scalings. It will be so at a later point. 




5.3 Connection 




We have seen in equation ( 5.62 ) on the preceding page that ^Ma^ and VLmo.^ transform Hke connections under 
structure group transformations. Let us introduce some auxiliary target space field (Imo' which transforms like 
a connection under the transformation A^,'' of the bosonic tangent space. As the field ^mo" does not appear 
in the worldsheet action, nothing should depend on it in the end. We can now combine the three objects to a 
structure group connection on the target super tangent space (let's call it the mixed connection) 

n^iA^" = ( ^Mo.^ I (5.66) 

The underHne will help us later to distinguish this connection from alternative choices. This underline will 
decorate all objects referring to this connection. The corresponding superspace connection coefficients JLmn^ 
are now given via 

= y_M^N = QmEn —JImn ^k +^mb ^n (5.67) 

Due to the block-diagonal form of the connection, the curvature Ra^ = ^^A^ ~ ^A^ ^ Hc^ i^ block diagonal 
as well 

Ra' 

Ea^ = I i?„'^ I (5.68) 

Ra^ 

and the upper index of the torsion T = dE^ — E'^ A ^c^ tells us by which block of the connection it is 
determined: 

j^A ^ {T",T°',f^) (5.69) 

Remark Although the connection coefficients which act on the spinorial indices have the correct transforma- 
tion properties, we did not yet check that they are Lie algebra valued, i.e. that the matrices ^m ■' and ^m ■' are 
not general matrices, but are restricted to the structure group algebra of Lorentz and scale transformations. We 



will show this partwise below in section 5.4 when we discuss the antighost gauge symmetry and will complete 
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the argument when we study the holomorphicity of the BRST current in section |5.7| . Let us aheady here give 
the result for completeness: 






^Mn 



1 



)(^)a./3 



1 



,(i) 






0102 _ 3 



The labels [D) and (L) distinguish the dilatation (or scaling) part from the Lorentz part. 

Th i s spe cial fo rm of the conn ection of course induces a special form of the curvature (see ( 5.68 ) and 
( F.88 ),( F.90 ) and ( F.92 ) on page F.90| ). The curvature is blockdiagonal in the last two indices ( 5.68 ) and 
each block decays into a scale (or dilatation) part and a Lorentz part: 



£Lmnc 



diag {Rmnc , RMNf , Rmn^ ) 



R 



MNc 






R 



AD) 



(L) d 

MNc ' 



^MN - J^RmNc 



R * - "'^p(^)a ^M^r'-^^ b^ ,,0102 S 



p(^) - ' R 



p{D) _ -^ R 7 



with the scale field strength 



p{D) ^ ^(D) ^ piD) ^ ^(D) ^ piD) ^ ^(D) 



(5.71) 
(5.72) 

(5.73) 

(5.74) 

(5.75) 



The major part of the covariant derivation of the last equation of motion in section 5.5, where we have not 
yet completed the argument that the mixed connection is structure group valued, does not refer to this fact. 
Only the variation of the pure spinor term will be affected and this will be discussed carefully. 



5.4 Antighost gauge symmetry 

The pure spinor constraints A7"A = A7''A = are first class constraints at least in the fiat case and thus 
generate gauge symmetries. The same should be true in the curved case. We can see this fact, however, without 
referring to the Hamiltonian language, simply as a consistency condition on the equations of motion. 

For the ghost field we have two equations of motion which have to be consistent in order to allow any 
solutions: 



6S 
SS 

SLzza 



Bx" + A" dx^'nMc" + cj^d,^ - x^s^sc^pcj-. 



zf3 



-v,x^ 



2(A7'^A) 



(5.76) 

(5.77) 



Every linear combination of the second line, ^(A7"A), obviously is still on-shell zero for any set of local 
parameters fia- When we act with d on this expression, the result still has to vanish on-shell. Le. for any /in, 
we need to have: 







on-shell 



a(^A7°; 



y^aizjz) 



(5.ie) 



^^ia ■ :.(A7'^A) +/io(A7'^)/3 1?,A^ -MoA° (ll'^'nc[o.\' + q«|'^4-y - A°5[„|^^^u,^.) 7«|^]A'^ (5.78) 



The first two terms in the last line vanish on-shell, so we may concentrate on the rest. Following footnote on 
page ^ (with Agi^\^ taki ng the role of i[a|'') we can expand Ag^^^^ in antisymmetrized 7-matrices and obtain 
for the last term in ( 5.78|) 



i,A°A,-[„lS,",^] A^ = -MoA° Q^f ^S/3 + l^^^la^^^'^'cpV'''^'' + ^.-ai...o.7""-"^"«/3 j A'^ = 

= -(Af),5^ + 4^j^)M6-^(A7"A)-^,A,-,,...,JA7"---°A) (5.79) 



It is natural to view Aga'' as the connection coefficients corresponding to Vg when acting on bosonic indices. 
It is built from the expansion coefficients of A^oP which are in turn built from the expansion coefficients of 
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^Ma^, CoL^^ and Saa^^ (all seen as matrices in a and (3 - compare again to footnote R on page 49)°^ 



with ^Ma' 



zp 



(5.80) 






n 



iL)b 
Ma 



n 



Mc 






'M "a 



Mabl 



0-^51 + C-'acV 



'-'act — '-'ex "n y '-'a a 



cb 



+ r!Mai...a4 7"'-""o^ (5.81) 

=0 (later) 

(5.82) 

=0 (later) 

<^Q ..PP — _Q..PX Pi Q..P ^ab P i Q .. P ^ai...a4 P /"c Qq^ 

^^ '-'act — n « ° 1 A O' ac I a I '-'a ai...a4 ; a yo.oOj 

I 4 ^ 

=0 (later) 



C Pl — _rnX P j^ _C^ ,^a-b 13 , f~fy ai...a4 /3 



The coefficient f^Mai...a4 and the other 7 "-coefficients do not enter the definitions of ^mJ' , Ca''^ and SasJ'^- 
At a later point we will find that the 7W-coefficients actually have to vanish, which then implies 2^27° 



This is the actual motivation for this choice of bosonic connection. It is tempting to argue that 

-^z ai...a4 ^ ^^z ^'Cai...a4 ~r ^z'y^ ai...a4 i A Oq. ai.-.a^^ 20 



ap 



0. 



(5.84) 



has to vanish already at this point, in order for all the terms in ( |5.7S| ) to vanish on-shell. But the condition 
will be a bit weaker, as there is yet another equation of motion applicablqj. We can replace IIj (appearing in 

((lUI)) and ds^ ), and defined in ( |5^ ) with the equation of motion (U):n7 = ^ -■p"^')'4-y- A^Ca^^c^^^ 
. Putting now all the last equations together, we arrive at 



d{^\r'^ 



'DzfJ.a 



-fJ^a 



n 



5S 

OJ^zza 



l^a{\l^)p 



5S 



S(jj 



zp 



Maf^-l-ai... 04(^7"'' 



'Sd 



z~i 



^ 



{c,7}ai...a4 



'y ^z-y \^ ai...a4 ' ^^^a-i.-.a^j 



A° (Sja,...a4 - Cj-'n^a^.^a^) '^ J (A7''^ ■■■"^'' A) 



(5.85) 



The dummy indices in curly brackets {c, 7} in the second line simply should indicate a sum over c and 7 
only, and not over 7. The first line on the righthand side vanishes on-shell. The next two lines also have to 
vanish for every ^a, because the left-hand side vanishes on-shell. At this point we cannot make use of further 
equations of motion. In particular the equation of motion for x^ , which we have not yet derived, would be of 
conformal weight (1,1) (containing terms like ddx^^) and would therefore not be applicable. For consistency of 
the equations of motion, we thus get the following restrictions on the background fields 



(5.86) 

(5.87) 
(5.88) 



This condition is weaker as the one given in |0| (see footnote (0)). It coincides exactly iff we impose in addition 
^-yai...a4 — (see the remark at the end of this section). This additional restriction will, however, only be a 
result of BRST invariance. 

According to Noether, every symmetry transformation corresponds to a divergence free current and vice 
verse. For a given current j^, we can calculate the corresponding transformations by reading of the coefficients 



riear. 


.04 


— ^ '-y a\...a4 U 


C^ar. 


.04 


— 1 ^^^a-i...a4 


Q.P 
'-'OK ai. 


.at 


- C',P~<Q 



*The coefBcients SI, f and 0,., „ c an be extracted from the given ^Ma^ using ia 
(graded version of (D.140) on pagelfq) 

o 



-16and7'"i''^«''7626i/3" = ''^"^Kl 



b-2 



^Maia2 



^In the original derivation of the supergravity constraints from Berkovits' pure spinor string in |g_^ it is argued that the action 
has to be invariant under the gauge transformation Suia = ^la("^°'^)a (the gauge symmetry generated by the pure spinor constraint 
in fiat space). In our notation this implies exactly Azai...a4 = 0. However, there is no reason a priory, why the form of the gauge 
symmetry should not be modified in curved space, as long as this modification vanishes for the flat case. We will indeed discover 
such a modification in the following, and with this modification the restriction on the background fields is weaker. Nevertheless we 
will obtain the same result in the end, as A^ai...a4 = will be a consequence of BRST invariance later. 
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of the variational derivatives of S in the off-shell divergence of the current (see (|E.7| )): 



daU 



-Sip)(lin 



SS 
5^ 



(5.89) 



If we take jz = ^^{Xj°'X), jg = 0, the condition ( p.7q ) tells that the current is on-shell di verge nce free. We 



have chosen a parameter of weight (1,0), in order to get a current of correct weight. From ( 3.85| ) we can now 
read off the corresponding symmetry transformations: 



S{p)Lzza 



fiza^-ra,...aA^r'-''"'X) 



(5.90) 
(5.91) 
(5.92) 



The current is divergence free for arbitrary (local) fiza and we therefore have a gauge symmetry. This is 
the antighost gauge symmetry generated by the pure spinor constraint. For a flat background we have 
04 = and the transformation reduces to the usual form. As stated several times already, we will obtain 



n^ 
n^ 



also in the curved background, but only later as a result of BRST invariance. 



With the same reasoning we get a gauge transformation corresponding to the pure spinor constraint on the 
hatted ghost fields. This leads to equivalent restrictions on the hatted connection (iMa^ and also on Ca^^ (seen 
as ma trix in a and f3). The background field S^a^^ is special, because the hatted version of the expansion 
( 5.85 ) together with the condition ( ^.88 ) is again a condition on the expansion of S, now in its hatted indices. 
Once it is seen as matrix in a and f3 and once as matrix in a and f3. This is better treatable in the special case 
considered in the following remark. 



Remark on fl-yai...a4 — ^■yai...a4 — 0: Although we will discover these two additional constraints only later 
in ( 5.153 ) on page 60, it is nice to have everything at one place. So let us continue the discussion of Saa^^ in 
this case. As indicated above, we can expand it in two steps: 



i . I r)'-'o.ia2"oL ' .'^aia2bib2 I ol ] I c 



(5.93) 



Let us summarize the result for all the involved fields: 






—rnx P I _n^ ^0102 P 



(J^Pl — L(J1§^P ^ -(Jl ^,o.ia2 ^P 



''0102 ' 



1 QA /3^ . ,a I i C X P^aia2 . P 



--Q ^aiaa P:P,_Q ^aia2 /3 6162.^ 



(5.94) 
(5.95) 

(5.96) 



Seen as a matrix in a and f3 (or a and /3 respectively) , they are sums of generators of Lorentz and scale 
transformations. Remembering the definition of Vg given in ( 5. If ) and its extension to bosonic indices in 
( 5.8C ), it leaves invariant the 7-matricesf°| 



2?.-7^ 



a/3 



-^^^h 







(5.97) 



The expressions X^uj^a and A"7°i°^q,^'^z/3 are the only gauge invariant quantities (on the constraint 
surface A7"A = 0) which are linear in ghost and antighost. The reasoning is as follows: the most general 
combination is X^Xa^uJzp with some general matrix X^^ which can be expanded in j'-^', x"^' and j'-'^'. Upon 
acting with a gauge transformation on this term, we get the products 7[''l7[^] = ^W^ -yPl^fi] (x -yW + ^P]^ and 



^.-7S 



a/3 



97S/3 + [dx'"'nMi'' + Ct'^^'d,^ 



>rs,s.''^c.^^i^ 



{dx'''^M[o.'+C[^\'''k-y 



\oc\6c^'^^zi3j 



^S\0] 
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^[4]^[i] Of ^[3] _|_ ^[5] j^g ^[5] jQgg j^Q^ vanish when contracted with two ghosts, the 7W-part of the expansion 
has to vanish and we ha ve shown the above statement. The gauge invariant expression X°'uJza is nothing but 
the ghost current ( 5.143 ), while X"'j°''^°'^oi^u}zi3 is part of the Lorentz current, which is discussed in Berkovits' 
papers. 



5.5 Covariant variational principle & EOM's 

Remember the form of the action (pj]) : 



S 



d?z in^ {Gab + Bab) nf + nj^-y + HJ^^ + d.^V^^d-,^ 
^ " „ ' 



^Oai 



-\'^Cj^u,_pd,^ + A"(7A^^d>_.4^ + X^x'^S^^PPui^.pu 



-V-.X'^u.p + VX^u:--^ + iL,,-,(A7'^A) + H.^h"'^) 



'id' 



(5.98) 



In order to check if the BRST currents ( p.39| ) and ( p.4C| ) are on-shell conserved (holomorphic and antiholomorphic 
respectively), it is first of all necessary to calculate the remaining classical equation of m otion , the variation 
with respect to x^ . Remember, the other equations of motion were given already in (5.£)-(5.15) on pageEa. 



Covariant variation Deriving the variational derivative with respect to x^ is quite involved if we do not 
organize it properly. In the end we want to have equations which transform covariantly under superdiffeomor- 
phisms and local structure group transformations. We therefore want to introduce a method where we stay 
covariant right from the beginning, e.g. a target space covariant variation of the action. In order to motivate the 
following definitions, let us consider only the variation of one simple term of the Lagrangian, e.g. the RR-term: 



^(4^^^^(S)4-y 



M.^T'^^dj^ 



d^^bx'' duV'^-' d. 



d^^V'^'^Sd. 



{Sd,-y - Sx^'nM-y^d.p) V^d,^ + d,^ dx^'V^iV^^ d,^ + 4-yP^^ (Sd, 



Sx'^^^nM-y^ds 



(5.99) 
(5.100) 



='5co„d^i 



= Sca^'P~'^ 



^Scovdz 



In order to arrive at the target space covariant expression V^/P'''^, it is thus convenient to group part of the 
x^-variation to the variation of dz-y or d^.^ as done above. Of course we could have chosen any connection for 
the above rewriting, as long as we use for each contracted index pair the same connection. For t he va riation of 
the complete action, however, it is most convenient to choose the mixed connection, defined in ( 5.66 ), 





/ nMa" 








o ^ - 





^Mc^ 







I 





^M«^ 



(5.101) 



Like for the structure group transformation, the connection ^mcx^ acts on the unhatted fermionic indices and 
(!) on Lzza, while (Ima^ acts on the hatted indices and (!) on Lg^a- The third independent block ClMa^ acts 
only on the bosonic indices that appear via the bosonic vielbein and not on elementary fields. 

Similar considerations as for the RR-term hold for the other terms of the action. This motivates the definition 
of the covariant variation of the elementary fields in the above spirit: 



bcoyX 



5A° + 5x^^nMp°'X^, 

Sdza - Sx^'flMa'^dzfS, 



Sl^za 

= SL._, 



Sx^'Umo 

- Sx'^'n 



Ale 






(5.102) 
(5.103) 



6. 



COV^ZOL 

K 



5X - 
Sdga 



Sx ^j^fp X , 

UO. JL^j^ ^ZC 



5u)-, 



Sx^^'Um. 



.P 



^zp 



OcovLzza = oLzza ^ OX ilMa L^ 



zb 



(5.104) 
(5.105) 
(5.106) 



Unfortunately this idea is not completely new. Similar versions of cov ariant variations have been presented in 
|63| , M which in turn refer to ||6^, |66). As already indicated in ( 5.10C| ), we understand the covariant variation 
acting on arbitrary background tensor fields T^^ ( x ) as 



J^NB/^ 



Jcov_^ MA 



[x) 



Sx^^^T^B 



.^K^MA 



ST, 



NB 

MA ' 



fe^(r 



NrpLB 

KL ^ MA 



O Brj^NC 



rpl\U T^ LrpNB 

^MA ^ LkM ^LA 



O CrpNB\ 

±i.KA ^MC) 



(5.107) 

(5.108) 
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In the last line we discover that the covariant variation acts on background fields in the same way as it acts on 
elementary fields if the index structure is the same. Note that the covariant variation cannot be understood as 
a variation (of e.g. x^) in the ordinary sense. The covariant variation is simply a derivation which only reduces 
to an ordinary variation when acting on target space scalars, e.g. on the Lagrangian. 

From the target space point of view, also objects like VjA^ (target space covariant worldsheet derivatives 
of worldsheet variables) transform tensorial under structure group transformations and diffeomorphisms. The 
covariant variation is then simply defined according to their target space transformation properties: 



(^co^VjA^ = (JVjA'^ + Sx'^riKc^VsX'' 



OcouVzA 



f3 



6W,X + Sx^VtKa^V^X 



(5.109) 
(5.110) 



This is also the reason why the Lagrange multiplier is varied with help of the connection ^Ma (defined in ( |5.8lD 



on page ^2|) which is induced by ^mol^ , and not with the independent CImo'' that we have introduced to act 
on the bosonic vielbein indices: In the reparametrization corresponding to the structure group transformations, 
the transformation of the Lagrange multiplier is directly coupled to the transformation of the ghost. 



Next we define the covariant variational derivatives 



via 



5S 



Scov4'lniz,z)- 






(5.111) 



We will soon give a statement about the relation to the ordinary variational derivative. But let us first collect 
some tools to calculate it. In order to arrive at the righthand side of (5.111), we need to extract the covariant 
variations of the elementary fields. In expressions like (^couVjA'^ in (5.109) this would require to commute 
e.g. the covariant variation Scov with the covariant derivative V^ and then do some partial integration. It 
was probably already noticed by the reader that the covariant variation resembles very much the target space 
covariant worldsheet derivative V^/^ anyway. In fact the latter can be seen as a special case of it, namely when 
we have Scjy^^i = c^z/z^air ^^^ us therefore consider the commutators of two arbitrary covariant variations which 
will contain the desired commutator [(5coi;, V^] in the mentioned special case: 



cov^ coy 



„K 



SW ^(2) 
^cov ' cov 



f B 



x^ + 2<5(i)a;*^r^^^'5(2)^ 



N 



J(1)^J(2)" 
_l_9A(l)-,.-^A(2)^i /P A, CM , p M,AN p C,AM 



,^AM 
V B 



(5.112) 



(5.113) 



Here ip^^'' b is just a representative example for some elementary or composite field which transforms tensorial 
under the target space transformations (super-difleomorphisms and local structure group transformations). 

The covariant variation of the complete action coinc ides w ith the ordinary one as all indices are contracted. 
However, the covariant variational derivative defined in ( 5.111 ), differs from the ordinary variational derivatives. 
The important thing is, that nevertheless they define a set of equations of motion which is equivalent the usual 
one - and target space covariant. Let us see the equivalence explicitly and reformulate the ordinary variation 
into the covariant one: 



5S 



I 



Sz 5dz 



SS 
'JdT 



Sds^ 



z-f 



z-f 



SS 
SdgAf 



5A^ 



, SS 
1)^ 



6X 



: SS 

sx 



SijJ 



SS 



zp 



S(jj 



Su}, 



SS 



zf3 



"SCj 



zp 



+ SLzga 



SS 

SLzzc 



SLzza' 



SS 

SLgza 



Sx 



K 



SS 



Sx^ 



Sa 



SS ^ SS 



'^COV^ZZi 



'^k'p^^ 



SS 

SLzza 

P SS 
SX 



z~i 
Or.m!^zza 



Sdz^ 
SS 



ScovX 



SS 
(5A" 



SS ^s 



(5.114) 

SS 



SL,, 



Sx 



K 



SS 
Sx^ 



n 



K-y «Z(5 



SX 
SS 

Sd, 



Su) 



zp 



n 



SS 



Kp 



' Su! 



n 



SS 



zP 



KP 



Slj 



n 



z~i 
Ka Lzzb 



£7^7 d-g — ; Hk 



zP 



SS 

SLzza 



Sdz^ 

^Ka Lzzb- 



KP X^ 



zP 

SS 



SS 

SLzza 



SX"' 
(5.115) 
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We can now read off the covariant variational derivative -j^W" w.r.t. x as the coefRcient of (5x :qj 



5xK 



SS 






^K-f dzS 



SS 

Sdr-, 



Q.KA, d-i 



SS 
Sdg^ 



n 



Kf3 



'\P 



SS 



n 



Kf3 



SS 
Suj- 



"Ka Lzzb 



All the other variational derivatives (5.9)-( 5!l5| ) remain untouched: 



SS 

sy^ 

SS 

SLzza 



^Kp"^ 



h SS 



s\ 



a ^ zzh 



^Ka L 



SS 



SL, 



SS 



Sd, 



Sd, 



oLzza oLzz 



(5.116) 



(5.117) 



According to ( 5.116 ), ScoyS/Sx^ coincides with SS/Sx^ when all the other equations of motion are fulfilled. 
This leads to the following obvious but important statement: 



Proposition 4 Setting the covariant variational derivatives defined via ( 5. lit ) and ( 5.111 ) to zero, leads to a 
set of equations which is equivalent to the equations of motion obtained by the ordinary variational derivatives: 



Or.ni!^ 







6S 







Six ,ttza,A ,U>zQr,Uja,A ,i^zaj Lzza, Lzza j S [x ,dza,^ j^zatdga,^ , ^zay L^zaj L^za 

(5.118 ) 
The covariant variational derivatives in turn are obtained by using the covariant variation defined in ^5.10^ - 
(S.lOi) and the commutators {5. Hi) and (5.115). 



The last equation of motion We are now ready to calculate the last equation of motion, the variation with 
respect to x^ . Admittedly introducing a new tool like the covariant variation for just one equation seems a bit 
of overkill. However, in any case we would have been forced during the calculation to organize the result into 
covariant expressions and the covariant variation gives a general recipe how to do that. Although we described 
the covariant variation for the Berkovits string, it is a tool which is very useful in any other nonlinear sigma 
model. In addition it should be noted that the above concept works for an arbitrary connection and not only 
for the connection Q.ma^ or the corresponding T^n^ ■ The calculation just simplifies at some points, if one 
restricts to connections with special properties, or to con nection s whi ch are already present in the action. E.g. 
only because we are choosing Qma^ ^ ^^ can make use of ( 5.112| ) and ( 5.113| ) in order to commute the covariant 
variation with the target space covariant worldsheet derivative. In addition we will make use of the fact that 
the covariant variation annihilates the vielbein: 



ScovEM'^ix)=0 



(5.119) 



Note also how the antisymmetrized covariant derivative of the B-field can be written in terms of its exterior 
derivative H and the torsion: 



V-B =: ^M^MM 



dB — itB — Hmmm — "^Hmm ^ Bkm 



(5.120) 



The important contributions to the (covariant) variation of the action come from the covariant variation of the 
(spacetime covariant) worldsheet derivatives of the elementary fields, like <5couVzA° and ScmM^/z- For the latter 
we have (compare to the equation before (2.12) in psll ) 



Orov^^ 



z I z 



(5.11M 



(5.1121 



ScgvpzjzX^ ■ Ek^ 



Mrp A 

MN 



dz/zX 



N 



For the ghost terms we obtain curvature expressions instead of torsion expressions: 



Scov'^-zX" 1^^ ^,Scov\'' + 2Sx''dx'^RKLj\' 
/3 (Is. lid) ^ , iP 



Ocouv^A 



^zScovX + 2Sx''dx'^RKLA^X 



Note the analogy to the tangent space covariant derivative of some multivector valued form 



K{x, e, e) = Ka,...a,^'--''''' (x) ■ e"! ■ • ■ e^^et^ ■ ■ ■ e^ 



written in the following way 



(5.121) 

(5.122) 

(5.123) 
(5.124) 



^mK 



dmKix, e, e) - e.''Q.r^J'—--K + ea^^b" t^K 
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As a last ingredient, before we vary the action, we should note a specialty of the pure spinor term. The covariant 
variation on the Lagrange multiplier is chosen in such a way that the covariant variation of 7^^ is almost zero. 
But as we discussed at length in section 5.4 on page 51 the structure group is not yet for all components of 
the connection reduced to Lorentz plus scale transformations and we have in general a non- vanishing 7 "-part 
^-yoi...o4- At least formally we therefore obtain a non-vanishing covariant derivative on 7^^ (with flMa^ acting 



on the spinorial indices and ^Ma of (5.81) acting on the bosonic one): 



Vj\/7 



af3 



-2EM''^-ya,...a,l'' 



(D.114) 



I 751/3] - -ZhM'^l-yai...ail a/3 



(5.125) 



Due to (5.116) and ( ^.117 ) we know already that only the variational derivative with respect to x^ gets 
modified while the others remain untouched. We therefore collect the terms which are proportional to the x^- 
variation only. In particular we do not need to consider the first term respectively of the above two equations. 
For completeness, however, we keep the total derivatives coming from the corresponding partial integration. 



:P 



Apart from the variation of H^,-, V^A^ and V^A we only have covariant variations of the background fields. 



The (covariant) variation of the action (5.98) thus takes the following form 
1 



SS 



d?z Sx^ 



^n^v^o^sHf + d,^v^7'^^4-y 



-A°V^C„^^a;./34-y + A^V^C^'^^c^.^d.-y + A°a"v^.5„c.''^'^./3c:' 



^2/3 



1 

'2^ 



(XJx'< ■ Ek^ + 2Sx''T,,j,^d,x^) OABllf + -n^OAB (V,fe^ • Ek"" + 25x^^T^,^^9.-x^) 



<5coi,nf 



(V,,5x^ • Ek'' + 25x'''T.,M^d,x'') d. 



<5eo^nf 
{YJx" ■ Ek^ + 25x^^TM^^a,a;^) 4 



5co„ni 



Sao.nl 



25x^dx^RKLoc'^\°' <^zp + 25x^dx^RKL6f\' Cj- 



zf3 



Sao^ViXf-ViSaa.Xf^ 



<5c6„V^A'^-V^c5<,5„A'^ 



-<5a;^SK^f^-yai...a,(A7"^-"^"A) • L,,a - fe^^A'^^-yai...a,(V"-"'"A) • Lj,„ 



\^cov^z 



i^cov^zza 



SS 



Ocnu^zr. 



'6d, 



Orni!^ 



SX" 






I Oqov^ zc 



SX 



'^cov^ zoL r- ~r ^cbv''^ zdt c- - 



oLzza 



^cov-'-^zza ' 



SS 



6L, 



+ ds ((5couA^a;^/3 



dz 1 (JcotjA a>-^ 



(5.126) 



We finally make a partial integration for the terms in the third and fourth fine (keeping again the total derivatives 
as a reference for future studies of the open string) and arrive at 



6S = 



d^z Sx^'Er'' 



'■^K 



- ^OcsV^nf - iv,n^o^c + 



+ ^^7 {^cOab - VaOcb - VbOac + 2Tca''0db + 20adTcb'') nf 

-^c^V,-4^ - (Sc^V,4^ + 2rcs^nf 4.^ + 2TcA^'^^d-,^ + 

+2Ii^ Re Ba^\'"^z(i + 2nfRcAJx"^,p + 

+dz-yVcV-'^d,^ + A°VcC„^^a;./34^ + x"VcC&^'*<^.!^d,^ + 



zl3"'z-< 



+A A VfjOcta 

6S 



pp,. 



'^P'^zp - Sc'^n-^ai...aA^l"''' 



cov^zot 



Sd. 



Ocov^za. 



'5S' „ 5S 



^A) • L, 



Sd^r 



<5A° 



SX 



<5c^^^ai...a4(A7""-"^"A)-ij,, 

5S X ~ '^^ 

~r ^cov^ za 



•'cov^*^ zot 



5uj 



Su^zr 



SS f SS 



SLzza 



SL, 



-dz (s,ovX''ij,f, + ^U^OakSx'' + fe^ • EK^d 
-dz ( S^ovX^i^.p + ^Sx^'OKBllf + Sx"" ■ EK^d, 



z-1 



(5.127) 
Now we can read off the covariant variational derivative with respect to x^ . But let us note two further relations 
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first: 



Y.cOab - VaOcb - ^bOa^ 



(5.120) 



b'^ac 

D 1 



D 1 



iHcAB — 2Tab Bdc — '^HcA Bob — "^Hbc ^da + '^c^ab — '^a^cb — '^b'-'Ac (5.128) 



and 






y jju ^ti^^' v,-nf + 2n^nfT, ° 



'-Z ^^z ^AB 



(5.129) 



In addition we define 



T.AB\C 



Hab Gdc 



(5.130) 



Note that we use the symmetric rank two tensor Gab only to pull indices down. Pulling them up again is in 
general not possible as Gab might be degenerate. In fact we will learn soon that it has to be degenerate. 
The final result of the variation now reads 



5S = / £z fe""^ 



5S - SS 



Sdz 



5dy 



(J (55* ~oL 5S 



sx 



Ct I ^cov^ 



COV^*'' zot 



5X 



ss 

Su3,n 



SS 



SS " ss 

i^cov-^zza r T- ' ^cov^zza ^ i 

Ol^zza SLzza 

+dz (ScovX^uJzp + 1-U^OakSx'' + Sx"" ■ EK'-'d 



■z~i 



-dz \ 5c6v\^Cj-^~p + \^Sx'^Okb^'I + Sx"^ ■ EK^d-z^ 



(5.131) 



with the following 


covariant variational derivatives or equations of motion (remember ( 


5.9D-( 


5.15 


))■■ 




Sx^ 


= 


Ek"" 


"-V,nf Gdc + n^ (\hcab - Tabic + 2Tc(A|B) + \^cGab ~ ^iAGB)c) nf + 








-Y,nf+2n^nfT^3" 








-Sc^^zdz^ - Sc^i/zdz^ + 2TcB''Iigdz^ + 2fcA''n^dz^ + 








+dz^Y^V^^dz^ + X'^Y.cCj^^zpdz-y + x"Y.cC6c^^<^z~pdz-, + 








+ X'^X'"Y^S^^''Pu>zpCj,p - Sc''n^a^...aA^-r-''"'^) ■ Lz-za - Sc^ (l^ a,...aAh'''-"'"^^) ' 


Lzza + 






+2n^RcBJ\'^u>zp + 2TI^RcaJ\''^-zp 




(5.132) 


SS 
Sdz-, 


= 


nj + v^^dz^ + x"cJ''<:j^p 


(5.133) 


SS 

Sdz-y 


= 


nZ + dz-.v-^^ + x'^cJ^ujzp 


(5.134) 


SS 

SlVzf3 


= 


(V,A^ + A" (Cj^d,^ - x'^S^^Pi'u^p)) ^ ^V-zXP 


(5.135) 


ss 

^^zp 


= 


{vzX^ + r (c^P-^dz^ - X"S^^,PPu:zp)^ ^ -VzX^ 


(5.136) 


SS 
SX" 


= 


- (y-z^zc - (Cj^d,^ - A"5„c.^'^^,^) U>zp) + LzUl'^X)^ = -V-zU^zc + Lz-zah^X)^ 


(5.137) 


ss 
sx'' 


= 


- (V.cl^jc, - [Cj-'dz., - X'^S^S.^^UJzp) '^-zp) + Lz,a{l"^)& = --Dz^-zc. + Lz-za{l^X)s. 


(5.138) 


ss 

SLzza 


= 


i(A7''A), ^ = i(VA) 

^ OLzza ^ 


(5.139) 



Note that we used for the covariant variation an independent connection Cl]\fa'' for the bosonic subspace. This 
connection is a priory not a background field of the string metric. We are free to choose it in a convenient way. 
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5.6 Ghost current 

Let us assign ghost numbers (1,0) and (—1,0) to the fields A" and u^zcx- The corresponding transformation 
(with some global transformation parameter p) is 

(5A" = pA", Su},a = -P<^za (5.140) 

For the action to remain unchanged, we also need to transform the Lagrange multiplier 

5Lzza = -2pLzza (5.141) 

which therefore has ghost number —2. Varying the action with a local parameter, we arrive at 

SS = (fz dp-{X^iJzp)+hdry-tenns (5.142) 

According to ( E.42 ) and footnote ^ on page 186, we can read off the ghost current as 

f' = A«a;,„ (5.143) 

It has the same form as in flat space. 



In section 5.7, we will derive the BRST transformations of the worldsheet fields from the given BRST current 



via "inverse Noether" (see (E/7)). The idea is to calculate the divergence of the current and try to express it 
in terms of the equations of motion. The transformations of the worldsheet fields can then be read off as 
coefficients. This avoids switching to the Hamiltonian formafism and using the Poisson bracket to generate the 
transformations. It might be instructive to see, how "inverse Noether" works for the simple example of the ghost 
current before we come to the BRST current later: 

-Sct>ln^ = a(A«u;,„) = 

SS . , r, I SS 

JA^ 



La{rX)c 



SS ^„ 6S ^^ SS /„ , , ,N 

= ^zcT A"-— + 2L^ja— (5.144) 

OUJza OX OLzza 

From this one can read off the transformations with which we had begun. 

The ghost current and the corresponding transformations for the hatted variables are obtained via proposition 
I on page ||. 

5.7 Holomorphic BRST current 

We now come to the main part of the derivation of the supergravity constraints from the pure spinor string. 
The pure spinor string in fiat background had two (graded) commuting and nilpotent BRST differentials which 
defined the physical spectrum. Putting the string in a curved background is a matter of consistent deformation. 
I.e., gauge symmetries and BRST symmetries have to survive. They may be deformed, but the number of 
physical degrees of worldsheet variables cannot simply change as soon as there is a backreaction from the back- 
ground that was produced by the strings themselves. This is a similar consistency like the demand for vanishing 
quantum anomalies. It is therefore legitimate to demand (apart from the two antighost gauge symmetries) also 
two (graded) commuting BRST symmetries. Remember, we already have simplified in ( ^.36| ) and ( 5.40D the 
general ansatz for the BRST currents by reparametrizations to the simple form 

j, = A^4t, j, = (5.145) 

3, = A^4^, j, =0 (5.146) 

Instead of deriving the corresponding BRST transformations in the Hamiltonian formafism using the Poisson 



bracket, we stay in the Lagrangian formalism and apply Noether's theorem (see (E.15)) inversely in the sense 
that we try to express the divergence of the given currents as linear combinations of the equations of motion in 
order to derive the corresponding transformations: 



I 



djz = -^iuTiT- = -^^'^in^^ (5-147) 

djz = -^aUTTT- = -^^^aiiTTt- (5.148) 
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Here 0^][ is the collection of all the worldsheet fields. BRST invariance of the action is according to Noether 
equivalent to having this special form of the divergences of the currents. These two equations thus do three 
things at the same time: The possibility to write the divergence of the currents as linear combinations of the 
equations of motion fixes the precise form of the BRST current. At the same time it puts constraints on the 
background fields: all terms not proportional to equations of motion have to vanish. And finally it determines 
the form of the (covariant) BRST transformations. 

After determining the BRST transformation, the nilpotency conditions ^ = 0, [s, ^ = and ^ = put 
further constraints on the background fields including the torsion. Some torsion components can then be 
further simplified by using two of the three local Lorentz transformations and scale transformations which leads 
to only one remaining local Lorentz transformation and one local scale transformation. Putting these restrictions 
on some torsion components induces via the Bianchi identities further constraints on other components. All 
the constraints on the torsion and other functional of the background fields combine finally to the target space 
supergravity equations of motion. Note that our approach differs from the one in IQ in two major points. 
First of all we stay in the Lagrangian formalism throughout. Second, we first check the holomorphicity and 
then the nilpotency. In fact, we need to do so, because only in the first step we can determine the BRST 
transformations of the worldsheet fields which we need in the Lagrangian formalism to check nilpotency. The 
BRST transformations have so far been given only for the heterotic string in [Q, so that the transformations 
in the type II case are a new result. 

Let us now perform in more detail the program sketched above: 



dJ2 



I?jA^4-y + A^Pj4-y 



= -d 



z-f 



ss 

St^z-, 



yvgd,^ 



(5.149) 
(5.150) 



In the following we will repla ce all oc curren ces oiVzdz-y, IIJ, Ilj, D^A™, V^X , VgUiza, i'zi^za, A7°A and Xj'^X 
by the equations of motion ( 5.132 )-( 3.139 ). In the end, all terms which are not proportional to the equations of 
motion have to vanish which leads to some of the supergravity constraints while the terms proportional to the 
equations of motion tell us the BRST transformation of the elementary fields. In order to extract Vgdz-y from 



the x^-equation of motion ( 5.132|) , let us project ( 5.132|) to a fiat spinorial index a using some index relabeling: 



Vzdz 



= -E. 



-m 



3 



v.nfG 



Da 



tH. 



aCD 



T, 



2T, 



2r„n^ni^d, 



CD\a T' 

2f„c^nfrf 



iC\D) 



+dz^ (Y, 



,V^^ - C„^^) d,^ 



:Y^G 



CD 



A"^V„C„/^u;,^ 



^{cGD)a 



dz^ + 



i-z-r 



+A"^A 

+ 2ng RaD: 



y-a'~'a2a '^ 



^^X^ 



'zp 



2n?i?, 



nr 



olCol 






X 



n 



D 



Yo.Ca^'' 



s. 



aa'''^ I W 



zpdz-i 



(5.151) 



Already at this p oint w e can determine some constraints on the background fields. The divergence of the BRST 
cur rent g iven in ( 5.15C ) has to become a linear combination of the equations of motion. The term VjII^GDa 
in ( 5.151 ) cannot be compensated by any other term and it also cannot be replaced by a further equation of 
motion. The same is true for our beloved ^aai...ai{^l°'^"''"^"'^) ' Lzza- Using in addition proposition ^ for the 
constraints from the antiholomorphicity of the right-mover BRST current, we can demand 



(5.152) 
(5.153) 





Gab = 


= 


(only Gab 


^0) 


^^OLai...a^ 


= 0, 


^^OLCLl. 


...^0 



With ( p.l53|) we have finally obtained the missing ingredient for the reduction of the spinorial connection 
coefficients to Lorentz plus scale transformations as it was summarized already in the remark on page ^ at the 
end of the sec tion 5.4 about the antighost gauge symmetry. 

Equation ( 5.152 ) allows us to choose a frame where Gab = e^'^Vab, such that we reduce also the bosonic 
structure group to Lorentz plus scale transformations. Let us discuss this in more detail in the following 
intermezzo. 
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Intermezzo about the reduced bosonic structure group 



Due to ( 5.152| ) we know that Gab is of the block-diagonal form Gab = diag (Gafc, 0, 0). This means that the 
symmetric rank two tensor is of the form 

Gmn - EM^GabEN'' (5.154) 

In particular we have Gmn — Em°'GabEn^ . As the Em'^ were introduced by hand, we may choose Em"' 

orthonormal as usual, i.e. such that Gab becomes the Minkowski metric. This is at least for the leading 

component Gmn(x) (i.e. — Q) a familiar thing to do, but it holds^also in the 0-dependent case: 

{x,e} 

Proposition 5 For all symmetric rank two tensor fields Gmn( x ) whose real body (0 — 0-part) has signature 
(1,9), there exists locally a frame Em°'{x), such that 

Gmn{^)^Em°'[x)f]abEn\x) (5.155) 

{x,0} 

Note: In contrast to the ordinary bosonic version, the entries of the matrices are supernumbers. 



Proof Due to usual linear algebra, there is an orthonormal basis with respect to the real symmetric matrix 
Gmn{x), i.e. we can always find locally Em°'ix), s.t. (5.155) is fulfilled for 6 = 0. In order to prove the same 



for 7^ 0, we will make a 0-expansion of ( |5.155| ) and show that we can always construct a solution Em°'{x , 0) 
for arbitrary from the bosonic solution Em°'{ x). Remember the notations x"^ = and Gmn\ — G„ 



'^™nie=o- 



The 0-expansion of ( |5.155|) then reads 



^ ^X'^i---X'^'= {dK,...dK,Em'')\Vab\x^'---X^^ {dc, ■ ■ ■ dc,E,,% 



k.l>0 



J2 ^x^^ ■ ■ ■ x^- il{l){dM^--- dMr.Em'')\ Vab (9a4™+, • • • dM^E„ 



n>0 



(5.156) 



At n = we have the solvable bosonic equation Gmn{x) = Em°'{x)rjabEn^{x) to start with. At higher orders 
n we have 

(9a4i ■ ■ • dj^^^Gmn) 

"" X! ( m ) (^-^1 • ■ ■ ^-M^^^m")! Vab (9a4,„ + i ■ • • 9a4„£^«^)| 



m=0 



= 2 Em''\ Vab (dM, ■ ■ ■ 9a1„S«'')| + ^ ( ^ ) (^A^i • • • d^^Em")] Vab (^Ad^+i • • • d^^Er,'')] (5.157) 

m=l ^ ^ 

We thus have the iterative explicit expression for the n-th 0-derivative of the vielbein in terms of the {n — l)-th 
and all lower derivatives. 



(9a1i • • -dj^^En ) — I 

1 



n-1 



- 2^''^^ 



(9a4i • • ■ 9a1„G„i„)| — 2_^ ( ) (<9a1i ■ • • 9A4„,-E,m°)| r]ab (9jV4„^^ . . . dj^^En )\ 



This completes the proof of the proposition. 



(5.158) 



D 



In spite of the above proposition, we will not fix Gab to rjab, but only up to a conformal factor. This is of 
course possible by a redefinition of Em"' with the square root of this conformal factor. The reason for us to 
do this is the fact that we have for the spinorial indices not only Lorentz-, but also scale transformations. It 
seems natural to keep this scale invariance also for the bosonic indices, as long as we do not fix the fermionic 
one (in particular if we aim at structure group invariant 7-matrices 7°fl). We thus introduce an auxiliary 

compensator field $(a:) and choose Em'^ such that 



Gab = e r]ab 



(5.159) 



As soon as Em°'{x) is chosen appropriately, the remaining vielbein components -Ea4° are uniquely determined 
via: 

Ga4« = EM^'e'^'^rjabEn'' =^ ^ai" = G^^n^b^e^'*?,''" (5.160) 
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In summary this means that there is locally always a choice for the bosonic 1-form E"^ = dc^^ Em'^, such that 
Gmn = EM°'e'^'^'riabEN^ or Gmn = Eu'^JJabEN^ , if one does not introduce the compensator field. The latter 
form of Gmn was the starting point in |Q , probably motivated by the integrated vertex operator of the flat 
space. 

With the compensator fleld included, the bosonic structure group with inflnitesimal generator LJ' (compare 
to page |5^ with A^^ = &\+ Lj') is - like the fermionic ones - restricted to Lorentz plus scale transformations. 
We should of course also restrict the auxiliary connection accordingly. 

Lj" = Z(^'<5^ + Li^)^ Lab = La'flcb^-ha (5.161) 

^Afa' = Jiif ^(5^ + f2W^ nMab = ^Ma'r,,b^~^Mba (5.162) 

The compensator field is a scalar with respect to superdiffeomorphisms. With respect to the structure group, 
however, it has to transform in a special way, in order to make Gab transforming covariantly. The infinitesimal 
transformation of Gab under structure group transformations is 5Gab = ^2L(q|'^Gc|6) ~ -'2L^^^Gab (see (5.64) 



on page |50|). This transformation results in a simple shift of the compensator field. For the same reason, also 
the covariant derivative contains a shift of <&: 

(5$ = -L(^' (5.163) 

Vm$ = dM<^-^fi^ (5.164) 

^mGab = 2Vm$Gab (=aMGAB-2ilM(A|^Gc|B)) (5.165) 



Let us return to the calculation of the divergence of the BRST current and le t us fi nally replace VgdzaXn 
( 5.15C ) by the x^ equation of motion given in ( 5.151 ) (already using ( 5.152|) and ( 5.153| ))p|: 






'^^ = -'^-^-^"^°"* + 



= YcC£ 

-2A"r„n^n?d,.. + 2A°f„r7^n?d, 



^A°4-y (V^T'^^ - CoP^) 4-y + A°A°^ V„G„/^u;,^4-y + A" a" iv^C^^'' + S^aTn ^.^d 



+A°A°^A"v„5'„,«^''u;,^c1>_^ + 

+2A°nf i?„,3„/A"^a;,^ + 2A"nf i?„c«^A"cl;,^ (5.166) 

Before we plug in further equations of motion (replacing n| and IIJ) we should notice that we can already read 
off some more constraints. Namely Yacd = ^acS ~ ^a-yd = Y g = 0. The first constraint Yacd = can be 
separated into symmetric and antisymmetric part of the indices c and d. In addition, we already add everywhere 
the constraints coming from the right-moving BRST current , using proposition || on page ^ (if ^ —H, T -^ T, 
V ^ V)R. 



^^The comparison of the rewritten bosonic x^-equation 



with v=,d,„ = -£'„^^^ + nf f-/f„cc + 2T„(e|i3)+Vo*Gcojnf + 2T„i5Tn?d,-, + 2f„c^nf4.^ + 

and with V^d^si suggests the introduction of 

^■'At first we should remember that T^c^ = diag (Tac^'j Tac^ j Tac^)- As Gi^d are the only non-vanishing components of Gbd, 



CHAPTER 5. CLOSED PURE SPINOR SUPERSTRING IN GENERAL TYPE II BACKGROUND 



63 



H^cd 


, 









T^{c\d) 


= 


1 

^2 


V^^Ged 




2 «c5 ' ^ aS\c 


= 






\ =^ ^aSc = ^aS\c 


= 


— liot^d 1 J-ct~f\d 


= 


0, 


3 




^a-i'S 


^ 


0, 


H^^s = 





(5.167) 
(5.168) 

(5.169) 

(5.170) 
(5.171) 



So far we have used only the equations of motion obtained by the variational derivative with respect to 
the antighosts and with respect to x^ . There still remain the ones with respect to the ghosts, with respect to 
the Lagrange multipliers and with respect to d^a and dza- The first ones simply will not enter the calculation 
and the pure spinor constraints (coming from the Lagrange multipliers) will be used at the very end. So let us 
remind ourselves the variational derivatives with respect to dza and dza (( 5.134 ) and ( 5.133| )): 



n^ 



5S 
Sd 



zS 



-V'"<dz^-\ Ca^'Cj-j,, 



n7 = 



5S 



5d, 



- dz-fV^"* - A"C„^^a; 



zf3 



(5.172) 



Together with the new constraints ( |5.167| )-( |5.17l| ) we plug them into the divergence ( |5.166D of the BRST current 
In a last effort we sort all the terms with respect to the appearance of the elementary fields and finally arrive at 



djz 



SS 



~dz-/-: A Ea — — —o + 

' SuJz-y 






SS 



-A° (-n^Ha-yS + 2TaS^dz^ - 2A°^i?„,5„^^./3 + K ^^acS ) j:^ + 

\2 - — ^ — '/ ddjx 



2f„5 1,(5.170) 



-A \2Ta^ d-^ + 2A Ra-^a'^^zfi 



.Pr 



SS 
Sdz^ 



-A°n^ ( - SHacsV'"' + 2f„ j ) d-z^ + A^nl ( 2fa^^ - -Ha^sV'^ ) d-z^ 



2f„5|, (5.170) 



V, 

-A°A"n^, ( - 'dHacsCj^ + 2Raca^ \Ui 



'X'^dz-y [Va'P^^ - Ca''"' - 2TaS^V^"' - ^f^fV'") d,^ + 



'V^') d-z. 



^ToiSlc i 



.170) 



2/3 ' z 1 2Ra-ya ~ 'zJ^a^/S'^a 






'zp- 



X A dz~f I VqCq + Oaa ^ 2TaS Ca ^ 2Ra-ya r I ^ gp 



A"iA°=X„ 



(5.173) 



the contraction of the upper torsion index with Gbd projects out the first block-diagonal and we can write 

T.AC\D = TaC\D 

The next important observation is that the constraints are independent of the choice of the auxiliary bosonic connection (Imo^, as 
it should be . The only condition is that it obeys (lM(a\b) = ^m ^ab which we used during the derivation by taking ^m^ab 



2Vm^Gab (see $.165|)). Remember also that Vq* = Ea'^'dM^-ui^^ ( 5.16^ ). QMa'' enters the terms Y^CD (defined in ( |5.166| ) 



S{D) 



and containing the constraints) only in the combination ST^j^p) — Qa GcD, where it completely cancels: 

2T'a{C|I3) — f^a GcD = '^{f^ )a.(C\(-'b\D) + ^a{C\D) ~ ^(C\a\D) —^a GcD = 

=0 
= 2Ea -E(C| 9[M-EjV] G6|J5) 

In particular the connection does not enter at all the following torsion component: 



(dE'^)^^Gdc 



The constraints (5.16^)-(5.170) are therefore independent of the choice oiUnfa^. In particular, we can choose f^Aia'' (defined by 



^Ma^ via S/Mlafl = *') °'^ ^Ma'' (defined by Omq'^ via VmY 



d/3 



0). 
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where we defined an extra symbol for the terms coming quadratic in the ghost A": 



X, 



= 2 i?i 



ai\d\a2] 



/3\ 



mu 



zf3 



2I1UR, lii i^W^a 



(V[«. 



C„j'3^-2fr„_,.^C,„.,,'^^-2i? 



[ai|<5 '^\a-2\ 



■[ai\S\cX2 



f^v^^) 4 



+ A Vr^,5, 



./3/3 



ai'^a2\(y. 



2-R[ai|7a ^|q;2] + 2-R[, 



i|(5|a2] ^a 



J^t^^Zia 






^^/3'^2;3 



(5.174) 



Summariz ing, w e observe that we managed - with the help of the equations of motion - to turn the simple 
equation ( 5.150 ) into a quite lengthy one ... We are not going to copy the whole long equation again for the 
next step. The only equation of motion that we may still apply, is the pure spinor constraint 



oLzza 2 



(5.175) 



We therefore can concentrate on the term A^^Xaiaa-^"^! where the pure spi nor c ombinati on A 7°A might 
appear. As discussed in footnote [7|on page ^ (see also the appendix-subsection D.3.3 on page 178), all graded 
antisymmetric 16 x 16 matrices can be expanded in 7^^' and 7^^': 



X. 



^ai...a5 



^alaia2 ' ^ai •••asfctiag 
(|d.143|) 1 ,, f 1 

16 

1 






16 ^aia2 



(D.143) 



^«2ai V 

32 • 5! '^«5.--ai^a;ia2 



We can use this to rewrite the quadratic ghost term as follows: 






_ Q;ia2 V 
o la ^ai<L 



5S 



1 



'■SL,, 



32-5! 



7ai...a5-^aia2l'^7 ^) 



(5.176) 
(5.177) 

(5.178) 
(5.179) 



This was the last ingredient to determine all remaining constraints on the background fields and also to be able 
to read off all BRST trans format io ns (in cluding the one for the Lagrange multiplier). Let us start with the 
constraints. In addition to ( 5.167 )-( 5.171 ), we get the following constraints on the background fields: 
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T 1 

-t ntr 






-^ Ota 

Lyfv 






170| ) 



f&i' - 



0, 
0, 



fscs^ - 0, 



(5.169) 



rji K 

—cxa 







V^V^ - 2To,s'^V^'^ - 2 f^'P V^ 






i?n 



,/3 _ 






=0(5.18: 



J^aca — 2 ac6 '-'« 









,-J,^ 






-v^ 



V^7:7T.^_2fv j^PT« (5.185) 

aS '^O'^ 



n Pi 

Or. 



/ai...a5-"-aaia' 
lai...ar:,^''SaiOL2 

n P^ 

.0:2 "-"ai 7 



/3 _ 



_^^ +2f^g^C„'^* + 2Rst-yo.''V''"' 

^^V'^'i -2Ta,s'^V^-y ( 5.184 ) 
0, -"1°^ 

0, 7"^"^ 



/ai...a5 V-^'^-'-^rai ' 



0.10.2 p. /^ — n 

/ai...a5^''OQ;ia2 ~ " 
^ ;ai...a5 I ^»^a20ai ' 



^oiS '-'012 

=0( |5.183 ) 



0102 (vy c ./3/3 
/ai...a5 1 -^rv„>Jra. ra 



9^aia2 /'d _^/^ P'y — R r Pn.PS^ 
^ /ai...a5 l^^^oti-yo; >-^a2 Ji-a20ai "-"Q; 



(5.180) 

(5.181) 
(5.182) 
(5.183) 
(5.184) 

(5.185) 
(5.186) 

(5.187) 
(5.188) 

(5.189) 

(5.190) 
(5.191) 
(5.192) 



plus hatted version . . . 

plus hatted version . . . (5.193) 



Note that on the constraint surface the condition "yai"'.ar^^oia2 = is equivalent to the vanishing of Xa^^ 
when contracted with two ghost fields: 



a-102 Y — n 

Iai...a5^0i02 — 'J 



■^ " ^[0102] ~ TC^ia ^^0^0^)^01.102 



(A7"A)=0 



^ Xoc^02^ — 



(5.194) 

The above equivalences ho ld for genera l bispi nors, not only for the one defined in ( 5.174 ). It is not necessary to 
memorize the constraints ( 5.192 ) a nd (5.193) as the y are a consequence of other constraints anyway. We will 



show this fact at the end of section 5.11 on page 71 



Let us now devote a new section to the BRST transformations that we can likewise read off from (5.173) 



5.8 The covariant BRST transformations 

Remember that we started on page |59| with the demand dj^ = — ^o^^^^n TA . The covariant BRST transforma- 



tions St,ov(jyin have to be understood in the sense of the covariant variation defined in ( 5.102 )-( 5.106 ). We have 



for example ^ot)-'^ = ^ou-'^ = s\ + ar^^ 17. ra"A^. When the constraints of the end of last section are fulfilled, 



"MP 



we can read off the covariant BRST transformations Scoycjy^^^ from equation (5.173) together with (5.179). Again 



we give at the same time (using proposition 3 on page 44) the results for the right-mover BRST-symmetry s^ 



defined via|^ dj^ ^ ~%; 






^^Another way to write down the BRST transformations for d^s and d^^ is the following 

9 2 a{d,o}'y — OL-f i ac z f ^g j cx.'ycx. 2.(3 



^ov^z-y 
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sjc^ = X'^Ej', sr^'^X E^'' (5.195) 

^ov^ = = ^OV^ I ^OV^ = = ^ov^ (5.196) 

^OV^ ZOL ^ZCX.^ ^OV^ ZCX. ~~ U, ^OV^ZOL "^^ ^ZOLi ^OV^ ZOL U \0 . l.\} i ) 

^ovd^s = -A"n^ SH^cS -^X'^U^H^^s - 2A"T„5^4-y + 2A"A"^i?«,5«^u;,;3 (5.198) 



2T„ 






^5.d,a = A n|3^+-A nIi/..^~2A r-^^4-^ + 2A A i?^,^/^;,^ (5.199) 

%ot;Uz7 = — 2A Tq,^ U-^ — 2A A RoL-ya ^ gB (5.200) 

=0 

"%o.4-y = -2X"Ts,^U,s-2X"x'^Rs,^^f^i^,f3 (5.201) 

=0 

The composite object ^^^0,^03 is given in ( ^.174 ). Let us for completeness also give the BRST transformation of 
the supersymmetric momentum 



jA ( |5-12^ ) 



^ovTlf/, '^^' V,/,-A°<5„-4 + 2A«nf/,T„s^ (5.203) 



-^nf/, 1^^ V,/,A°<5^-^ + 2A''nf/,T^5^ (5.204) 

All these BRST transformations are similar to those for the heterotic string, given in |Q. There it was also noted 
that the BRST transformations always contain a Lorentz transformation (multiplication with the connection). 
We have absorbed this term into the definition of the covariant variation. The advantage is that we then have 
expressions all the time that are covariant with respect to the target space structure group. Although the 
ordinary BRST differential s is needed to calculate the cohomology (as it squares to zero) , the calculations are 
simpler if they are performed with ^ov and only in the end transferred to a When acting on a target space 
scalar, the two coincide anyway. 

5.9 Graded commutation of left- and right-moving BRST differential 

We have started in flat background with two independent BRST symmetries, the left-moving and the right- 
moving one, which both squared to zero and graded commuted. As they deflne the physical spectrum and 
identify physically equivalent states, these facts should not change in a consistent theory, at least on-shell. This 
is similar to the fact that gauge symmetries should not be broken. We have already derived the constraints 
coming from a vanishing divergence of the BRST currents. The ansatz for the currents was such that this 
corresponds to holomorphicity for j^ and antiholomorphicity for j^. Having on-shell a holomorphic j^ and an 
antiholomorphic jg is in a conformal theory already enough to make the corresponding symmetries commute. 
For example on the level of operators, the operator product between a holomorphic and an antiholomorphic 
current always vanishes on-shell. The same is true for the charges which generate the symmetry. The on-shell 



In the second line for the first two terms, we have just used a compUcated way to write zero. The reason was to bring it to a form 
similar to the one in the first line. In any case, at least the first line suggests again the introduction of the variables 

dzc = -GctjII^, dzc = -Gcd^z 



that we already proposed in footnote 12 on page 62. Indeed, their BRST transformation takes the form 



Using Ha/Sc = Toic^ = and at (least for A7"A = 0) A" A" ^ /J^ ^ ^^ /3 = 0, the transformation of dz c takes the same form as the 
one of dzs and we can write 

^^dz^a.S} = -^A«n|'='^>//„{,,^}{rf,,j - 2X°'T^^^s}^''•-'Uz^,^^y - 2A«iA°2fl{rf,,}„^„/a.,^ for (A7"A) = 

We suggest to introduce d^d as an independent variable into the action, with an on-shell value dzc = ^G^d^i- Doing this, one 
would arrive at a formalism where the Gmn term is replaced by a first order term, while the Bmn term remains. This would 
therefore be a mixed first-second order formalism which would be suitable to couple it to e.g. the components of a generalized 
complex structure. o 
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vanishing of the commutators is all that we can demand for consistency. Therefore we do not expect any 
additional information from the graded commutation of left- and right-moving BRST differential. Nevertheless 
it is instructive to calculate the graded commutators and consider it as a further check. In particular it is 
interesting to see the terms which prevent an off-shell commutation of the differentials. The starting point is 
the request that we have 



[%i4>'. 



'all 



S(M)(tin + '5(/i)<?^aii + '^triv'^: 



^all 



(5.205) 



where ^triv'^aii i^ ^ trivial and thus on-shell vanishing gauge transformation (see page 186 in the appendix) while 
J(^) and (5(/i) are the antighost gauge transformations. Spelled out in words, ( 5.205 ) means that the graded 
commutator [s^^ has to vanish on shell up to antighost gauge transformations. There are at least two ways to 
check this. Either we calculate the commutator of the transformations on each worldsheet field or we calculate 
the transformations of the Noether currents. This is directly related to calculating the Poisson brackets of the 
generating charges in the Hamiltonian formalism. 



Determining [s, ^ via the transformation of the currents 
BRST currents: 



We start with the defining equations of the 



dj. 



*all 



6S 



dj-z = ~^] 



SS 
5^ 



(5.206) 



The current for the graded commutator [s, ^ is given only on-shell by sj^ or sj^ (one woul d expe ct this from 
the Hamiltonian formalism). A correct off-shell expression can be obtained by acting on ( 5.206 ) with s or s 
respectively. The derivation of the current j[^^ corresponding to [s, ^ was too simple and indeed not correct in 
the original version of this thesis, so that by now I have move d a m ore caref ul a nd general derivation into the 
appendix. From there we can adopt the result from equation ( E.55| ) on page |l8^ : 



J[s 



SJ, 



6S 



d{sjy^ 



all 



t'l^^ 5(5^0Si) 



^Si: 



or equivalently (interchanging the role of s and s) 



J[% 



S^n 3(9.>S 



all^ 



/'Si, 



J[k 



J[s 



= S?2 



5S ^{^l„)^ 


s/'Si 


S^ludidcb^u)^ 


SS a(a/.^i,)\ 


^^'^u 


S^ludidcb^u)^ 



(5.207) 



(5.208) 



For consistency we need only that [s^ ^ vanishes up to trivial and other gauge transformations. It is thus enough 
to demand that the corresponding current jjs^^ vanishes on-shell, because on-shell vanishing currents correspond 
to gau ge transformations (see proposition q on 184 in the appendix). If we take the expression for j[s,^z from 



( 5.20S ) and the expression for j[h.^z from ( 5.207 ), we can observe that both components of the current vanish 
on-shell without any extra conditions on the background fields! As claimed at the beginning of this section 
this happens due to the fact that left- and right-mover BRST currents j ^ and jg are on-shell holomorphic and 
antiholomorphic respectively. 

In principle we are already done with the commutator [s, ^ , but it is a good check to see , whether we obtain 
the same result if we do it the other way round and take the expression for j[%^z from (5.207) and the expression 



on shell 



on shell 



for j[&^z from (5.208). This corresponds to demanding s;'^ = 0, ^j = 0. In order to calculate s;^, 
remember the form of the BRST current j^ = \"dza ( |5.39| ) and also note that it is a target space scalar. The 
BRST differential can thus be replaced by the covariant one: 



s?. 



^ ^OV ^Z 



-2A A"^A°i?A-ya^'^ 



5.191 



zf3 



) 1 



5.194 



-A jrR&^o.^^zf3{Xj''X\ 

2-> 



(5.209) 



,55 
■' SLzz 



Using the left-right-symmetry of proposition 3 on page 44 we get the corresponding expression for g^- Both 
vanish on the pure spinor constraint surface (A7°A) = (A7°A) = so that indeed the Noether current belonging 
to [s, ^ vanishes on-shell and thus [s, ^ will vanish on-shell up to gauge transformations. 

If we wanted to know also the non-trivial gauge transformations that appear in the commutator, we would 
have to calculate also the additional on-shell vanishing terms that are added to s;^ in the expression of j[s^^z 

in ( 5.207 ). It turns out that only I -rf--^faK) ) ' sx^ — ^ -rf- ^"^ ^^ H ^~g is contributing a priori. However, we 



will see later that H^~g is required to vanish from the nilpotency demand of the BRST transformation as well 
as from the Bianchi identities. 

The (non-trivial) gauge transformations that will appear in the commutator [s, ^ are thus given precisely by 

-j^ la'^Rdi-ia'^'^zp we obtain 



the above off-shell non-vanishing term (5.209). Namely if we take ^za 



S7. 



\iiza{\r\) 



(5.210) 
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which is precisely the current of the antighost gauge transformation gi ven o n the lefthand side of ( |5.78D wit h 
corresponding antighost gauge transformations (5(^)U)2a = iJ,zai^j'^)cx ( 5.90 ) and 5(^^)Lzza = —'Dgf^za ( 5.91 ). 
Having a current that coincides with the one of a gauge transformation, the form of [s^ ^ can only differ by a 
trivial gauge transformation. In any case we have obtained the result that the commutator vanishes up to gauge 
transformations. A safe way to figure out potentially appearing trivial gauge transformations in the commutator 
is to calculate it on each single worldsheet field separately. 



Acting on each field separately Although this method would lead to the precise off-shell form of all the 
commutators, we are for now satisfied with the result we already obtained and give the explicit commutator only 
for the most simple cases. Starting with the covariant BRST transformations of the elementary fields (given in 
(5.195)-( 5.202| ) on page ^g), we will first calculate the commutator \ ^ov , ^ov} and only after that determine the 

ordinary commutator via the relations ( 5.112 ) and ( 5.113 ). For the embedding functions x^ , the ghosts A", A 



and the antighosts uj^a and uj^a the calculation is very simple and we immediately obtain 



h 



^K 



ov 1 k:oi; | 



^OV ; ^OV ^ 



= 
= 0, 



I ^OV ; ' ^OV I ^ 



\ ^QV 7 ^OV I ^ 



z-f 



^ovdz-y — — 2A A Ra-ya <^zl3, 



^ov: ^( 



<^27 — — 2A A Ra~fa 



zp 



(5.211) 
(5.212) 
(5.213) 



The transformations of the remaining fields are much more complicated and we prefer not to study them. Let 
us now derive the ordinary commutators: 






(5.ii: 



[^ov,^ a;^ -2A" T^J^ A" = 
— ^— ^ 

=0(|5.183|) 



=0 



(5.113) 



[s^,%ov\ y -2 A«A"i?„£,^^A^ = 



(5.214) 
(5.215) 



(5.113) 



=0 



0(5.191) 



z~t 



2X"\ R. 



cxcfy 



<^zl3 = 



= -2A X°-Rs 



4A \°'R^[a^fuJzf3 



(5.216) 



Again we get the corresponding equations for A and 



'' z^ • 



The last line corresponds excactly to the gauge 



transformation with gauge parameter ^za — —j^ la'' Ra-ya (j^z/s that we found already a bove. This is strictly 
speaking true only if H^^~ — (remember the off-shell terms that were mentioned after ( 5.209|) ), a constraint 
that we will obtain only in the next section from nilpotency. The explanation is that the different ways of 
calculating the same quantity [s, ^ certainly assume the validity of the Bianchi identities which already at this 
point would imply the above extra constraint. However, we will do a careful analysis of the Bianchi identities 
onl y in th e end, after having obtained the additional constraints from nilpotency. It is further interesting to see 
in ( 5.214 ), that some holomorphicity constraints like T_aa^ = are needed for the commutation. In fact, in [Q 
this constraint was derived by demanding a vanishing Poisson bracket between the two generators of the BRST 
symmetries. The constraint T_^^^ — di d not appear in our derivation via the currents above. The reason is 
that we already started the derivation in ( 5.206| ) from an equation which assumes on-shell holomorphicity. 



5.10 Nilpotency of the BRST differentials 

While the last section was rather a check than bringing much new information, the nilpotency of the BRST 
differentials will give us additional constraints on the background fields. The nilpotency is essential to define the 
physical spectrum as in the fiat case via the cohomology. It would be inconsistent if this prescription breakes 
down, as soon as a nonvanishing background is generated by the strings. Demanding nilpotency at least on-shell 
and up to gauge transformations is thus legitimate. 



Nilpotency constraints from the BRST transformation of the current In the same way as in the 
previous section, we can examine the BRST-transformation of the BRST-current instead of studying nilpotency 
on every single worldsheet field. Start from the defining equation of the BRST current 



djz = -s 



^all 



6S_ 



(5.217) 
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Again the current for the graded commutator [s, ^ =2^ is given only on-shell by sj^ (what one would expect 
from the Hamiltonian formalism) . To obtain the off-shell expression one can act w ith s for a second time on the 
above equation. From the appendix we can adopt the result from equation ( E.55 ) on page 188 : 



J[s 



^z 






^Si: 



J[s 



5S 9(^Si) 



*S. 



(5.218) 



The BRST transformation of the BRST current sj^ is therefore at least on-shell the Noether current for the 
transformation 2^. For consis tency we need only that ^ vanishes up to trivial and other gauge transformations. 
Due to proposition y on page 184 in the appendix, every gauge transformation has (up to trivially conserved 
terms) an on-shell vanishing Noether current. Demanding that s/^ vanishes on-shell is therefore a necessary 
condition.[j Also due to proposition g it is a sufficient condition, as we know already that s/^ is a Noether 
current for a symmetry transformation and if this current vanishes on-shell, the transformation can be extended 
to a local one, i.e. it is a gauge transformation. 

As the BRST current is a target space scalar, we can replace the BRST differential with the covariant one 
when calculating s/^: 



s?2 = %OT (a d^s) = -A ^^zs 



(|5.i9^) ^sy. 3^^^^ n^ _ ^x'X^H^^siri - 2A''A"r„5^4-y + 2X''X^\^'R^^so.''^.p 



k^\"\«2 , 



(5.219) 



2T„ 



The only equations of motion, which can make sj ^ vanish on-shell are the pure spinor constraints A7°A — 0. 
We therefore get the following conditions on the background fields 



X'Hr 



CS' 



0, 



A^A«r„6^ = 0, 



A^A"iA°^i?„,5a/ = 0, (on shell) (5.220) 



Remembering that we have the constraints Tas\c = ^HacS ( 5.170 ) and TaS^ = jHaSpV^^ , we can extend the 
above condition on the torsion on all indices 



a-'a^t^/ = 



(on-shell) 



(5.221) 



All th ese on-shell conditions can be formulated in an off-shell version with the help of 7-matrices by using 
( 5.194 ) on page p^. Either we write that the terms are linear combinations of 7l^l's, or equivalently we can 
write that the 7[^part vanishes. We thus can rewrite the constraints on torsion and i/-field as 



J-cx/3 



lipf^f With/d^ 



„eSr 



16 



„,EO^T^ C 

7d Lse 



Hca(3 = Hcalaf3 with Hca 



16 



Hcss-ff 



(5.222) 
(5.223) 



In particular for C = 7, due to the (graded) total antisymmetry of H^ap, this should at the same time be 
proportional to 7°^^ and ^p^: 



(5.223) 



( p.223| ) 1 

16' 



H-iaP - -ff[-y|a7|L/3] - -T^H[-i\SEla l\ap] " T^^€:b7[-y|57f 7|L/3] 



( p. 2231 ) 1 

16" 



(D.108 



(P. 160 



^^^[7|a7r«/3] (5.224) 



In the last step we used the Clifford algebra ( D.IOSJ ) for the first two 7's and then the Fierz identity (D.160) 
to throw away one of the resulting terms. Remember that the appendix about F-matrices doesn't use the 
graded summation convention. For the Fierz identity we thus have a (graded) antisymmetrization, instead of 
the symmetrization and for the Clifford algebra we get an extra minus sign because of the NW-definition of the 

Kronecker-delta. 

The second and the last term of the above equation ( p. 224 ) contradict each other if they do not vanish 
and thus H^olP has t o vanish. The components i?£a/3 were constraint to be zero already befo re. O f the 



compo nent s in ( 5.223|) , we thus have only Heap nonvanishing. Because of Tap\c — —^Hcap ( 5.170 ) and 

- ^ ( I5.181I ) 3 



T, 



a/3 



\Haps'P^^ = , we have in addition 



Idc 



-—Hr, 



fP 







(5.225) 



l^There are no trivially conserved parts in s;^. A trivially conserved part is of the form cJ^S!''^' for some rank two tensor 5''^. 
In the conformal gauge this would take the form dzSy^^^ which is of conformal weight (2,1). Such a term is certainly not present 
in our current, o 
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The new constraints on H and on the torsion thus read (the constraints in brackets follow from the other ones 



in combination with (5.17C) and (5.181) and are thus redundant): 



H. 



ECXf3 



= 0, 



tlcap — ^la(3Jac 



T. 



ap 



= liafd'', [tocp" = liafd", 



To.p'' = 0) 



(5.226) 
(5.227) 



As a remark let us note that the action in flat superspace with the ordinary WZ-term of the GS-string corresponds 
to Hcaa = ~^7cap and thus to fac — Vac- We can now analyze in a similar way the constraint on the curvature 
in ( 5.220| ). As the pure spinor constraint is quadratic it can be equivalently written as A"^ A°^i?[„25cn]'^ = 
(on-shell). For this expression, one can do the same reasoning as above with H^ap and arrives at 



R[-ySa] — 



(5.228) 



We will get the same constraint from the Bianchi identities later in ( |5.586 ) in case one feels uncomfortable with 
that line of arguments. 

Of course we get all the correponding constraints also in the hatted version from the right-mover BRST 
current according to the left-right symmetry of page |4^ : 



(5.229) 
(5.230) 
(5.231) 



Remember that the curvature is structure group valued in the last two indices and decays into Lorentz and scale 
part (see ^^ inthe appendix on page [l95l): R-^sc'' = h^^f ^<-^ ^^'^-^sJ with i?^^^!^^ = \R^''\sa,a,l'''"'' a.^ ■ 
The constraint ( 5.22g ), i.e. — R[~fSa]^ « R-ySa^ + 2Ra[-yS]^ , therefore implies that Rai-yd]^ is Lie algebra 
valued in ex and /3 as w ell. This means in particu lar th at Ra[-yS]^j"'^"'°"^p" = 0. Let us finally give the trace 



^i&p = 


2 






^&p 


= 7l^//, (4/3^ = 71^//, 


^aP 


= 0) 




= 







(in a and /3) of ( |5.228|) and its hatted equivalent ( p.23l| ): 







7? a 

3 ^^ 



R 



(L) 

[ySc 



2p(L) , 



The scale curvature can be expressed in terms of the Lorentz curvature as 



■75 



9 alfS] 



F. 



(D) _ 



'jS 



9 «[^'5] 



(5.232) 
(5.233) 
(5.234) 

(5.235) 



Nilpotency on the single fields Just to get a flavour of how the calculation would work if we act on each 
field twice with the BRST differential, we perform this for the simplest cases. One discovers immediately that 
acting on x^ and A° twice with the covariant BRST transformation yields zero. The reformulation of ^^^ in 
terms of the square of the ordinary differential ^ gives a torsion or a curvature term respectively. These terms 
have to vanish on-shell in order to have an on-shell vanishing ^: 



— ^Q,yX — a X -\-Z\ jL-aP 

=0 (on — shell) 



A"r„fl^A'^ = (on - shell) 



(5.236) 



= i^^X"' = {^)cov^'^+2\'*X^Rysp°'^'^ ^\''\^R-,sp°'\'^ = (on-shell) (5.237) 

=0 (on — shell) 

On the antighosts we have ^^^uiza — ^ovdza which will not vanish, but which will correspond to a gauge 
transformation. The same should be true for Lzza- The calculation of ^dz-^ is quite involved to calculate and 
will probably contain also constr aints that follow fro m the earlier ones via Bianchi identities. We will calculate 
the identities anyway in sections 5.B on page 91 and 5.C on page 100 . 
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5.11 Residual shift-reparametrization 

Before we are going to collect all the constraints on the background fields which we have obtained so far, let us 
eventually make use of the residual shift-symmetry discussed in the paragraph on page ^ (which in turn refers 
to the paragraph about shift-reparametrization on page 46). It is a target space symmetry that is based on a 
residual shift reparametrization of the fermionic momenta: 



2(3)^-5 ( J )(/A)„u;,, 



(5.238) 



The BRST curre nt gets changed under this reparametrization by a linear combination of the pure spinor 
constraints ( ^.45 ), but this change can be undone by a redefinition of the BRST transformations with the 
corresponding antighost gauge transformations. This does of course not change the on-shell holomorphicity of 
the BRST current, as the pure spinor term vanishes on-shell. 

Apart from the change of the BRST current, we have the following induced transformations of the background 
fields coming along with this reparametrization: 












(5.239) 
(5.240) 
(5.241) 



Note that the transformations of Ca^^ and SadJ^^ are in agreement with the holomorphicity constraints (5.184) 
and (5.189), relating them to ^Ma^ ■ It is thus enough to memorize the transformation of the connection (ImoP ■ 
Remember now the definition of the torsion as T = dE"^ — iJ-^AOg'^. This implies the following transformation 



of the corresponding torsion component (see also (F.66) in the appendix on page 193): 

T„,«/ - T„,„/-7i,„,S(3),/^ (5.242) 

Due to the nilpotency constraints we have Tocia2^ ^ 7aia2 • ^"^ addition, the left-right symmetry of proposition || 
[pn page 44 induces the same statements for T^^^^^ ^ind the second residual shift symmetry related to the 
reparametrization of d^. We can therefore completely fix the two residual gauge symmetries by choosing the 
(obviously accessible) gauge 

(5.243) 



T, 



ap 



T ~1 



We can now im mediat ely ta ke adv antage of this additional (conventional) constraint and check the validity of 
the constraints ( 5.192 ) and ( 3.193| ) on page ^ 



5.12 Further discussion of some selected constraints 



There are some constraints which de serve further examination, before we move on to study the Bianchi identities. 
First, the four constraints ( 5.192 ), ( 5.192 ) and their hatted versions on pagepq do not look very u seful as they 
stand. We will show that they are actually consequences of other constraints. Second, with ( 5.188 ) and ( 5.189|) 
we have two equations for Saa^^ and it is interesting to know whether they are equivalent or not. Let us start 
with this last problem: 



Consistency of ( |5.188 ) and ( 5.189| ) In the foll owing we will (actuall y just for convenience) frequently use 
the new conventional constraint Tap'^ = = '^aB~' ( 5-242 ). Starting with ( 5.188 ), the tensor of interest is given 
by 



pp (k188) 



(i.l84) 



(F.28) 



-y^^'P'"' + ^Ra.-yS.^V^ - 



-^^V^^ + 2 r„^^ VdV^^ - 2R^s.s^V^^ - m^^s'^V^^ + 2Ro,^Jv^^ (5.244) 



=0(5.183) 



In order for this to be compatible with (|5.189|) , i.e. with 

,';' .PP '^ 



.189 



.185 



V^V^T'^^ + 2Ri,^JV^^ 



the curvature has to obey 



Ra^.afv'P-k,^,Pv'''=Q 



(5.245) 



(5.246) 



In fa ct, this condition will be a simple consequence of the torsion Bianchi identities that we will obtain in ( 5.595D 
and (|5.596D. 
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Check of ( 5.192| ) The constraint ( 5.192 ) contains the cova riant derivative of Ca^^ for which we can use in 
turn the constraint ( ^.184 ) together with our new constraint ( 5.24S ). 



V[„,C„/^-2i?[„,|5|„,]'^7"'^ = 



(5.184) 



(F.28) 









(5.247) 



=0(| 



226) 



0( 5. 187 ), ( p. 226 ) 



Only the first term remains, but recaUing the nilpotency constraint ( 5.221 ) in com binatio n with ( 5.194 ), we 
observe that also this term vanishes, when contracted with ^ai"'!^- The constraint ( 5.192 ) therefore does not 
give new information and will be omitted in future listings. The same is true of course for its hatted version 
due to the left-right symmetry. 



Relating ( 5.193| ) to a Bianchi identity For the constraint ( 5.193 ) we have to consider the following 
combination 



Y.la^Sa^]^'^'^ -2R\ 



J'Q^j"^ + 2i?| 



CKl \'yoL ^\0L^] 



OL2 \8\oL\ 






(5_1M) 
F.2. 






=0( ^.187 ), ( 5. 226 ) =0( |5.187| ),( |5.226| ) 



T 



—0L20L1 —C—6l 



Y^V^P'^^ + 2Y.yo.,\R\c.,\-ye.^V<'^ 



(5.248) 



The first term vanishes again when contracted with ^a^^ia^ (( ^.221 ) and ( ^.194 )) and the constraint ( 5.1930 
reduces to 



/ai...a5-^[a2|^''|ai]7a ' " 



(5.249) 



We will see in a second that this equation is automatically fulfilled when the Bianchi identity for the curvature 
is fulfilled. We will study the Bianchi identities at a later point, but not all of those for the curvature, because 
we intend to make use of Dragon's theorem, relating second to first Bianchi identity. Let us therefore write 



down at this point the Bianchi identity that we have in mind (see (F.52) on page |l92| ): 

— T7. , R, .,./^j_9T. .-Dp^ P 



Y[a2|^|ai7la + '^'L[a2at\ Rd\^], 



77Y[a2|-'^|Q:i]7« I T7Y^£ta2aia^ + 77 i_^[Q;2| RD\ai]a + — i_Q,2ai R-Dya 



P 



=0(|5.187[),(|5.22^) '_ 



(5.250) 



o (|5.183D 



Once again the last torsion term vanishes when contracted with 7°^.°aj., so that the above Bianchi identity 
implies 



aia2 y r> P ^Q 

which is even stronger than ( 5.249| ). Of course we also get a hatted version of this constraint. 



(5.251) 



5.13 BI's &: Collected constraints 



The next step ist to study all the Bianchi identities. The logic is as follows: We have obtained certain constraints 
on the 7J-field, on the torsion and on the curvature. As these objects are defined in terms of B-field, vielbein 
and connection via H = dB, T-^ = dE^ ~ E^ A fi^^ and Ra^ = <^a^ ~ ^A*^ A ^c^, the constraints can 
be seen as differential equations for the elementary fields. If one solved these equations and calculated again 
iJ-field, torsion and curvature, one would observe additional constraints that one had not seen in the beginning. 
Solving the differential equations is a very hard problem, but the additional constraints on the derived objects 
(if -field, torsion and curvature) can be obtained by the Bianchi identites, without knowing the expHcit solutions 
for the elementary fields. Indeed the Bianchi identities can help to derive the solutions. Depending on the point 
of view, the identities are a direct consequence of either the nilpotency of the de Rham differential cf = (see 
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appendix |F on page 189[ ) or of the Jacobi identity for the commutator. Their expUcit form, using the schematic 
index notation of [l47| , reads: 

^aHaaa + ST^a^Hcaa = (5.252) 

^aHaa + "^Haa Tjja = Kaaa (5.253) 

YaRaab^ + ^T^a'^Rdab'' = (5.254) 



Repeated bold indices at the same altitude are simply antisymmetrized ones. Dragon's theorem (see page 197 ) 
tells us that - when the torsion Bianchi identity is fulfilled - we can replace the curvature Bianchi identity by 
the weaker condition 



RccB TjOC 



A _ 

J-CC — 

D 



— ^c^c21cc +T.CC '^bRcc ^'^x^cRcc +^I1cc I^dc )T.bc (5.255) 

We will anyway concentrate on the Bianchi identities for i/-field and torsion, because they provide most directly 
useful new algebraic constraints. 

Note that all constraints so fa r wer e obtained for objects based on Q.ma^ — (i^3,g{tlMa'',^Ma^ ,^Ma^), 



the mixed connection defined in ( 5.66 ) on page |5C|. It contains three a priori independent blocks which all 
decay further in a Lorentz and a scale connection. One of the important results from the study of the Bianchi 
identities is that the torsion components Tap"^ and T^^^ are related to 7^0 and 7'; - respectively by a Lorentz 
plus scale transformation. It is discussed in an intermezzo on page p2 (and was also used in Berkovit's and 
Howe's original work ||l3|) that this can be used to fix two of the three independent blocks. One is thus left with 
one independent copy of Lorentz plus scale which should leave invariant 7^^ and 7": ;,• After this partial gauge 
fixing, the mixed connection is not an appropriate choice any longer, as it does not in general respect the gauge. 
We therefore introduce three alternative connections, namely the left-mover connection (defined by flMa 
and invariance of the gamma-matrices), the right-mover connection (defi ned by (JMa^ a nd invariance of 



the gamma-matrices) and the average connection (see beginning of appendix p on page 199 for more details) 



nMA^ = diaginMa', nMc.'',^M&h, Vm7«/3 = Vm7^^ = (5-256) 

CIma^ = diaginMa^^Mc^^^Amh: Va/ 7«/3 = Vm7^^ = (5.257) 

i (Qma^ + ttMA"") (5.258) 



.Ra/a 



In addition we define the difference tensor 

Ama^ = CIma'' - ^ma"" = diag {AMa\ Am J, Am J") (5.259) 



The Bianchi identities ( ^.252 )-(5.254) should of course also hold when all objects are based on the above 
newly defined connections. This does not put restrictions on Ama^ ■ All different versions (based on different 
connections) of the Bianchi identities will lead to equivalent information (see proposition \l on page 193 ). As 



they are most conveniently written down in terms of the mixed connection, we will follow this path. Only the 
bosonic block ^mJ' will, depending on possible simplifications, be chosen to coincide with either the left-mover 
connection ^mo^ or the right-mover connection ^mo^ ■ The corresponding calculations are lengthy and mostly 
not very elluminating, so we put them into the local appendices at the end of this part of the thesis. There we 



first start with collecting all constraints that we have derived so far in appendix 5. A on page 88| and then discuss 



the Bianchi identities in detail starting from page |91| Some conceptually more interesting discussions within 
these appendicies are seperated in intermezzi. The first intermezzo on page ^is, as already mentioned, about 
the fixing of two of the three copies of Lorentz plus scale transformations. The next on page |9^ is about how to 
determine the complete difference tensor from the obtained constraints. There is finally a third intermezzo on 



page 104 which discusses the relation between constraints on the RR-bispinors and constraints (or equations of 
motion) for the corresponding p-forms. 

After all this work in the local appendices, we will now collect all the constraints on the background fields 
that we have obtained, including the ones from the Bianchi identities. If we later, within the derivation of 
the supergravity transformations of some component fields, make use of some explicit form of components of 
torsion, curvature or other background fields without giving the explicit equation number, the corresponding 
equation should be among the following ones. 

Not all equations that we are going to write are independent. It is sometimes convenient to have them in 
different versions and grouped in different ways. In particular we will give for later convenience the explicit form 
of the torsion components based on left-mover, right-mover and average connection, although this contains a 
lot of redundancy. 
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Restricted structure group constraints The first set of constraints is related to the restriction of the 
structure group (of the supermanifold) to a a block diagonal form with three copies of Lorentz and scale 
transformations. This was discussed in a paragraph on pages p0|-|4q , in t he rema rk o n page p3| a nd in the 
intermezzo on page ^. The following equations are taken from ( |5.94|) -( 5.96 ), ( 5.152 ) or ( 5.154 ) and ( 5.159 ) 






-r'^A P Jr- —C^ ^oi02 P 



1 



^Ma^ - 7:^fi^5^^ + ^-n 



(L) 



C^P^ = -C-'S^P + -Cl^^j 



A Ma\a2 
aia2 _ P 



aia-i _ p 






_q r^a.ia.2 Px/P\_q , , ^1102 P bib2_p 



7 



Gab = e 77ab 



Gmn — Eu'^GabEN 
The above equations (without the last one) are equivalent to 

P - 






ai ...a4 



7 /3 0„^' =7 ^ 



J^cJ-^ = 



ai ...a4 OL Q f3f3 

(3 ^CXOL 



ai...a4 ,a c „ ^^ 







(5.260) 
(5.261) 

(5.262) 
(5.263) 



(5.264) 
(5.265) 
(5.266) 



Furth er co nstrai nts on C and S and indirectly on V The constraints ( 5.184 ) and ( 5.185 ) on C and 
( 5.18g ) and ( 5.189 ) on S (all on page ^ can be regarded as defining equations. We have already shown in 
section 5.12 that the two equations for S are equivalent up to Bianchi identities. 



V- •PT^ 

Q .Py — _\7 n P^ ^OR. P'vi^ 



^a-ya 



(5.267) 
(5.268) 
(5.269) 

(5.270) 



In addition we have from the Bianchi identities the equations (5.637) and (5.63g 



V-'P°^ 



-^P^^V^* ■Ss.P+l r,rf° - ^W-.^V'^'jcds'' ] r^sc" 



V^T'^" = --P^^V^* -Sj+i t,r - :,y-y<^V'''%ds^ T^o." 



(5.271) 
(5.272) 



In the intermezzo on page 104 we give a qualitative discussion how these equations are related to field equations 
for the corresponding RR-p-form-field-strengths. The abo ve exp ressio ns for the spinorial derivatives of the 
RR-bispinors (which coincide with C a nd C according to ( 5.2671) and ( 5.268 )) already take into account the 
restricted structure group according to (5.261). In addition they imply upon taking the trace that 






ST'^^Va* or V^(e-**P"") 
8P°°V„$ or V„(e-8*P°") 



(5.273) 
(5.274) 



Constraints on H Due to ( |5.167| )-( |5J7i] ), ( |5.226D , ( |5.229| ), ( |5.476| ), ( ^.477| ) and the total antisymmetry of 
i?, its only nonvanishing components are 



Habc ^ (in general) 



a, 



Oif^C 



^af3c 



„2*, 



-g7ca/3=-ge TJcdlaP 
^ ~ ^ 2<I> d 



The vanishing components are thus (written a bit redundantly) 

H-abc = -^Q^c ^ Ha.bc = 



(5.275) 
(5.276) 

(5.277) 
(5.278) 
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Note that the constraints for Haf3c and H^^^ (coming from (|5.476D and ( |5.477| )) are related to the torsion 
constraints for T^p'' and T^^'^ and thus (as mentioned in the beginning of this section) contain the gauge fixing 
of two of the three initially independent Lorentz and scale transformations (5.65). This is explained in detail 
at page |9^ . 

Further conditions on H, coming from the Bianchi identities ( 5.580| ), (5.581) and (5.582), are 



V.il„, 



be 



-AT, 



[ab\ l\c]eS 

^sHabc = 4T[ab|^7|c]e<5 
9 



(5.279) 
(5.280) 
(5.281) 



More information on the torsion components Tab^ and Tab^ will be given in the corresponding paragraph below. 



Const ra ints o n the t or sion Let us now collect the infor mation o f the c o nstrain ts ( 5.168 )-( 5.17C ), ( 5.180 )- 
fe.lSd ), (I5.227D , (^.2301) , ( |5.243D an d the Bianchi identities ( ^.4741 ), ( |5.475D , ( |5.52lD , (|5.522D , (15. 5271) , (15.5281 ), 
(5.53g), (5.539D, (^.634) and (5.635). The only (a priori) nonvanishing components of the torsion Tab'" ^^e 



T, 



a/3 — 

Ti c 
ab — 

TI c 
ab = 



7a/3 
1 

~2 
3 



ap la/3 



Va*<^6 - ^7fc'a''V^$, fab' = -^Vc.$<5,^ - ^76'«''V^$ 



:Hab 



^ab — —-^ilab 



T, 



1 — 






T, 



'y — ^/ 



OLC — ^col5 



• c aS 



-p^T 



labS ' 



fab"' - ^ {^-,V'^ + 8V^$7''^) %bs' 



16 V^-^ 
The remaining components vanish, which can be written (again a bit redundantly) as 

TC rp C rp 'y rji -y rp C rp C fi 
M3 ^ J^-aa — -* arf — J^ ad — -^ afc — -^ ah — " 

We obtain some additional constraints from the Bianchi identities (5.701), (5.689), ( 5.705] ) and ( 5.706| ): 



^aTbc 



-'^lmaS^\c^V''~iHb.ell,P'' 



l[b\aS- 



V„T, 



be 



-'^l[b\a5^\c{P'' +iHbcel'as'P'' 



(5.282) 
(5.283) 
(5.284) 
(5.285) 
(5.286) 

(5.287) 

(5.288) 
(5.289) 



Vr„r, 



[a-'-bc] 



Vr„r, 



[a-'-bc] 






(5.290) 
(5.291) 



Differ e nce te nsor With the help of the constraints obtained from the Bianchi identities the explicit form 
( 5.543 )-( 5.54S| ) of the difference tensor is derived in the intermezzo on page |97|. The components with bosonic 
structure group indices are given by 



^Ab'^ ■ '^ab\c — SHabc 

^ab\c = V„$G6c+76ca''V6$ 
A^blc = -V&'i'Gbc - 76ca^V^$ 

They determine the components with fermionic structure group indices to be of the form 



A 



AB 



Aa/3^ 



-^i?a6c7%"^ 
1_ ,„ „ 1 



ap 






Aap-" = ^V„$<5/3^ + ^7ftca^V,$7''/3^ , A^^^ - -^Va$^^^ - 77fcca'V^$7'=^^ (5.296) 
1^ .. „ 1 i^ . ^„ „ . ,-. 1_ _ ,-. 1 



(5.292) 
(5.293) 
(5.294) 

(5.295) 



2-tj;--fj I ^ !uua -u^i fj 7 —a/3 — r^^a.-^'Jp ^ Ibca ^ s '^ I (3 

Aap-' = -^Vc.a>V-^7fcca'V^$7''V, A„3^-^V„$<5^^ + ^7bca'V,$7''y (5.297) 

The above equations imply in particular for the scale part (via taking the trace) 

(5.298) 
(5.299) 
(5.300) 



Ai^) 


= 


aL"' 


= v„$ 


Al-^ 


= -Vc.$ 
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As we meet here t h e cova riant derivat ives of the compensator field, it is useful to add at this place also the 
constraints ( 5.527 ),( 5.52g ) and ( 5.529 ) on the covariant derivative of the compensator field coming from the 
Bianchi identities: 

Va$ = Va$ = Va$ = Va$ = (5.301) 

Remember that the covariant derivative of the compensator field is given by Va^ = Ea^ {Bm'^ — ^m )• 



Torsion constraints rewritten in various ways Due to the explicit knowledge of the difference tensor, 
we can write down all components of Tab'" , Tab'" and T ab'" (using e.g. Tab^ = Tab^ — ^[ABf')- They 
will be needed to derive the supersymmetry transformations in the corresponding gauge. Before we start, let us 
stress once more that the scale transformations (or dilatations) are still part of our superspace structure group. 
If one prefers to fix the compensator field $ to zero immediately (which would correspond to jl^), one needs 
to restrict to the Lorentz part U]^j^^, ^ma^ o'^ ^ ma of the corresponding connection. The Lorentz part of 
the torsion can be obtained via 



T 



L)c 



AB 



T. 



AB 



^^[AB] witnii^,^^ 



"M "& ^""-^ "MiB 



2"m "H 



(5.302) 



This will be made more explicit below for each case. 

Let us now start with the left-mover torsion, whose components Tab'" are 



T, 



AB 



Tab^ 



Tab^ 



16 



ab J^ap 

Ti c ^ c 

ab J^aP 

rp C rji c 



T 



T 



a/3 



a/3 



T 



a/3 



J^ab J^ap J-ap 



-^ OLO ^ OlP -^ (^p 

-^ OLO ^ OlP -^ fy^p 

J^ab ^ap J^ap 

T i^'y T a^ T -^ 

-^ OLO ^ Ct.p otP 

T-i.^ T~a^ T -^ 

^ OLD -^ ap aP 

IbasV^"' 

3 TT Zide -y 
-■^J^bdel 6l ' 



3 TT C 

2^ab 


^Vp<^Sl + i7a^/3'Va$ 





iV„$(5g - ^Jb'JVs<P 


7a/3 











7^, 







-"fapS-P^' 



'lapsV^^ 







a/3 



(5.303) 



(5.304) 



(5.305) 






If we want to extract the Lorentz part, only a few of the components change. Remember Va$ = and Vdt$ — 
and assume only for this step that $ was fixed to zero, which implies Vm^ -^ ~^'m 
- 0. According to (5.302) we then have 



^\^ and thus fia = and 



n 



J-i. = J^ab - 9"a ^b = olb r* S2 



ab ~ ^a" 2'"'a "0 ~ 2 '" " "5 



rp{L)^ 



*=0 



T„,«^ - i^L^^^«^ 






ap ^ap 4"a ^p — g,ldea 7 /g "5 

)(C) 



All other components of T^^' coincide with T for <& = (and Vm$ -^ ^^m )• 
The right-mover torsion components Tab'" are 



(5.306) 
(5.307) 

(5.308) 



Tab' 


Tap' 


^ap 


Tab"" 


Tap' 


^ap 


Tab" 


Tap' 


^ap 


Tab'' 


Tap'' 


^a/3 



Tai 



Tab^ = I r„b^ To.p'^ T^f,-y 

-^ ab -^ ap -^ ^p 

3 Tj z,de -y 

V %a~5'P''' 

' fab^ V V 

Tab^ = I T^b^ f^p"* f^p^ 

aP 



6 TT C 

— 2-"ab 


h^a^^s^b-hb'Jys'^ 



i TJr ~,de -y 






h^p-^S^a + h^'/3'Vs$ 


7a/3 








l' ■ 
'&p 



la-pS-P^' 



(5.309) 

(5.310) 
\ 



(hde[a'7%]^V5$ + iV[„$J;3]^) (i7de^'7''^a^V3$ + iV^$5„^) 



-'-OLD -^ Ol(d J- J~ ^ 



(-hdeaS''VV^$ _ iV<i<i>V) 

^(V^7?5o-+8V,$P^^)7a66^ 

lbaSV^'< 






(5.311) 
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In order to extract the Lorentz part, remember Va$ = and Vq,$ = 0. For $ = (Vj\/<l> 
implies fii — and fla =0. According to ( 5.302| ) we then have 



T. 



(L)c *=0 



in(-D)x c _ 1 , c SriiD) 



— -Lab — 2"a "b — ^Ib a "t 



T 



p(i)-y 



a/3 



a (3 



,7 _ i6(^) 



= T. s"^ - k^) 'S;,,"^ ^ -k^)'f>5'„ 



lo(-D); 



2 "[a ""p] 



2"[d ""p] 



^aB - Ja/3 -I^A (>P - s^dea 1 p'^'h 



^ap ^«P 4""a "P 8 '"<=« ' P "S 

All other components of T^^' coincide with T for ^ — (and Vm'I' ^ ^^m )• 



-n['^^) this 

(5.312) 
(5.313) 
(5.314) 



Finally we give the components of the average torsion T^ab^ — \ \Tai 



T,. 



T, 



T 



T 



AB 



,_,!'' <±^a-P 4±-iaP 

TC rp c rp 

TC rp 

. ab J- ap 



^ap 



rp C 

■±-iaP 







^AB 



( T^ab'' T^ap'' Zafl^ 
V 



\yp^5l + \-ia'p'Vs^ \^~p'^5l + ha'p'^s^ 



l<xP 





'a/3 



. . P A^ap 

A , otb A , aj3 A , ^iq 

T . , T T ~ ^t T -">' 

iZ_^cto ,-^ , aj3 ^Z—^ap 






IQ-^-^bde ! a 



16 



i?ade7''^/3^ 



(i7rfe[a'7%]^V,$ + iV[„$<5^f ) 



Xas^ 



J_^ab <i_>a/3 <i-^a/3 

T .T T flT" T -^ 

A . ao ,-^ . aj3 aL-^cxP 

T ■ ,^ T ~ ^^ T -^ 

cf-j.'^'^ ( ; aj3 ,iZ_>a/3 

7ba5P''^ 

-^J?Me7''^a^ (l^7<ie/3''7'"^a^V,$ + iV^^J^^ 



(5.315) 

(5.316) 
\ 

y 

(5.317) 

l^tladel p ' 

;i7.e[aS%fv^$ + iV[a$<^^]^) y 



:i^7de^'7'"^a^V^$ + iV^'I'^^^) 





The unfortunate situation that neither T^ap"^ nor T_^^h~' vanish raises the question whether the conventional 

constraints Tap"^ = T^ a^ = were a clever choice or better should be replaced by a constraint on the average 
torsion. 

Once more, in order to extract the Lorentz part, we need (for <& = 0) the constraints 57 i — 0, O „ = 

irjL^^ and ^If ^ = \^f^- According to ( ^.302D we then have 



T 



{L)c *=0 
oih 



T^b^ - \^^^^5b' = hb'J^ 



i^,.c SaiD) 






(L)^ $=0 



^ap ^ <^a/3 8"a "p ^ 16 Idea 7 /3 "5 



(^) 



(5.318) 
(5.319) 
(5.320) 



- (L)c *=0 



c i6(-^)a.c _ 1 



TA".^^ "=' Tab^-if7^^^,5b 



,^6(^) 



4 76 a ii^ 

- 8 We[a 7 fl] "i 2"fa °/31 



(L)^ $=0 .7 _ iO^-^^A. 0" - 

^a/3 ^a/3 4 [a /3] " 

rp{L)-y *=0 ^ ^ 16(-°)a 7—1^, ^de ToC-D) 



The remaining components of T ^-^^ coincide with T for $ — (and Vm"!" -^ ^^m ) 



(5.321) 
(5.322) 
(5.323) 



Constraints on the curvature Induced by the restricted structure group constraints on the connection, we 
have such constraints likewise for the curvature (see (5.68) on page ^ and (F.88),(F.90) and (F.92) on page 
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F.90. The curvature is blockdiagonal and each part decays into a scale part and a Lorentz part: 



D 



Habc 



Rai 



Rab-y 



Raba 



diag {Rabc , RAB-f , Rab^ ) 



(^)A'i^ ML) d 
^ABc ' 



^ AB °c 



^AB - YO 



2 AB "7 
1 



)a ^ + i/?(^) b ^•^i'^2 S p(D) 

\ "y ' A^^AB<^1 'lba2 I 7 ' ^ AB 

1 



^ "a ^ ,^ABai 'Iba2l 



aia2 _ /3 
a 5 



AB 

(D) 



F 



AB 



-Rab-, 



-Rab^~' 



(5.324) 
(5.325) 

(5.326) 

(5.327) 



with the scale field strength 



piD) ^ ^(D) ^ p(D) ^ ^iD) ^ piD) ^^(1 



(5.328) 



The bosonic field strength is also obtained via the commutator of covariant derivatives acting on the compensator 
field $. Only the bosonic block ClMa^ of the mixed connection ^ma^ ^cts on $, because $ is a compensator 
for the transformation of Gab = e'^'^Vab (with bosonic indices only). But as the different blocks of the structure 
group got related by partial gauge fixing, we may as well act with the left- or right-mover connection on it: 



F. 



F^ 



(D) 

MN 

(D) 
MN 



-Y.[M^N]^ -HmN 






F, 



(D) 

MN 



= -VfMVAfi$-r, 



[M V AT] > 



i-MN 



Vk$ 



(5.329) 
(5.330) 
(5.331) 



Finallly we collect the holomorphicity ( |5.186D ,( |5T8^),(|5.190| ) ,(|5.19l| ) and n ilp otency c onstra int s (|5.228| ) ,(|5.231 
on th e curv ature, together with the Bianchi identities ( |5.586| ), ( |5. 587^ ( |5. 5951 ), ( |5.596| ), ( |5.60g| ), ( |5.610| ), ( |5^89|) 
and (|5.69O0 : 



R- 1^ 
R- 1^ 



Rr 



y-P] 



R^ 



Ru 



•7 [a/3] 



Rbc 



R -'^ -0 



- 0, 

- lipT.c'', R 

U, ^\a.idt2C 



^OLCOL '^cotSjL^i 



Sf3 



Clap] -'a/S^dc 



R..,..^." = -llsle-rS-P' 



ss 



•■7 [A/3] 



= V^Tf 



'"' \n=h 



47[b| 



'^\c 



■,(5(5 



Rbca — Y^Tbc 



n=n 



(5.332) 
(5.333) 
(5.334) 

(5.335) 
(5.336) 

^l[b\&-yV'''%]ssV'' (5.337) 



Taking the trace of the first two curvature constraints (using ( ^.274 ) and ( 5.273| )) gives further informations on 
the Dilatation-Field-strength (and thus indirectly also on the Lorentz curvature) 



F(L>) _ ;r j-p^^V-A 
^ ca — lead' Vct^t', 



cot. I c 



iV'^^^a'^ 



p(D) 



F. 



(D) 



ocy 



(5.338) 
(5.339) 



Remaining BI's Finally we get a couple of constraints on curvature components where the structure group 
indices are bosonic. They are related to the above ones as we shall discuss after presenting them: 



R. 



(y.f3c 



d (5.711;) 



d S-i 



R 



d ( |5.72C| ) 



V[„V;3]a>(5/ + lc\a'^pi^S^ + il'apH,,^ + lc\a\^^ -y^le \p]^ S<^ 



a.f3c 



V[aV.,$5,'* + 7c [a^V.^V^* - SjI^H,/ + 7c^[arV^$7e i^i'V^* 



af3 



d <5, 

IP] 



(5.340) 
(5.341) 



ol(3c 

RoL^C 



R^^f ^^ ^^p'^a^Si + i7c'^a^V^V.,$ - 27,„^7"3Sf^ + 27^337'^S,^ 



2'P 



.728| ) 1^ 

2 



^Vp^a^Si + ;.7c'a^V^V^$ - 27^^^7'^^7'/3 + 2%psV'Ha 



lip 

d 
ep 



(5.342) 
(5.343) 



Ra 



a[bc]d 



(5.74:) 1 



^ V.,P''^7.[.| .^7ic].a + G,[,|7|. ^^P" V.$ 



i?, 



■cit[bc]d 



(5.74C) 1 



g V^^-7,[,| fl\c]sa + G,[,|7|c] a67"'^V,$ 



(5.344) 
(5.345) 
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R[abc] — 2^[°^H + 2^[°''l''^"=l=l + 2'^[a''r^£|c] (5.346) 



Rlabc] — --^"^[aHbc] + 2^[ab\''^e\c] + '2T[ab\^T^\c] (5.347) 

From the structure group constraints on the curvature, we know that the components spht into Lorentz and 
scale part Rabc'^ — ^ab "c ^ R-abc^ ■ '^^^ same is true for the componets with fermionic structure group indices, 
where we had the spUt Rab-i^ = \Fab^-i^ + \RABc'l'^d-i^ ■ The coefficients F)^J and Rabc'^ ^^^ the same, 
when the bosonic block of CImo^ was chosen to coincide with the left-mover connection. They can be extracted 
from Rabc^ just as ^ of the trace part and as the antisymmetric part respectively. To extract the coefficients 

instead from Rab-y^ , we need the fermionic trace 6-y~* = — 16 which yields F^J = —\RAB-y~' and the identity 

labs'* I'^^y^ — 32(5^^ that allows to extract the Lorentz part as Rabc'^ = \lc'^ s~' Rab-i^ ■ Then we can relate 
both curvature blocks directly in the following way: 

Rab/ = -lRAB-y''St + ^j/5''RAB-y^ (5.348) 

RaB-j^ = j^RABc'S-y^ + ^RAB/j'd-y^ (5.349) 

In the same way we can relate Rabc'^ and Rab^^ and compare their constraints which should reveal additional 



information. This was used for example in footnoted on page 111 to derive the constraint 



V^V„$ = -jdo.pVP^-f''^^ (5.350) 



on the compensator superfield. 



5.14 The dilaton superfield 

While we have found the covariant derivatives Va<& = Va$ — Va$ = Vq:$ of the compensator field $ to 
be forced to vanish, the remaining components Vq,$ — Ea^ {Om^ — ^m ) and V^^ = E^^ {Om^ — ^m ) 
seem to contain physical fermionic degrees of freedom. Indeed, the leading components of the scale connections 
ria and f2^ were identified in iQ up to a constant factor with the dilatinos. As we have not yet fixed the 
local scale invariance (guaranteed by the compensator field $), those connections are not covariant and we take 
instead the just mentioned covariant derivatives of the compensator field. That is, we define the dilatinos as 



A„ = V„$|g^o, Ac, = Vd,* 



(5.351) 

9=0 



We are still completely missing the dilaton itself, whose appearance is a bit hidden. It does not show up 
explicitely in the action. Although we did not manually include it via the Fradkin Tseytlin term, its physical 
degrees of freedom should already be present in this setting.0 Usually one would suspect the dilatinos to be 
components at first order in ^ of a scalar dilaton superfield instead of being the component of a (non-covariantly 
transforming) compensator field. The idea to recover such a scalar superfield is to equate its spinorial derivative 
with the covariant spinorial derivatives of the compensator field and let the algebra fix the missing bosonic 
derivative. So let us simply "define" the scalar dilaton superfield ^(ph) via 

V„$(ph) = V„$, V&'^iph) = Va$ (5.352) 

The different behaviour of the fields under scale transformations is refiected in the different action of the 
covariant derivative. While for the dilaton it acts like a partial derivative Va$(p/i) = Ea'^''dM^{ph), the action 

on the compensator field - as mentioned already above - includes a shift Va<& = Ea'^'^ {dM^{ph) ~ ^m )• *^f 
course we have to make sure that this definition does not put additional restrictions on the already present 
field content, in particular on the scale field strength. As ^{ph) is supposed to be a scalar field (where the 
commutator of covariant derivatives does not contain any curvature terms), while $ is a compensator field 



^^Thanks to N. Berkovits for clarifying this issue. In ||ia, h9|| the dilaton was added as an extra field via the Pradkin-Tseytlin 
term SpT = J ce'r^(ph) (with r being the worldsheet curvature) and then related to the already present field content via a 
quantum consistency argument. Their result was Ea^^dM^(ph) = 4f2a and E^^'' dM^(ph) = 4^^. Because of the introduction of 
our compensator field $, their relations would modify in our case to 



Our definition ( 5.-352 ) of the dilaton is thus consistent with this result, although the definitions differ by a factor —4. 
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(where the commutator of covariant derivatives contains the scale field strength), it is instructive to compare 
the derivative commutators acting on them: 






si=o 



n=n 



- - Ilcpln^n ^c^iph) = -7«/3Vc$(ph) 



CI 

-a/3 \n=n 



a/3 ^ -^a/3 



Similar equations hold for the hatted indices. Consistency then requires 



(D) 



(5.353) 



(5.354) 



In contrast to Vc$ and Vc<&, the bosonic derivative Vc^(^ph) of the dilaton superfield is in gener al non zero. 
For the validity of the above 'definition' it is important to observe that because of the constraints ( ^.571 ) the 



piD) 



•AD) 



equations ( 5.354 ) do not put an additional artificial restriction on F^J and F~. Instead ( 5.354 ) consistently 
completes ( 5.352| ) to a complete superspace derivative of the superfield and we can use the supervielbein to 



switch to curved coordinates where the covariant derivative Vhr^ 



M'^iph) 



on the scalar field coincides with the 



partial derivative dM^{ph)- Integrating it, we are just missing a constant, the dilaton zero mode (responsible 
for the string-coupling in the loop-expansion). The dilaton superfield is thus well-defined by ( ^.352| ) up to an 
integration constant. 



5.15 Local SUSY-transformation of the fermionic fields 



In order to make contact to generalized complex geometry, we are interested in the local supersymmetry trans- 
formations of the fermionic fields, i.e. the gravitino and the dilatino. Note that the superdiffeomorphisms and 
the local structure group transformations contain a huge number of auxiliary gauge degrees of freedom in the 
0-expansion of the transformation parameters. The physical fields are recovered by choosing a gauge, in partic- 
ular the so-called WZ-gauge. Remaining bosonic difleomorphisms, local structure group transformations of the 
bosonic manifold and local supersymmetry are then part of the stabilizer transformations of the chosen gauge. 
In the appendix H on page 206, this procedure is carefully explained and the supergravity transformations are 
derived for a general setting, following roughly p^. 



5.15.1 Connection to choose 



As mentioned above, in the appendix [H on page 206| we descri be the ususal procedure of choosing the Wess 



Zumino gauge i?A4'*| = ^M. and r^^vt^ | = (see ( H.76 ) and ( H.92 )). This gauge fixing is possible with any 



connection as long as it takes the same values (in the Lie algebra) as the gauge transformations (Remember, a 
connection is a Lie algebra valued one form). However, the present case is a bit special in the following sense: 
We have derived the supergravity constraints using the connection 



O D 

±!lMA 



^Ma' 











^Ma^ 











^M, 



(5.355) 



After that we have coupled the independent structure group transformations of the three blocks by a gauge 
fixing s.t. Tap" = Yap and T^^ 



a.p 



7, 



a/3' 



The remaining gauge symmetry has to leave this gauge fixing 
invariant which reduces the structure group to only one copy of the Lorentz group plus one scale group. The 
above connection however does not leave the gauge fixing invariant (the covariant derivatives do not vanish 
in general). In order to be consistent, we thus have to reformulate the equations in terms of a connection 
which leaves 7^^ and 7"; - invariant. Possible choices are either the left mover connection ^ma^ (defined by 



connection 



and ^ Mla3 = ^ Ml'^~ o = 0) or the right-mover connection CIma^ 



(defined by CImo.^) or the average 



n 



MA 



^ ( ^MA 



n 



MA 



n 



MA 



t:^ma 



(5.356) 



We will study the choices ^ma^ and Jl ma^ ■ The first has the advantage that at least the left mover equations 
stay simple while the second has the advantage that the symmetry between left and right movers is preserved. 
Corresponding to the the first choice the connection part of the WZ gauge simply reads 



^M.A 


= 



(gauge I) 



(5.357) 



In this gauge all the equations derived in appendix H on page 20(j hold literally. The average connection be- 



comes in this gauge ^ j\^a 



i Ajv4A'^|, while the mixed connection can be written as H^vt^ 



ln=n,e=o 
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diag(0,0, A^A^ 



or equivalently fl j^a^ 



1 A 1 



). Alternatively to gauge-I we could put Cij\yiA^ 

which would be the same type of gauge with simply the role of hatted and unhatted variables interchanged. 

However, a qualitatively different but likewise natural gauge fixing (preserving the symmetry in hatted and 
unhatted variables) is 



n 



Ad A 







(gauge II) 



(5.358) 



In this gauge we have to replace in all equations of appendix H on page 206| the objects Qma^, Vm, Tmn^ and 



R 



■MNA 



^ with n AfA^, V 



,M; 



T 



MN 



and R 



MNA 



respectively. The mixed connection in this gauge becomes 






diag(-iAAia'' 



Aai™'' iA 



A4a 



5.15.2 Denoting the physical component fields 

We will try (where possible) to use a small letter to denote the leading component of a superfield. One should 
keep in mind that the notation for the component fields is a bit subtle, because the bosonic vielbein offers a 
second useful possibility to change from fiat to curved indices. We will also make use of this possibility for the 
component fields, but one has to be careful. Defining for example hmnk = Hmnk\ and then changing to fiat 
indices with the bosonic vielbein, is different from first changing to fiat indices with the supervielbein and then 
taking the leading component: habc 7^ Habc\- In the following we will provide the definitions of the component 
fields. If the same component field is given later with changed indices (fiat to curved or vice verse), then this is 
done via the bosonic vielbein. 



Em 



O B 



$ 






0A4 

B 



h-^ 



^mA^ , {^AAA I — 0) 

0, *(p/7)(2) =0(ph)(5) 

C y7n7l ^777 ^^77 ^ 'jaO 



d[mbnk] 



(5.359) 

(5.360) 

(5.361) 

(5.362) 
(5.363) 



The second line which defines the bosonic connection certainly has to be adjusted according to the superconnec- 
tion on which the WZ-gauge is based. For gauge II the definition of the bosonic connection would thus change to 



VL 



mA 



j^mA' 



^(il 



AAA 



0). In the fourth line we see that we can use the bosonic compensator field </) 

to switch from string frame (vanishing 0) to the Einstein frame where should be gauge fixed to be proportional 
to the dilaton. In the third line we have defined the bosonic dilaton 0(p;i) as the leading component of the 
dilaton superfield. In contrast to the compensator field, it contains a physical degree of freedom which cannot 
be gauged away.^ 

For the definition of the leading component of the RR-bi spinor V""^ we first need a motivating observation. 
Because of the definition of the dilaton supe rfield in ( 5.352 ) via the spinorial covariant derivative of the com- 
pensator field, the latter can be replaced in (5. 274), (5. 273) by the spinorial derivative of the dilaton superfield 



^'^There are some more words to say about the remaining scale invariance. The fact that the definition of the bosonic metric 
includes the compensator field leads to a loss of the correspondance between scaling behaviour and fiat index. Define alternatively 



1 9ab 



For a scale transformation 



\— Cm e„ e riab)) 9 — ^a ^b 9 ( = 

-(/?, we have the following transformations of the other fields: 



i'"ei,"e-2<*?y"'') 



Sem" 

Sfjab 

ogmn 
OOmn 

5Aa 



ipem 



Sea' 



-'i'pgab, 

Sg"^" = 



&r 



-^pea 



(5g„ 



^Vab -- 

■ '2'P9mn, 



Sri"" = 



\ph) 



and riab- Before 



While for the use of gmn and Qab the scaling behaviour is coupled to the flat indices, this is not the case for <;„ 
the scale invariance is not fixed, we thus should not use gmn or rj^h to lower or raise indices. 

Similar considerations hold for the covariant derivative. Denote for the moment the bosonic spacetime-connection with "imk" ■ 
We will use it only in this footnote and should not mix it up with an antisymmetrized product of three 7-matrices. This spacetime 
connection will not be defined as the leading component of r„fc', but via 



iGfe 



: with Vr7 



: dm ± 7m! ± ^mA 



which implies 7„ 



-Bjv'^l- The scaling part of the so defined bosonic covariant derivative acts on gmn and g^ 



according to their indices but not on gmn and rjab 



CHAPTER 5. CLOSED PURE SPINOR SUPERSTRING IN GENERAL TYPE II BACKGROUND 82 

and those equations can be rewritten as 

V^(e-^*('"')-p''°) = = , V„(e-«*(p")-p°^)=0 (5.364) 

This is the motivation to define the RR-fields as 

p°^ EE e-^"^'"") V"^ (5.365) 



We had defined the dilatino alre ady in the previous section in ( |5.35ll ) . Having now the scalar dilaton superfield 



at hand, it is convenient to use (5.352) in order to write them as components of this superfield: 



Aa=Va*(p;,)| (5.366) 

The subtleties of having bosonic and superspace vielbein at the same time were mentioned already in the 
beginning of this subsection. An example for the issues is provided by the inverse vielbein whose leading 
components are given by 

Ea''\ = ( 'I "^^V ) (5.367) 

where Ca™ is the inverse of 6^° and the indices of the gravitino were converted via bosonic vielbein and fermionic 
Kronecker delta respectively: 

Ca'^eJ = <5^ (5.368) 

^a^ = e^i^^^S^^ (5.369) 

In the same way we define 

bah = ea'^eb"b„^n (5.370) 

f^abc =^ ^a ^b ^c f^nink (0.0/ ij 

gab = ea^eb^gmn = Vab (5.372) 

As mentioned above, these expressions do in general not coincide with the leading components of the corre- 
sponding superfields 

Gab\ = e^-^vab - 2e[,™V^b]^ G^^r\ + i^a^i^b^ Gmm\ = (5.373) 

= e'^T^ab - 2V'[fc^ G„]b| - V'a-^^fc^ Ga.b\ (5.374) 

Bab\ = 6a6-2e[,"Vfc]^S,„v|+^,-^^b^SAdAA| = (5-375) 

- hab ~ 2^[6^ B,]b| - V^a-^^fc^ S^bI (5.376) 

iiabc\ - habc - 3e[,"eb'Vc]'^ ^mn^l + i-^a^^b^ec Hj^Mk\ " ^l> a^ 4>b^ 4> J^ H m.^k,\ = (5.377) 
= Kbc - 3V'[c'^ Hab]C I - 3?/'[q'^'(/'6|^ Hj(s\c] I - ipa'^'ipb^i'J^ H^Bc\ (5.378) 

Note that for vanishing gravitino V'ni there is no difference between the usage of bosonic vielbein or su- 
pervielbein to change from fiat to curved indices. For non- vanishing gravitino the expressions already simplify 
significantly, if we take into account the WZ-like gauge -Ba-ia/"! — -BmA/"! — for the B-field and the supergravity 
constraints of i/-field and rank- two tensor Gab- The latter has Gab as only nonvanishing component. 

GL, = e^^afc (5.379) 

Bab\ = hab (5.380) 

Habc\ = habc + 2e2^e[,™eb"7c] «/3'/'m"V'./' - 2e2^e[,™efa"7^j ^p^'m'^^'J (5.381) 
Let us eventually see how the bosonic torsion 

t" = de'' - e" A uj^" (5.382) 
is related to the leading component of the superspace torsion: 

Tmn""] = 9[,„ £^n]"| + -B[„''| 17„i]c°| + £^[„ | ^mjc"! = (5.383) 

= d^jnCnf + eyn^m\c'^ = ^mn° (5.384) 

Rewriting the superspace connection in terms of components with fiat indices yields 

trau"- = e^^Cn"* T,/ 1 + 2e[™^^„]^ Telj'^l + Vm'^V'n'^ Tc'D°'\ (5.385) 



CHAPTER 5. CLOSED PURE SPINOR SUPERSTRING IN GENERAL TYPE II BACKGROUND 83 

which implies 

ic/ = rc/|+2e[er^™''rc|d]1+ec'"ed"^™'^^„^TccDl (5.386) 

Similarly we have for the bosonic curvature 

r/ = (hja'' ~ oja'- A ujj' (5.387) 

the following relations to the superspace curvature: 

r-cda" = i?cda'|+2e[,|'"V™''i?c|d]a''|+ec"ed"Vm''V'n^i?cm''| (5.389) 

For gauge II the above expressions again have to be understood in terms of the average connection. As we have 
not yet plugged any torsion or curvature constraints into the equations, they are still valid for both gauges. 

5.15.3 The gravitino transformation 

5.15.3.1 General form 



In the appendix, the general form of the gravitino transformation is given in equation ( H.209|) , which we repeat 
here for convenience: 

Se^ra^ = a^£^^_+OA^^£V +2£'^e„'' Tcfe^j + 2eSm^ Tcb"^! (5.390) 

where LOmA^ = ^mA^ \ ■ The connection appearing explicitely and implicitely (in the torsion) in this transfor- 
mation has to be the same connection as the one on which the WZ gauge fixing condition was put. The above 
equation can thus be understood literally if we choose gauge I (based on the left-mover connection Q.ma^) while 
for gauge II (based on the average connection fi ma^) every implicit or explicit appearance of ^ma^ has to 
be replaced by ^ ma^ ■ We can continue the considerations for a while without deciding, whether we are in 
gauge I or gauge II, although the notation will suggest that we are in gauge I (with connection VIma^)- 

For the transformation of the gravitino(s) given above, we still need additional information about the con- 
nection ujmc'^, which does not necessarily coincide with the Levi Civita connection. In bosonic manifolds, the 
connection is completely determined by torsion and (non)metricity, if a metric is given. If no metric is given, one 
can likewise demand the preservation of other structures or structure constants. In particular in 10-dimensional 
superspace we do not have a non-degenerate superspace-metric. Only the bosonic block Gab of the symmetric 
rank two tensor Gab has full rank. In order to determine the full superspace connection, one thus needs more 
than the information about the covariant derivative of the symmetric rank two tensor. A natural candidate is 
the covariant derivative of the gamma-matrices, the structure constants of the supersymmetry algebra. This 
logic is carefully described in appendix |^. 

The derivation of ( ^.39C ) in the appendix did not assume any restrictions on the structure group, apart from 



being blockdiagonal w.r.t. bosonic and fermionic indices. Right now, we make use of the fact that we have (for 
gauge I as well as for gauge II) a connection with 

Vm7«/3 = Vm7^^ = (5.391) 

which relates the three blocks of ^ma^ and restricts the structure group to local Lorentz and local scale 
transformations. It is convenient to write 



1A3 ^ T ^c (5.392) 




Only in type IIA this matrix coincides with AV^ (where A is the intertwiner responsible for the Dirac-conjugate: 

We can then make use of equation ( ICSTp of appendix ^, which relates the leading components of the 
superspace connection, in particular the ones with fermionic structure group indices 

OJmA = ^mA I ; (5.393) 



CHAPTER 5. CLOSED PURE SPINOR SUPERSTRING IN GENERAL TYPE II BACKGROUND 



84 



to the Levi Civita connection and a somewhat lengthy rest: 

A. _ ,,(iC')A, 
OJmB - Ll!„iB + 

+ ]e^-\2e'^^ T,[t\c]\ - e"'"^ n^ia] " 2(V[b|$| - eyi,\'' d^,^)^,^^ ~ '^eyCnc\ai>u'' (Vc$)| + 






be A. 



"2 {^rn^ Vc$| + e™'' V,$| - d,n4>) ^B'' 



(5.394) 



where the Levi Civita connection tj^^g '•^ is the one with respect to the metric gran = em°'r]aben^- We should 
note that the Levi Civita connection is not a suitable connection for scale transformations, because it is only 
Lorentz group valued. The terms dk4> with the partial derivative of the compensator field do not transform 
covariantly under scale transformations and are the minimal extension of the Levi Civita connection to make it 
a structure group valued connection. On the other hand, if one decides to simply fix (/) to zero and thus ending 
up only with Lorentz transformations, these terms disappear. The last line which is dilatation-valued can then 
not any longer be s een a s part of the connection. 

Together with ( ^.39C ) the above expression for the connection determines the supergravity transformation 
of the gravitino. In order to plug in the explicit constraints for the torsion, we have to decide in which gauge 
we work. 



5.15.3.2 In gauge I 



In gau ge I, we can take the above equations literall y and plug in the corresponding torsion constraints ( p.303[ ) 
( 5.305 ). We will need in addition that according to ( 5.381 ) the leading component of the H-field with flat coordi 
nates is related to the bosonic h-field via Habd = /Ja6c + 2e^'^e[a"efc"7c] a/3'/'m"V'n'^-2e^'^e[a™efc"7^j ^i^V'm^V'n'^ 
The connection becomes 



^mB 



,{LC)A. 
'■'mB 



1 



+ Jd^n^i ^habce ■"^ + 2e[b\dk(l}ll\c]a + 4=ea''e[b"ilc]di'k''tpn l^s + 



T,/, ^^A. 






(5.395) 



The constraints needed for the left-mover version of the transformation (5.390) are rather simple. In particular 
all the components Tcb" vanish. The local supersymmetry transformation of the left-mover gravitino turns 
into 



Vm£° 



If we want to fix the local scale invariance by setting the compensator field to zero, this gauge h as to be respected 
by the supersymmetry transformation which then has to be redefined according to ( H.193 ) with a dilatation 
with parameter e'^X-f , which would add a term ^{e"^ \^)^rn"' to the above transformation. 

For the right-mover transformation, the torsion constraints are more involved and we arrive at 



^etpr, 



3 f'' 



, "pT . 



V™£° 



+ ea"^„^7fcc/3^A5 - ea"^n''76,;3'A^)^^7%" + 

+ KV'm''A^ - 7/;™^A^)f° + 
+2e^e„''e2*+«*(-'^)76^5P^« + 



(5.397) 



Lorentz trafo 



dilatation 



It is obvious that "gauge I" prefers the left-movers and destroys the left-right symmetry. The last two terms 
correspond to a Lorentz and a scale transformation of the gravitino with gauge parameters (e^T^ie-y^A^ — 
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s"* Ide-f^ ^s) and (f^A^ — e~'X^) respectively. They could be removed by redefining the local supersymmetry 
transformation, but then they would show up for the left-mover. For the right-mover one can combine some 
terms, if we plug the explicit expression of the connection into the above equation: 



Se^m" - 


+2£^e,„''e20+80(PM^,^5p^« + 






+ \{e^jde-y'Xs - e'^lde-,'\s)i^m''l'''er + W^ >^-y - e^A^)V™° 


(5.398) 




Lorontz trafo dilatation 





Comparing the first three lines with the left-mover connection ( p. 395] ), we recognize its hatted version, i.e. the 
right-mover connection. The first three lines thus combine to V„e". We would have obtained the same result 
without the last line if we had started with the right-mover super-connection instead of the left-mover one. 
Using a different gauge thus corresponds to redefining the supersymmetry transformation by a local Lorentz 
and scale transformation. Also this transformation needs to be modified in the case that <j) is fixed to zero. The 
stabilizing dilatation with parameter e'^X^ would add the term \{e'^ X-y)i'm"' and thus cancel the last term. 



5.15.3.3 In gauge II 



For gauge II, we need to replace the connection VIma everywhere in the gravitino transformation (5.394) and 



( 5.39C ) by the average connection fi ma^ (with uo mA.^ = ^ mA )■ This implies that we also have to replace 

the torsion components Tab'" by T ab'" ■ The constraints on the corresponding torsion T ab'" are collected in 
( 5.315 )-( 5.317| ). The explicit form of the transformation becomes quite lengthy if we split the fermionic index 
A. into the left and right-mover spinorial indices a and a. For that reason it is advantageous to try to rewrite 
the constraints (5.315)-(5.317) with the combined fermionic indices. To this end we define 



-(■A) 



T 



CT> _ 



1 A^CX. 

— 1 for A— a 



(5.399) 
(5.400) 



In order to kee p the left-right symmetry we should think of e(_4) = — e(^). Remembering also the definition of 
7^g in ( 5.392|) and the relation of the spinor ial der iv ative V^'^fah'i of the dilaton superfield to the one of the 
compensator ( 5.352 ), the torsion constraints ( 3.315 )-( ^.317 ) can be written as 



T 



AB 




-i^A^iph)5l - ilb^A^^-D^iph) 



lAB 



(5.401) 



T 



AB 



C — 



T 



Ab 



{JE^-P 



CT> 






iCT) 



e(cmHhdeT''A''+JbA-DV' 



yC-D 



'^(.A)'5(S) , 



-e^c)feHadeT'B'' -laB-vV 

hdciA'^l''%fV-D^(.ph) + 2V[^$(p^)<5b]' 



(5.402) 



In case that one has fixed t he com pensator superfield $ already to zero, the Lorentz part of the above torsion 
differs according to ( 5.31S )-( 5.323 ) only in the following components: 



T 



T 



{L)c 
Ab 

{L)C 
AB 



$=0 
$=0 



= T^m' + \^A'^(ph)h^ = -hb^A^^-D'^iph) 



T 



AB 



\^[A\'^(ph)5\i 



= \HA)HB)lde^A''l''Bfy-D'^ipH) + ^^^i^2^V[^|<I> 



(p/l)C 



(5.403) 



(5.404) 



For the components T j(b^ at = (appearing in ( 5.390] )) we need to remember the dilatino-definition 
Va$(p/i)| = A^ ( |5.366|) and for T^Ah^ at = we need Habc\ = habc + 2e2'^e[a™e6"7c]^Be(A)'0m'^V'»^ 
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1 A. , lb AX) = p IbA-D and $1=0. Now we can plug 



(IJp), V^\ = e^'^ (p'')p-^ (F365|) , 7''^a'^ - e-2*^de_^c^ ^^ 
the constraints into ( 5.390 ) to arrive at: 



V„e-A 



+e''e„'' ( 6(0- {hMee'^^ + 2e[b'=ed'7«]i5Be(i7)V^fc^^i^) t'^c^ + 2e2^+«*<^'')7fcci.p'^^ j (5.405) 
If we instead have $ = and restrict to the Lorentz-part of the torsion, the last term in the first line has to 



{L)A. 



be replaced by ^e V'm (e(c)e(6) + l)A[c^B] and the bosonic connection u mC by its Lorentz part w ^^ 



In order to determine the connection from (5.394) we make use of further torsion constraints from (5.401) and 
(|5.402|) and the constraint V a*!* = 0. The result is 



- .JLC)A_ 



<B^ + ie™"^ 2e[,|'^9fe(/.77|,], + {2ea''e[k''Vc]d - eb^e.^r^ad) V'fc'^^n^Tci? " ^ea^^^n'^lbcc'^X'D 7' 



he A 



i (V-m'^Ac - 29„0) ^2 



(5.406) 



where the second fine is the Lorentz part l^I^b ^^ the connection. Some terms in the gravitino transformation 
can be further combined if we plug back this expHcit expression for the connection into ( 5.405 ): 



Sei^r, 



+ \er,r''\2e[i,i''dk(jJV\c]a + ^k'^li-v (2ea''e[b"?7c]d - eb'^ec'^ilad + 3e(^)e(x,)e[/'e6"?7c]d) V-n^ + 
-ea"Vn''5 (1 + H^nc)) Ibcc^\-D + le^A)habce~^*}l''' B^s"^ + 

+ \^A) (£^e(B)7<ieB^Ax.)V'm'^7'''c-^ + \P{A) (£^e(B) AB)V'm-^ (5.407) 



Lorentz trafo 



dilatatii 



Note that we still have local structure group invariance, so that we can change the last terms by simply redefining 
the supersymmetry transformation with a Lorentz transformation and a dilatation. However, we cannot remove 
the terms for left- and rightmovers at the same time, because the corresponding gauge parameter differs in sign 
due to the factor e(.4.) which is +1 for « and —1 for a. Note also that if the compensator superfield $ was fixed 

to zero already in the beginning, the dilatation part changes to (-^) '^"' g^Agi/'m and thus corresponds to 

a redefinition of the supersymmetry transformation by a dilatation with parameter \e^\^. This is the same 
minimal modification which is necessary when we only fix the leading component to zero in the end and need 
to stabilize it with a compensating dilatation according to according to ( H.193 ). The above transformation can 
be seen as the final result, but it is at this point instructive to introduce eventually the split of the collective 
fermionic index into left and right-mover: 



(^eV'n 



^ol6 



•^8 



-ej't^n''lbc-,'\s + lhabce'^^}l'"'p''ef - \ (^™^A., - 5™0 
+ \ie<'^i,/\, - e^7<ie^''A^)V'm^7''%° + \{e^^(i - e'^A^)^' 



(5.408) 



Lorentz trafo 



dilatation 



^e'^r, 



V(^^)e° + 2e2'^+8'^('"')£'^e„''7fc;36p^" + 

''7de/3'A5)i„^7%" + \{i^\p - e^\p)i^m'' 



-ea"'-lpyClbc^^><S ~ ^habcS 



+ W^dep'Xs 



(5.409) 



Lorentz trafo 



dilatation 



Comparing these results with the ones obtained in "gauge I", i.e. with ( 5.398 ) for Sgipm"' and with ( 5.396 ) 
together with the left-mover connection ( 5.395| ) for S/.tprn"', we recognize that they again differ just in the last 
lines and are related by a local Lorentz and scale transformation. 
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One can rewrite the result a bit using ( |D.166D whose graded version reads 



labp 7 -1 



This leads to 



i(e^7a6/3''A5)V^™^7' 



"y ah ex 



l{An-'lab-y'Xs)r'p"e/' + [s^ l^^^^^-'hf Xs + 



+ |(V™^A^)£'^ 



!(e^A;3)V^„ 



(5.410) 



(5.411) 



but is of no real advantage. However, the above gravitino transformation simplifies significantly, if we consider 
it at V'm = A^ = which is of special interest when we want to consider a string vacuum with vanishing 
vacuum expectation value of the fermionic fields. In addition we finally fix the bosonic compensator field 4> to 
zero and arrive at 



Sei'n 



IV=A=0 



y{LC)^A_ 



5^ ^ °-h ■r'S^,''c„-A 
i,^{A)^m llabcS 7 B 



2e« 



■'--^e^eJlbB7>P^'^ 



For convenience of the reader we present the result again with the split of the fermionic index: 

li/j=A=0 



'5sV'm"|„=,=n = V(^^)e° + |e™"/i„b,£V^;3" + 2e«^('"^)e^e,„\^^p°^ 



Selpr, 






U^^K'--^-^'"'-^ 



\ibc£''^l p 



-•^^ePeJ^bpsp'"^ 



(5.412) 

(5.413) 
(5.414) 



This differs from the form that one can find in the literature (e.g. 

p"'' -^ 5^P°'' ^nd by a redefinition BHmnk -^ Hmnk where the latter discrepancy was simply due to our 
different definition of the wedge product. 



|) by a redefinition 80(p/i) ^ (j){ph), 



5.15.4 The dilatino transformation 



According to ( |5.366| ), the dilatinos are related to the dilaton superfield via 

Aa = Va$(p,j)| = V A<i>(p/i) 



(5.415) 



Note that for the dilaton '^[ph) (in contrast to the compensator field $) it does not make a difference with which 
connection we act, because it is a scalar field. As described in the appendix, the covariant derivative of the 
scalar field transforms like a vector under supergauge transformations which leads to the following simple local 
supersymmetry transformation of the dilatino (see in the appendix on page 227 ): 

5,Xa = e^ VcVa$( 



'{Ph) I 



(5.416) 



For the second action of the covariant derivative the connection of course plays a role and Vc has to be replaced 

-.2 

by V^c in ga uge II. The tra nsfo rmation can be rewritten in terms of the component of the dilaton superfeld 

as 



according to H.23S on page 227 



5,Xa = -e^TcA''\eb''dk<i>iph)+e^TcX'\^b'^Xic-e'^TcA^\XB + 



(5.417) 



In any case we need more information about constraints on the dilaton superfield, in order to write down the 
explicit transformation. In footnote |2^ on page 111 we have derived a constraint on V^Vq'I' — '^ a^a^{ph), 
and in a similar way it should be possible to extract more information on "^ p^ a^{ph)- Without such constraints 
it is therefore not yet very useful to write down the transformation in both gauges. An interesting difference of 
the two gauges, however, is the location of the dilatinos in the compensator superfield, which we will quickly 
discuss: 



Gauge I In gauge I we have in particular VL\^ 
Vq,$(p/i) thus imply 



= 0. The constraint V n^ — and the relation V„$ = 



9a*I = 

9^*1 = a^*(ph)|=A^ 



(5.418) 
(5.419) 



The relation Vci$ = ^a^(ph) (together with the above 9/i$| = 0) and the constraint Vq^ = (together with 
the above 9^$| — t^/x^(p/i)|) on the other hand imply 



n(f^) 






= dii^{ph)\ = A^ 



(5.420) 
(5.421) 



CHAPTER 5. CLOSED PURE SPINOR SUPERSTRING IN GENERAL TYPE II BACKGROUND 88 

Only one of the dilatinos is thus part of the compensator field, while both are contained in Cl)^ which should 
in this gauge not be seen as scale part of the connection but as scale part of the difference tensor 






^ n 



[D) 



- n 



(D) 
A4 



= n 



[D) 



(5.422) 



Let me add one more step in this new version of the document. With the information that we already had in 
the first arXiv version (namely the constraint V^Va$ = —"JdapV^jf-^ of footnote |2|), we can actually write 



down explicitely at least half of the supersymmetry transformation of the dilatino. Simply start with (|5.416D 
and plug in everything we know 



(5,A„. = e^V^V„$ 



■yV a^{ph)\ 



e"^ V^V„$ 



■yVcx'i'(ph) 

e 



£^e"^lio.p 



PMpP^^I^ 



6^\n = 



e'* y aV -f^ {ph)\ ^^ J-^a 



i'*V^V&^(ph)\ = 

2e-^ T^a'='Vc$(p,,)| +e^ V^Va$(p;,)| 



The second term of the last line would vanish for A = V = 0. As mentioned before, we need some addi- 
tional constraints on V-^Va<&(p;i) and ^^^^'^{ph) to determine the missing second half of the transformations 
respectively. 



(D) 



Gauge II In gauge II the situation is fortunately more symmetric and we have VL _^ 
\ (v^$ + Va*) = 5V^$(p,i). This (together with V„$ = Va$ = 0) implies 

1 



= and V A$ = 

(5.423) 
(5.424) 

(5.425) 

According to the first line both dilatinos are contained in the compensator superfield in this gauge. Their 
local supersymmetry transformation could thus also be determined by the transformation of the compensator 
superfield which is, however, of no advantage and gives the same result. 

Again we add one more step with respect to the 1st arXiv version of th is doc ument, in order to obtain at 
least half of the SUSY transformation in an explicit form. In the gauge II, ( ^.416| ) becomes for A = a 



Jj^'i^ 


— 2'^-^ 








^f' 


- lA- - 

— 2 M ~ 


-^r 


^Af) 


--h 


^i^' 


_ 1 \ _ 
— 2^M ^ 


-^i^' 


^^T 


= A^ 



d^Xn, = 



;'' V^-yV„$(ph) 



f^ V.^V„$ 



■y^ a^(ph) 



= e"^ V..y V„$(p/.) I - \e'^ I^^J\/s^(ph) I + £^ V^ V„$ 



^^ a'i'(ph)\ 



if^ A^^-'Va* 



{Ph)\ 






iph)\ 



(i(e^A.,)A„ + \{e-'ibc-y^X,)^'''JXs) + 



-£^e2^7rf„pe«*(-'^)p''^7|^ + (i(e^A.^)A„ + \{£"'li,c^^Xt)i''JXs 

For \ — ij; — Q the terms in the brackets disappear and we end up with the same expression as in gauge I. In 
gauge II the transformation of A^ can be simply obtained by the unbroken left-right symmetry. 

The transformation of the remaining field s in a general form (constraints not yet plugged into the equations) 
can be found in the appendix after page 225 . 



5. A Constraints before the BI's 



Redu ced st ructu re group constraints The following equations are taken from ( ^.94 )-( 5.96| ), (5.152) or 
( |5.154| ) and ( Kl59|) 



Ma — 2 *^ ^"Afaias 



Pi - 

X 

Q .PP 



7 a , "Ma — „"j\/ Oq + ^"Afaiaa ' « 



1 



C^P-i = -C^5„'^ + -C,7 






_qX PX.P 4^ _Q X P^aia2 , P , 

— OOa Oct T^ ^^aia2^a 7 a ^ 

4 o 

-U-Q ^1102 Px^P I _q , , ^1102 /3 6ifc2./3 
T^„*Jaia2 ; a "ex r „*-'aia20iD2 / a 1 a 

8 16 



MN — -C/M '■JabJ^N , 



Gab = e r\ab 



(5.426) 
(5.427) 

(5.428) 
(5.429) 
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The above equations (without the last one) are equivalent to 



_ai...a4 cto /3 ^Al-'-O-i ckO P n 

7 f3 "A/a =7 fi ^hla = U 






7 /3 0„^' =7 /3 



ci(A, /3-^ ^ 



ai...ai aq _ /3/3 
7 /3 '-'act 



7 






(5.430) 
(5.431) 
(5.432) 



As discussed in the appendix G on page 19£ , the spinorial left-mover connection ^Ma^ induces via invariance of 
the small gamma-matrices a whole superspace left-mover connection VLma^ ■ Likewise the spinorial rightmover- 
connection (ImsP induces a superspace right-mover connection VLma^ ■ The constraints ( p.43C ) then apply in 
the same way for CImol^ and VLMdJ^' 



^ai...a4^«^^^^/3 ^ ^a,...ai^&^^^^t3 ^ q f^^, ^^^ ^ ^j^-^j^ -^ Lg^entz plus scale 



Let us denote the difference one-form between the left-mover and the rightmover connection by 




(5.433) 



(5.434) 



The above restrictions on the spinorial connections induces the same restrictions on the difference tensor 

(5.435) 



r^-p-^Acc" = r '■■■''' 0" Acs.'' - 



ai...a4 a 



Further constraints on C and S and indirectly on V The constraints (5.184) and (5.185) on C and 
(5.18S) and (5.189) on S (all on page ^5|) can be regarded as defining equations. We have already shown in 
section 5.12 that the two equations for S are equivalent up to Bianchi identities. 



V- •PT^ 

Combining them with the reduced structure group constraints ( 5.430| ),( p.431 ) and ( 5.432| ), we obtain: 



7 



ai...a4 ay p/37 = Q 



^ai...a4^ay^p7/3 = Q 



(5.436) 

(5.437) 
(5.438) 

(5.439) 



(5.440) 



The reduced structure group of S instead doesn't provide additional information. It is induced[f| by the reduced 
structure group property of C and of the curvature R. 



Constraints on H Due to ( 5.167 )-( 5.171 ), ( 5.226| ), ( 5.229 ) and the total antisymmetry of H, its only nonva- 
nishing components are 



Habc ^ (in general) 



H. 



(x.f3c 



= -^T, 



3 



af3\c 



^ - 7:110 f< 



ce/3Jac 



2 ~ 2 " 

The vanishing components are thus (written a bit redundantly) 

HabC = ^a'pC ^ ^ABC = 



(5.441) 
(5.442) 

(5.443) 
(5.444) 



i^We have V mI"^^"^^ a^aic^^ = "^ m1°'^'^^ a^a^a'^ = VM^°'^°'^a3aic,^ = by definition, because Va/ and the others are defined 
via V^f 7^fl = 0. Therefore we have for the mixed connection 

y^^-aia2a3a4^/3 = ~4Vm* ' 7"1"^"3"* a '' "(- 4{n - Q)mc '"^ ' 7'''"^''^"''' c'^ 

All terms on the righthand side are proportional to 7l*l , and therefore we have schematically 

7W5 oc 7W {-■VC + 2RP) (X -V(7WC) + iV'y^*^)C +2'y^*^RP = 

=0 oc7Wc=o =0 

The reduced structure group condition 7W5 = is thus a consequence of 7'*lC = and 7W-R = 0. o 
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Const raint s on t h e tors i on L et us now collect the information of the constraints ( 5.168 )-( 5.17Cl|) , ( 5.180 ) 
( 5.185 ) and ( 3.227 ),( 5.23C ),( 5.24S ). The only (a priori) nonvanishing components of the torsion T^b'" ^^e 



T 



Aic\d) 



T. 



'PW 



rp 7 



T. 



■ah 



^ 



-ifj(<^G,d 


(5.445) 


--^Ha(3c == lafsfdc, T^/3\c ^ ^^ a'pc ^ ^afi^dc 


(5.446) 


fo.s\cV'^ = lisfdcV'^, Ta.c'' = f^sic'P''' = lisfdcV' 


(5.447) 


(in general) 


(5.448) 



The remaining components all vanish, which can be written (again a bit redundantly) as 



J^AB 



^L-cx<x OLd -^ Ota ^ 



(5.449) 



The above constraints are constraints on the torsion T^ab'" — {Tab'',Tab~* ,Tab^), which is based on the 



mixed connection ^ab^ defined in ( |5.66| ) on page ^ When solving the Bianchi identities in the next local 
appendix, the bosonic block (iMa'' of the connection will be chosen for convenience to sometimes coincide with 
the left-move r connection H-M g'^ (induced by i^Ma^) or with the right mover connection (induced by ClMSt^', 
see appendix |G on page 19£ ). Not only for the bosonic block, but also for the fermionic blocks, information 
on torsion based on left-or right-mover connection, instead of the mixed connection will b e impo rtant later. 
This information is in principle given by the difference-tensor Ama^ , introduced above in ( 5.434 ). Complete 
knowledge of the difference tensor, allows to calculate the corresponding torsion components via 



Tai 



Tai 



= A 



[AB] 



C 



(5.450) 



Due to the block diagonality of the connection and the difference tensor, some of these torsion components do 
not contain the connection at all. If we denote by (Ima^ the connection which is induced by the bosonic block 
of the mixed connection (i.e. it is block diagonal and Lorentz plus scale, but otherwise arbitrary), then we have 



Tab" = Tab" = Tab" = {^")ab 

^{a,a}{fc,/3} ^ ^{aA}{b.l3} ~ ^ {a,<i}{fc,/3} — l"^ ){aA}{b,f3} 

(dE'^){Q,a}{6,/3} 



T{a,a}{b,f3}'^ 



T{a,a}{b,t3}'^ 



T{a,a}{b.f3}'^ 



(5.451) 
(5.452) 

(5.453) 



The brackets {a, Q:}{6, /3} shall denote that the equation holds if the index A is either a or a (but not a), while 
the index B is either b or (3 (but not /3). 



Constraints on the curvature Induced by the restricted structure group const ra ints o n the connection, we 
have such constraints likewise for the curvature (see ( 5.68 ) on page |50| and ( F.88 ),( F.90 ) and ( F.92 ) on page 
F.90 . The curvature is blockdiagonal and each part decays into a scale part and a Lorentz part: 



D 



SiABC 

Rabc 

RAB-t 
RABy'' 

with the scale field strength 



diag {Rabc , RAB-f , Rab^ ) 



R 



— ^ AB °c 

- 2 AB °-f 



2 



(i) d 



AB,. 



F<^"^ = di7( 



D) 



^AB - 10 



?(i) 



A^AB^i 'Iba2 I 
- ^RAB0.i^Vba2l 



a\a2 S 
7 ' 



^AB - --^^AB-f 



a\a-2 _ /3 
ot 1 



AD) _ 
AB 



Fau — ^—Rab^~' 



F(D)^^iD) F(^)=dn(^) 



(5.454) 
(5.455) 

(5.456) 

(5.457) 

(5.458) 



The bosonic field strength is also obtained via the commutator of covariant derivatives acting on the compensator 
field $. Only the bosonic block ClMa'' of the mixed connection ^^^^ acts on $, because <i> is a compensator 
for the transformation of Gab (with bosonic indices): 



F. 



(D) 

MN 



K'TJ 



-YimVatj^-T^.^^Vk* 



(5.459) 
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Finallly we had a couple of holomorphicity ( ^.186 ) , ( 5.187 ) , ( 5.19C ) , ( 5.191 ) and nilpotency constraints ( 5.22^ ) , ( 5.231 ) 
on the curvature: 



^^Otcdt -^ OLd\c ^OL •} 

0, R-- ^ 






R -'^ 



^dt-^ot 



lai...a5-'-^doi.ia2 



„aia2^n /3 



/3 _ 



/ai...a5^"'5o[ia2 



,P 



0, 
0, 
0, 



Tai...a5^rfQ;ia2 



Rr1 



/3 _ 



/ai...a5^"'OQ;ia2 " 



/3 _ 



i?r, 



,/3 







(5.460) 

(5.461) 
(5.462) 
(5.463) 
(5.464) 



Taking the trace of the first two curvature constraints gives further informations on dilatation-Field-strength 
and Lorentz curvature 



F^' 



piD) 



-^T^sw^V 



Set 



(D) 



F'- 

OtC 



-It^sIc^'P 



ctd 



F. 



(D) 



a.^ 



The trace of the last curvature constraint we had provided already in (5.235): 



AD) 



R 



(L) 



' -yS g a[-yS] 






9 «[^<5] 



(5.465) 
(5.466) 

(5.467) 



5.B Bianchi identities for H 

In this local appendix we will study explicitly all the Bianchi identities for the if -field. They are of the form 



= ^.aHaaa + STaa Hcaa 



(5.468) 



This is equivalent to dff = and is independent of the connection, in particular independent of the precise form 
of VL. Sometimes it is thus con venient to calcu late with the left-mover connection ClJ' = ^a^ (the latter defined 
via VM7afl — *-*' S66 appendix G on page 199| ) and sometimes we set (ij' = VlJ' (defined via VAf7^^ = 0). 



'a/3 



Let us now go back to the Bianchi identity ( 5.46g ), where we make use of Fas'" instead of Fas'" or Fab^ ■ 
What we have just discussed is thus for the moment only relevant for the the third index being bosonic C — c, 
as we might choose Fab^ = Tab'^ to be either Fab'^ or Fab'^ ■ 



Every index A of the Bianchi identity ( 5.46q ) can be either a, a. or a. As all indices are antisymmetrized, 
we can distinguish the cases by specifying how often each type of index appears. We denote in brackets first 
the number of bosonic indices, then the number of unhatted fermionic indices and finally the number of hatted 
fermionic indices: (#a,#Q;, #6;). The sum has to add up to four: ^a+^a+^a = 4. Each number is in {0, ... , 4} 
which has five elements. If #a is there are five possibilities left for #a which fixes #« =4-#q:. If #a is 1, there 
are four possibilities left for #«, and so on. Altogether there are 5 + 4 + 3-1-2-1-1 = 15 distinct cases. However, 
some of them are related by the symmetry between hatted and unhatted indices: (#a,#a,#Q:)^^(#a,#Q;,#Q;). 
This map has "fixed points" only for (#Q:,#a)€ {(0,0), (1, 1), (2, 2)}. The effective number of equations we 
have to calculate is thus ^^~^ +3 = 9. In the following we go through all these cases. 



(OA.O)a0-/S ^((O.OA)a0^d) 



m 



=0(|5£26|) 



-3r[„^l Hc\~fS] 



(5.226) 






(5.469) 

(5.470) 
(5.471) 



^^It might be confusing that we obtain in ( 3.470| ) a constraint not only on some components of Hj^gc but on a bilinear 
combination of Hj\gc and T^^'-^. At first sight this seems to contradict the equivalence to dH = which is clearly only a 
constraint on H. However, Habc depends on H (with components Hmnk) AND the vielbein. And the torsion component 
T^a'^ = (dE'^)(j^ + ^^n'^ = {dE'^)oii3 happens to depend only on the vielbein. The bilinear constraint thus boils down to 
{(iH)cif3-yS = 0, as it should be. o 
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The last line can only reduce to the Fierz identity 7^«|7d[-y]5 = for^ 

fd'GcblJ' = if -G ■ f^)de OC Gde OC TJde 

The same is true for /: 

(/ • G • r)ab (X Gab 



(5.472) 



(5.473) 



That means, / and / are proportional to a Lorentz transformation. In other words, // nonzero, f and f are a 
composition of a Lorentz transformation and a scaling. 



Intermezzo on the fixing of two blocks of the structure group 

The above result provides a possibility to relate the three (a priori independent) blocks of the structure group 
on the tangent space of the supermanifold. We can thus use the local Lorentz transformation (acting only on 
the unhatted spinor indices) and the local scale transformation (likewise acting only on the unhatted spinor 
indices) to fix / to unity and likewise use the hatted transformations to fix / to unity as it was done in ||l^ . 
We will do the same, although - regarding the subtleties discussed below - one should keep in mind that other 
kinds of gauge fixing might also have their advantages. The gauge fixing leads to the following constraints: 



Ta/s" = 


= ll/3, ifa' = Si) 


^a/3 - 


= 1^, ifa" = Si) 


^ Ha/Sc = 




^&Pc = 


9 9 9 

'^ d ^ ^2$d ^ ~ 



(5.474) 
(5.475) 

(5.476) 
(5.477) 



The constraints (5.474) and (5.475) have to be valid for any bosonic connection-block f^Mo , in particular for 
the left and right-mover connections: Tap'^ = Ta^'^ = J^a- Due to ^ia/3]'^ — ^laa]'' ~ ^' ^^^ constraints for 
Tafi'^ and T^^'^ are constraints on the vielbein only. Having fixed the torsion components to the chiral gamma 
matrices, the latter should remain invariant under the reduced structure group. If we act with an infinitesimal 
transformation 



L 



{D) 



4"'^ 



with L 



(L) 



(L) 



^ab ---ba (5-478) 

on the bos onic index, it has to be compensated by the appropriate actions on the fermionic indices (compare 
to footnote 7 on page 49 for a derivation): 



This guarantuees 



T 1^ 

lJ 

S{L)1af3 



^iv Ool + ^^ab 7 a 



lp]-y 



L,^^^ - 2L 

2i[«''7^,, 






m 



(5.479) 
(5.480) 

(5.481) 
(5.482) 



^"Let us make this somewhat fishy argument more precise and contract ( 5.471 ) with two chiral gamma matrices. In order to 
be able to apply some equations of appendix O we will switch for a moment to ungraded summation conventions (or equivalently 

for convenience: 



perform a grading shift of the fermionic index)? We also multiply the whole equation by „ 

{16? fa'' he + 32SiS-,fay,c + 2 ■ 32GafSit fd" fl = 



D.1371 



D.108 



= 16 • ISfa'fbc - 32Gatf.''n + 32h'=fac = 

= 16 • 20 ■ fa'ftc - ■i2Gaife''n 

We can now read off fa'^fbc = ijQfe'^f'c)Gab or /»?/-^ = j^^tr {fvl'^) ■ V, which means simply that fa^ is proportional to a Lorentz 
transformation. o 
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It is important to realize that 7° ^ and 7° - are not covariantly constant with respect to the mixed connection 
Uma^ that we have used so far. For the choice Cl]\ja^ = f^A/a'' we get ^mI"^ a 7^ '-') fo^' ^J\/a'' — ^Ma^ we get 
^M7a/3 7^ *-* ^iid for any other choice of CImJ' none of the 7-matrices will be covariantly conserved in general. 
Although all the equations written in terms of Q.ma^ remain of course formally valid, it is geometrically not 
a suitable connection any longer. Parallel transport would destroy our gauge. As mentioned at the beginning 



of section G on page 199 , there are at least three natural choices for connections which leave the gamma 
matrices invariant, for example ^Ima^ (defined by the left-mover connection), CIma^ (defined by the rightmover 
connection) and the average fl ma^ = \ \^ma^ + ^ma^]- These will be in particular relevant for the 
discussion of the WZ-gauge. For the further discussion of the Bianchi identities after this intermezzo, however, 
we stick formally to Qlma^ ■ 

Type IIA/IIB Let us also give an important remark about the differences of type IIA and type IIB which 
become important only at this point. In type IIB, the hatted index ° should be of the same chirality, while in type 
IIA, " should be of opposite chirality as °. This statement makes only sense, when the Lorentz-transformations 
of hatted and unhatted indeces are coupled, which was done only in the last steps above. Before, the distinction 
between IIA and IIB was merely deciding whether 7^; - is numerically equal to 7^^ (HB) or to 7'="'^ (HA). 

The transcription from the general equations (with hatted indices) to the case of type IIB is quite simple 
and direct, as the index positions do not change. The conditions ^MJaB — ^"^1 ^Mj'ip, = become 

numerically the same and imply that i^Ma^ ~ ^Ma^ (same for the average connection). The hatted indices 
thus indeed transform with the same chirality (w.r.t. Lorentz) and in addition with the same representation of 
the scale transformation and the hats of the indices can simply be dropped. 

For type IIA the situation is a bit more involved and requires some familiarity with the graded summation 
convention discussed around page in the first part of the thesis. A downstairs hatted index ^ should in IIA 
in the end correspond to an upstairs unhatted index and vice verse. In a first step, we will still distinguish 
it from the unhatted index and write it (just for this paragraph) as a tilded index ° at opposite vertical 
position. NW conventions for the hatted indices would then correspond to NE conventions for the tilded index. 
We could stick to such mixed conventions (NW for the unhatted indices and NE for the tilded indices), but in 
order to make a comparison of the tilded with the undecorated index, it is better to switch back to NW for the 
tilded index as well. In principle this works as follows: spell out the NW summation conventions for the hatted 
indices explicitely, replace the hatted by the tilded in opposite vertical position and write it again in terms of 
the graded summation convention based on NW. We call this an index-position-shift. For example for the 
action of the covariant derivative on a spinor with upper hatted index, this yields 

Vm^" = SmV^" + ^Af-y"V'^ = (5.483) 

= aMV^«+^(-)^°+^f^A/-y°V'^= (5.484) 

T- ' 1 ' 

= aM^a - ^(-)^°^M^«V^-y = (5.485) 

= dM^Ja - flApa^-y (5.486) 

In order to get back our usual index position for the connection (first fermionic index down, second up), we 
finally define 

nM-y" = f^M^-y (=f^A/-y°) (5.487) 



where the equalities should be understood as graded equalities in the sense of ( 1.2g| ) on page ||. Upon this 



identification, the action of the covariant derivative on a lower tilded index takes the usual form V Mtpa. 
duffpa — ^Ma^ip-y- Equation ( ^.487 ) also guarantees that the action of a covariant derivative on a lower hatted 
index becomes the correct action on the corresponding upper tilded index, i.e. Va/ V'a = dnipa — ^M&~'4'-y = 
dMfp"' + ^M^"'^^^ — Va/V'°- Now we are finally able to compare the connections ^mo.^ and ^mol^ and 
see wh ether we ca n identify them like in type IIB. First note that like for the symmetry algebra generators 
( 5.47?: ) and ( 5.48(]| ) themselves, the invariance conditions ^ MlaR = and V mY- f, = determine the spinorial 



connections to be of the form (see again footnote 7 on page 49 for a derivation) 

^Moc^ = 5^M^'5«^ + i^ML7"''«^ (5.488) 

^mJ = I^m^'^a^ + i^mLt^'a^ (5.489) 



The Kronecker delta in the second line will be rewritten upon the index-position shift as 5a^ = (5^ = 5? =; ~^°'a- 



Finally we make use of the facts that 7"''"s is graded equal to 7°'' a" (according to ( D.llOD in the appendix). 
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5°s is graded equal to 6^" and of the identification ( ^.487 ) to arrive at 



riMn 






(5.490) 



Therefore the tilded indices transform in the same way under Lorentz, but with opposite sign under scale 
transformations as the untilded indices. Only when the scale transformations are fixed, tilded and untilded 
indices can be identified. This can be seen differently, by simply doing the identification and imposing VmT^a = 

Vmi'^"'^ — which implies via the Clifford algebra {7^"'°'''7' « = —il°'^5"'p, the graded version of ( D.108 ) of 
page 176 ) that V mii""^ = 0. But scale transformation do not leave invariant the Minkowski metric. In summary. 



keeping the (anyway auxiliary) scale transformations unfixed seems a bit artificial in type IIA and is more 
natural in type IIB. 

Let us now proceed with the discussion of the Bianchi identities for the iJ-field. 



• (0.3.1)q:/37J ^((0.1.3)q;/37(5) 

I 


No new constraints from this one. 



^[a^/3-^5] + 3Z[a/3| ^C\-iS] 



(due to (^.169|) , (^.17lD , and (|5.226|) ) 



(5.491) 



Remark: As in the above equation we will make use of all the constraints that we have derived from the 
BRST invariance and nilpotency. As it is cumbersome to specify each time explicitely which constraint we have 
used, we will not do it everywhere. Every constraint that we use without referring to its equation number will 
be taken from ( ^.167D -( ^l7Tl ) (page^), ( |5.180| )-( |5l9^ ) (page^, ( |5.226D -( |5^23T| ) (page|7|) and ( |5.243| ) on page 
[n] . These are all the framed equations. However, to the newly gained constraints within this local appendix 
(which will be framed as well) we will refer explicitely. 



^[ccHp^s] 



3T[„^I i?c.|^5] 



« 7«/3/a'7^5/bc - l^-Jb^llpfac 



lapl^S W'^'^/^c ~ fb^facj = 







3 

4 



f3~/d] + 3T[q,^| Hc\~fd] - 
3 3 - 



1 



^[a{l'p-i]Gcd) - T^p\d\cl\-fa] 



^Ma —^^A 



-l[p-y I ^al * • Gcd + T^^a\c 



-iV„*-Gde = -T<,,,|d-Vc$-G<i 



l[p-yTa]c\d 



(5.492) 
(5.493) 
(5.494) 

(5.495) 

(5.496) 
(5.497) 

(5.498) 

(5.499) 

(5.500) 



^^ Remember f, 



a{c\d) 



Vc$G, 



1 p M(ci(D) 



dM^)Gcd- This can be reformulated as a condition on the vielbein only: 



T 



{dE^)occG, 



-n,. 



Ged 



'a(c|d) 



(dE) 



OL {c\d) 



[dE') 



OL (c^d)e 



Reparametrizing Em = e Em , this can be rewritten as 
in accordance with [|l3[. o 



{dE'=)„(,G, 



{c'-'d)e ' 



{<^'^)a{cGd)e 
1 



'[aa]ld 






i?[c|*'9M-J'-e*G|,]d- 



dM'S'Gcd 



e^Ec,'"dM'^G,d 



or T„ 



Md) 
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In the fourth Hne we made the choice of ^Ma^ in such a way that Y^Ja-y = 0. In the following calculations we 
will use a lot of gamma-matrix identities from appendix [^ where we did not use graded conventions. We will 
therefore temporarily switch to non-graded conventions (or equivalently perform a grading shift of the fermionic 

indices). 

As a first step to solve the constraint (5.500), let us contract it with 7"'^: 



(D.108),(£>.11C) 



9T^ 



la 7 J-I3c\d 



(5.501) 

(5.502) 
(5.503) 



Althou gh the contraction with 7"'' looks like a projection, the new equation ( ^.503 ) still contains all the informa- 
tion of ( 5.500| ) (in the nongraded version, the graded antisymmetrization becomes an ordinary symmetrization) : 



T(/3' 



T 



(5.503) 



1 



rri 

-Lfipld — 



(D.108l,(D.lir) 



(D.16C) 



g7(,37|7c |q) J-Se\d 

1 c 

gT(/37 



,7c|c 



£ e S ce r(5 

7 e -''^V) 



Tse\d 



(5.504) 
(5.505) 
(5.506) 



Compa ring th e first and the la st Hne leads back to ( |5.500D . This was just to argue that we can forget now 
about ( 5.500 ), and take ( ^.503| ) as new starting point. Remember that we have already a constraint for the 
symmetrized part (in c and d) of T^dd and let let us in addition introduce a temporary notation for the yet 
unknown antisymmetrized part: 



T, 



a(c\d) 



-^Va^Gcd, 



T, 



a[c\d] 



Tn 



cd 



(5.507) 



Now we split ( 5.503 ) into its symmetric and its antisymmetric part in a and d (the symmetric part is multiplied 
by (-2) for convenience) q 



9V^$Gad 
^^ -yad 



7[a|c7 ^P \d] 



/f, 



Ica-f -1-0 d + Jcd-f -l-fS a 



^t. 



1 



7ad7'^V^$ 



(5.508) 
(5.509) 



In order to solve this kind of equations, it always helps to take traces (we will use the trace of ( ^.50^) soon) 
and to contract with several combinations of 7-matrices. Here it turns out to be useful to contract ( ^.508 ) with 
7°\T. The antisymmetrization in the bosonic indices of the result will produce a term similar to the one in 
( 5.50S ), s.th. the equations can then b e comb ined. Bu t let us first perform the contraction. We will use the 
following gamma-matrix identities (see (D.117) on page 177): 



7'"'7ca 

r'lcd 



Sal'c - 5lrc - <5?7''a + 5^a5> - 5^jl'^ = 87^ 






(5.510) 
(5.511) 



The 7W part in the second equation could be removed by taking a symmetrization. This, however, would in 



the end only lead back to ( 5.50g| ). Instead, note that the sameqiW is produced in the product ^d^lc""- And this 



(5.506) 



combination is more useful, as we can then apply ic"'a^Tfj'^a '^'—'^ 45Va$: 

i^^Sl^ + GcdG''°'\ (5.512) 

5-^\ - G'"^7<ic - Gcdl'"" + (25^5,^ - 6''J\ - GcdG'"') ]i;5.513) 



7/7c'^ 
T'lcd 



ab I cb a ra 6 , /^ba ~ i /^ -^ba 

= 7 cd + 0^1 d~ o^-f c + G idc + Gcdl 



d 
b xb. 



-Id 7c + 2drf7 c - <5rf7 



^^The tilde on gamma matrices or antisymmetriced products between them just takes into account the correct scaling weight: 
T^ojs i nvaria nt under scale transformations, if the transformations acting on bosonic and fermionic indices are coupled as in 



( 5.47g )-( 5.480 ), i.e. if the fermionic scale transformation has an extra factor |. The bosonic metric Gab = e'^*'?a6 and its inverse 
used to lower and raise bosonic flat indices, however, are not scale invariant. Lowering an index of the gamma- 



Qa 



'ri" 



matrix yields 7aQ/3 = Gabl'^a = e^* 7a a/3- The reason for the tilde is thus only to indicate that the gamma matrix is not the 
numerical one but has a Weyl factor in it which corresponds to the weight indicated by the index structure. Similarly we have 



7 a ■ 



, e-2*7'"','3 
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The contraction of ( |5.508| ) with 7"''„^ then yields (using ( |5.510| ), ( |5.513| ) and jc'^a'^Tp'^a ^"^ 45Va$) 



= {8j\a^ + 9Sl5i)fp'd+ (5.514) 

+ (-7/7c" + 262^' c - 5\^\ ~ ^e"7^ - G'^^Tdc - G.^^t'" + (2<53<5e' - ^c^d - G.dG^'^) l)^ ''l),^, =(5.515) 

= 87^,'' Vd + 9r„^ + 

-457/„^V;3$ + 2-i\^^fp'a + 45,5>„$ - -f\ f\ + 



-Idea Tfi'^ — 7 "q ^/3da + 2Tq d ^ S^ Ta'^ c -^Tad — 



=0 



= 457'd a^ V^$ + 45<5^ V„$ + 12r„^ + 
Putting everything on one side and taking the antisymmetric part (in b,d) of this equation leads to 



= 547M„^V^$ + Uf^M + 127[&|ca'^T>=|rf] 

1 
2 



(5.50! 



5476da^V^$ + 12T„M + 12 ( 9T„M + ^IbdJ^ p'^ 



r„ 



ipbdoP^I^ 



(5.516) 

(5.517) 

(5.518) 
(5.519) 

(5.520) 



Let us switch back to the graded conventions. After this somewhat tedious calculation, we only need to combine 
this antisymmetric part {Ta[b\d] = Tabd) with the symmetric one T^(^i,^^-j — — ^Vq.'&Gm, in order to end up with 
the final result for the Bianchi identity ( 5.500 ) 



T^c" = -\^,3<^S,- - ^7c"/3^V.,$ 



Via the left-right symmetry, we get correspondingly 



V^-^V'^^'^-^^^V^^'^ 



(5.521) 



(5.522) 



(1.2.1)cxdyd^((1.1.2)adyd): 



Vr„ff, 






[a'^P^d] -|-«5J_[a/3| J^ E\^d\ - 

1 1 ~ ^ 1 - ^ 

-Y.-yHaf3d + -^Tap H^^d + l^T^d Heap 



4— y 

1 

6 






n=o 



-T^,lA \i.l6^ 



(5.4451 



Ta,/ = 0, V.9$ = 



Likewise we have 



Tab" = 0, V..$ = 



These results can also be used to determine Vq^: 

=0 

The above equation and its hatted counterpart imply 



ap 



V^$ = Vr$ = 



(5.523) 
(5.524) 

(5.525) 

(5.526) 

(5.527) 
(5.528) 



(5.529) 
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We can play this game once more and consider the commutator 



-r^fc^Vc^ - F^b ^ 



-r„fc=Ve$-r„b^v^$- r„6^ v^*-^lf 



=0 =7bc5P^^ 



Due to ( ^.465| ) we have F^^^ = -|76a5Y^'P''^ and therefore 



The hatted version of this equation reads 



Y^-pSA ^ 8V^^W0<5 



V„P°* = SVf^^Wfs^ 



(5.530) 
(5.531) 



(5.532) 



(5.533) 



(2.2,0)abal3 ^((2,0,2)a6Q:;9)| 



- ^[aHbaP] + ^T[ab\ Hc\af3] - 

;Y.[aHb]af3 + T^Tab^HcaP + -zTap^Hcab 



2 

12 1 /2 

-^^[a\{-i;l'oLpfc\b]) - l^lcxp [ -^Tab^fdc - fd^Hcab 



2 

(f 

2 '"" U^ 






1 3 

"o7a/3(^afc|d - -xHdab + 2 V[a$ Gb\d) 



05.529 



Using j^lial^'^ = 5f we get 



Tab\d — -^Habd 



Likewise we have 



^ ab\d — rj ^abd 



(5.534) 
(5.535) 

(5.536) 
(5.537) 

(5.538) 
(5.539) 



Intermezzo on the difference tensor 



We have finally obtained the last ingredient to calculate the explicit form of the difference tensor ( |5.434| ) between 
the connections fi and fi. The difference tensor is block-diagonal Hke the connections and we have in particular 



^[Asf = 0. Using /^[ABf = Tab" - Tab" with Tab\c = ^Habc, Tab\c 



jHabc and T^ 



'.b\c 



T- 



'b\c 



0, we 



can give a simple expression for t^yAef ■ At the same time we have information about the difference tensor 



^Combinatorically [a6][Q;/3] arises 4 times in all 24 possibilities= 



As a consitency check, we compute the BI's for the index-combination ahdtfi explicitely with T (not T): 










c&$ + 2 "'3 ^ca6 ■ 



l^^[a\{-ll^0fc\b\) + -7^^ {-Tab^fdc+fd^H^ab 



fcb^pcb £ 

~ 3 

1 



VN(7^^G,m) + -7«^(T„,|,- 



VH(7^^)G,m + -7° 



3 " 1"!^ 'd/3' ~ '^I^J ■ 3 'd/3 ( """I" ■ 2 

I , /^ .3 



2'^a0V'^'>\d + 2''^'*"'' 



+ A 



3'^a/3(^<"i'|d+ 2^'^^b) 




Hdab 
Hdab+'i'^a^G^d 
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when it is symmetrized in its last two (bosonic) indices: AA(b\c) = {^a ~^a J^hc = {''^A^ — ^A^)Gbc with 
Va$ = Va<& = Va$ = Va$ = 0. We Can thus write down explicitely the antisymmetrized (in the first two 
indices) and the symmetrized (in the last two indices) difference tensor between left and right-mover connection 



Hab] 



A 



a{b\c) 



O TT C rp C rp c 

-T^b" 

T«fc" 

= 0, A„(6|c) = Va^Ghc, A&mc) = -Va$G, 



'6c 



(5.540) 



(5.541) 



As 1^ab'~' is block diagonal in the last two indices, we know that A^;,'^ = 2A[_4^b]'^-For Aat'^ we can use (see 

dgH)) 



Aab|c = A[af,][c + A[ca]|f) - A[(,c][a + Aq(c|;,) + Ab(c[a) - Ac(f,|a) 

The difference tensor with bosonic structure group indices is thus completely determined to be 



Aa6=: 


Aa6|c = 

Aq&Ic = 
Aa6|c = 


= -iHabc 








^rj. (^.521) _ ^^ , , s^ ^ 


^-l^ablc 






\ a^'^bc ^ Jbca vgY 


" (5.522) ^ ^^ , 5^ ^ 


- ^-I^ab\c 






\ a^l^bc Jbca ^ g^ 



(5.542) 

(5.543) 
(5.544) 
(5.545) 



This is consistent with ( 5.541 ) as well as with the left-right symmetry, if one defines A = — A. The components 
of the difference tensor with fermionic group indices are induced by the ones with bosonic group indices via 



AAp-' = ^A(f )<5;3^ + iA^[,|,]7%^ A^^^ = ^A(f' 5^^ + \AA[bic]l'' ^"^ 



(5.546) 



Remember that this is due to the fact that both connections H^ma^ and CIma^ are defined to leave the chiral 
7-matrices invariant. The components with fermionic group indices are accordingly 



A 



AB 






Aa^^ 



TT ~,bc -y 



^a/3 ^ ^^abcl p 



(5.547) 



4 
Jv„<i>5/3^ + ^7hc„'V,$7%T , A^^^ = -\V6.^5^^ - -^,Jv~,<^^'>^~pXh.M&) 



1. 



1 



Va$<5;3^ - -^Ibc^'^s'^l^'p'' , A„^^ = -V„$^^^ + -Tbcc'V^^T'^^ (5.549) 



We will use this difference tensor from now on frequently to change from one connection to another. Let us 
take immediate advantage of the difference tensor to rewrite some constraints on the curvature with the help 
of equation (193) of the appendix. 






L-^-yQ, 



(5.550) 



=0 



= -iv.^V^$,5a^ + -^lab^'V^Vs^l^'a^ - ^7-y^"-ffcafc7 



2 -T-T 
1 



~ab _ p 



^V^^SJ - \iab-y'V,<^^^''A (-^V^*'^/ - ^Tcrf-^^V^^T^''/ ) = (5.551) 



1. 



+ ^(7ab-^'V,$)(7,rf^*V^<l>)7"''£.V'/ 



(5.552) 

In order to simplify the last term, let us suppress the fermionic indices for a moment. The last line then reads 
^ ((7afcV$)(7cdV$) - (7cdV$)(7a6V$)) j'^f'-f'^d. Now we can use 

(5.553) 



ab cd abed , be ad , ad be ^ae bd bd ae , ^be^ad ^aebd 

77 = 7 +?77 +'7 7 ~ V 1 ^ V 1 ^ V V ^ V V 



Due to the contraction with (7cdV<i>)(7afcV<i>) — {ab -f-^ cd), the 7"-term and the 7l''l-term {ri''^'^ri'^'°-) disappear. 
We are left with 



^ ((7afcV$)(7,dV$) - {ab ^ cd)) r'Y" = \{lab^<^)v'''{led^<^)r'' 



(5.554) 
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The curvature component in question and its hatted version thus become 



R-~~l^ 



i?-y 



-V^V^*^^'^ 






' 'y \ 'y ^fUcK 



\ (7ad-y^V^V6$ + (7ah-y"V,$)77''^(7,rf^'^V^$) + i^l-,^' H.ade-^'") l'"' J 



(5.555) 



(5.556) 



We can compare this result to the nilpotency constraint R[.yScx]^ = or at least to its trace F^J = |_R^ \aa{^'- Scal- 



ing and Lorentz component of (5.556) are 



f(d) 



-Vt,V-^$ 



R^^'^^oP - \ (Tad-v'V^Va* + (7a67'Ve<i>)^''^(7c<i-,^V^<i>) + il^^^H^adC-^'^) ^'^ c" 



(5.557) 
(5.558) 



with trace 



^(3-1 a 



+ i(7a6-y^Ve'J>)?7''^7°'«''(7rfc/3^V^$) + -^^ cf" I'p-.H^ade^^^ 



(5.559) 



Now we use 7'''*„''7dc7'^ = ^I'^coc'^ + 9(5^(5„'^ (D.118) and i^'^oT'-iad-y'^ = -905„'^ (D.12C) to arrive at 






+ 27'^%^V,$7ae«'^V^$ + 



(5.560) 



The antisymmetric part (in a, 7) is 



R 



(L) p ^ 
Pl-ya] 



-90. 



ad p 



V[.^V„]$ - g7 [ar7ad|-y] V[^V5]$ 

l^P(-D) _ 1 ad p Sp{D) 

^ ^la g7 [a| 7ad|-y] -T^^ 



7""[„r7ad|^]''F^^^ (5.561) 

Now we expand the scaling curvature in 7-matrices. Because of the graded antisymmetry, only "f^^^ and 7^^' 
appear : fL — Fc Isp^ ^^i. .c^.^'s'a"'^'' ■ In J°''^-y^Fgi^ we then need the following multiplications of 7-matrices 
(ID.115D : 

7"^S5'/3 = 7^^^ + ^'^7^/3-'?"'7^/3= (5.562) 

= -7^^^ + 27?=['^7^'^ (5.563) 

= 7^;^"-"^ - 5r;'^[^^l7;!;"-"'' + 5r;'^[=^l7^!;"-"^' - 20r;'^[^^lr;''l^^7;V"'' (5-565) 



For the expression lad[a\^J°''^\-y]^ Fg^^' in ( 5.561 ), we can make use of ( D.121 )-( D.123 ) and of the fact that 

J3] _ m _Q. 



P„c[a d] 



p^,dac,...c, = 207^V"^ 7ad[„|^"[^^l7^'f^]-"^'-57^V"^ 



7ad[a| 7^1^] 
7ad[a| '/ '/ 'p\~f] 



The equation (*) thus becomes 

^ Pl-ya 



45 



54. 



9„.n. 31 



70 



l^piD) C1...C, 
> - 7a ' fi "^ c /ct-y o -^ C1...C5 /aT 



FiD),:^p{D) C1...C5 

rj -^ ■70; ' rj -^Ci...C5 /-yCK 



(5.566) 
(5.567) 
(5.568) 

(5.569) 
(5.570) 
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From our nilpotency constraint (5.235) we can now deduce that Fc\ 



piD) 



or equivalently that 



«/3 p{D) Q ap p{D) 



a/3 



(5.571) 



{2.1.l)aba.l3: 



faa=Ga 



^[a^6a/3] + ^'^[ab\ ^C\aP] " 
-X.[a\a -f^dbj/g ^ 2^[b|/3 Hc\a]a = 

2 - 2 - 



27[a|a<57|6]5/3 



_'pSS ^pSS\ ^ Q 



• (3,l,0)abcS ^((3,0,l)abc^): 




• (4.0.0)abcd : 






bcl 



-1 o o 

" ^^^a-^abc- 2-'[ab| -f^|c]£5 ^ 2^['^l '=l''=l ~ 



f =G 1 » . 3 



bcl 





=0(|5.527|) 


'^gHabc - 

hkewise VgHabc = 


= ^T[abfl\c]E5 



= V[aiff,cd] + 'iT[abfHe\cd 



(5.572) 

(5.573) 
(5.574) 
(5.575) 

(5.576) 
(5.577) 
(5.578) 
(5.579) 



(5.580) 
(5.581) 



(5.582) 



5.C The Bianchi identities for the torsion 

The Bianchi identity for the torsion reads 



= Y^Zaa'' + '^T^a'X.ca' - Raaa" (5-583) 

Again, depending on what is more convenie nt, t he bosonic part of the connection tlj' will be chosen to be either 
ila'' or ClJ' . Due to proposition m on page 193, both are equivalent. The index A can again be either a, a or 
a. For fixed upper index the numbers of their appearance as lower index are #a, #«, #a £ {0, 1,2,3}. In 
analogy to the Bianchi identities for 77, we have for each fixed upper index 4 + 3 + 2+1 = 10 possibilities and 
thus altogether 30 possibilities. The symmetry between hatted and unhatted indices relates the 10 with upper 
index 8 to the ten with upper index 5. The remaining 10 have again an internal symmetry with fixed points 

2 = 6 of those 10. Altogether we have thus 



(#a, #a) e {(0,0), (1, 1)}, so that there remain effectively -^ 
effectively 16 equations to study. 

• (delta | 0.3.0lrv/s-y'^ ^((hdelta | 0.0,3)^^..^),diml: 







— Vr„Ta^i + 2T 



t/3-y] 



[a/3| ^BIt: 



2rr 



a/3| ^elT 



'R\, 



ip-i] 



R\, 



</3t1 



(5.584) 
(5.585) 




(5.586) 
(5.587) 
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This is a confirmation of the nilpotency constraint (5.228) that we had derived earlier. Taking the trace yields 



— Ral3-i~* + '2'R-i[al3]^ - 
afi 7 [a/3] 



F. 



(D) ^ Ij^iL) ^ 



a/3 g 7 [a/3] 



and 



F 






fdelta | 0.2.lU^.^^^((hdelta | 0.1.2)^^./Miml: 



Vrp 6 I nrp Erp O JD C 






' (xf3 ^ cy 



7 [a/3] 



-g7a/3 7e^6' " 3 ^7 [a/3] 



^7[a/3]^ = -7a/3''7e^5'P'''' 



R 



7[a/3] 



= -7c.^'7e757' 



6(5 



Again taking the trace gives additional information on the Dilatation part 



R^aS - RySa = '^laS'^'P 7, 



-8F. 



{D) 



^i^(^) _ i^(.^) s 



'■yoL 9 "ycK 'y5« 



e 5-7 
27a/7'^^7.6.^ 



p{D) _ 
-yet 


1 r. /ad ' '667 


2 p(i) 6 




-yet 


4 „,e T7(56~, 


2 f,(i) a 

17^75a 



(delta | 0.1.2)^^,.^ ^((hdelta | 0.2.lU/3T,^Miml: 



= Yr„r, 



2Tr„a, Tp 



3 ^3^ 



fdelta | 0.0.3)^^./^((hdelta | 0.3.0U/3^'^Miml: 



^T^^^^TeJ -Irs,- ^ =0 



i?l 



a^7] 



O (B-yoc 



=0 



- ^[a^^^]^ + 2T[^^|^'rB|T,]^ - R[a,fiAf^^ = 



2Tr,a,''T, 



[a^l -'elo'] 

-27[^;3|^7,i^]^^'"'^-'^ 



fdelta | 1.2.0U^/^ffhdelta | 1.0.2l^^/Mim§: 



- Y.\aT(ic\ + 2Z[a/3| Fe\c\ - R{o.fic\ 



Erp S 



Ttj rp O I rp rj rp 



-7:Rr 



=0 

^^, erp 6 2 g 

o7a/3 Jec - o-f^c[a/3] 



5.588) 
5.589) 

5.590) 
5.591) 

5.592) 
5.593) 
5.594) 

5.595) 
5.596) 

5.597) 

5.598) 

5.599) 
5.600) 

5.601) 
5.602) 



5.603) 

5.604) 
5.605) 

5.606) 
5.607) 

(5.608) 
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5.609) 
5.610) 




Taking the trace yields 



U ^caS ^c5ot ^'~iot.6 -^ ec 

- -— i^(-°)- R^^'^-2'7 ^"T ^ 

— 2 ° ^cScx ^laS -tec 



pP) ^ -—nW S _ ± e rj. 
^ cot i 7 ''c^q: i7 IctO^t 



17 



17 






fdelta | l.l.lV^/^ffhdelta | l.l.lU^/Mima: E| 



o=o 



1. 



-V T- 



-frjT^-' 



Rr. 



=0 



=0 " 






TcM^"" -o7.AaV„P' 



(56 



o lc0S- 



-,ss 



llcps^o.'^T^ 



ss 



fdelta l 1.0.21^^/ ^ffhdelta | 1.2.0U^/Mim4: 



- ^[A^^c] +2Z[a^| Te\c] - R[apc] - 

2 X 2 ~ X 4 - r 

— 3— [a /3]c +3-'a3 -'ec + ^-L c[6l\ J- e\p] - 



SS 






Contracting the above with j"^ (using j"^j{ - 



'e '/3a 



_ a/3 / 
'e '/3q 



T,, 



1 



55/ 

JL[a|'' Lrcd 



= ^ (Vf^,7''"'G,rf-2r,Ai^..7'^^)7[^^j37 



16(5{), we get 

a/3 _ 



16 



16 



Yjvf7cc/3|Q^n 

Yjy-7ca/3|fj^f2 



'5/3 



27o/3VM*Gd<, = 27c„/3Vm* 

27c a/3 Vm* - ^Afc Id a/3 = 
7^/3 [2VM-J'G'dc - AmciJ = 

7f/3[(v„* + VM*)Gd,-Ai2d 



5.611) 
5.612) 

5.613) 

5.614) 

5.615) 
5.616) 

5.617) 
5.618) 
5.619) 

5.620) 
5.621) 

5.622) 
5.623) 
5.624) 



5.625) 
5.626) 



And equivalently 






27,^;3Vm* 



'U [(^ 



a/^ + Va/* Gd 



>(^) 
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L6 (^^"'^ 



16 
1 

16 



lcV''-^V''G,d)li^lt^ 



The product of 7-matrices can be further expanded. 



Tj = 1 {2X^^10^' - Y^V'G^a) {5%"- + 7'ea") 



16 
1 

16' 



(2T^,|,P^° - V^T'^'^Gee + 2r^rf|,7'e/ ^' - Y^^''7, 



-)55~ q:\ 



■ct Ice S 



-ISf^^l^ ( 15.503 1 

The result should be antisymmetric in e and c. Remember now 



and we get 



Tc. 



^V'^Gce = ^V'^V's^Gce - -167"'''T'a(cle) 



^ '-16T^e|c^'' + 167'^'T'^(c|e) - ZiT'^^Tee^^ 



16 
1 

16 



tSS 



-)5d ~ a 



-le^ic]^" -Y^^'"'7.e. 



Using fgjg|^] = -i7ec^'^V^$ leads to 



Tec" = J^ [Y.-yV" + SW^^V" ) 7ec5 



Tec^ = ^ (V.,7'^^ + 8V^<^r^'^^ %cS^ 



(5.627) 
(5.628) 

(5.629) 
(5.630) 

(5.631) 

(5.632) 
(5.633) 

(5.634) 
(5.635) 



Instead of solving for the torsion component, we can also solve for the covariant derivative of the RR-field: 



1 



;)66~ "7 , 



1. 



1^ — T 'eco *-'- r) T ' 'eco 



(5.636) 



Together with ( 5.532| ) and the fact that Ca^^ — Y^V^^ is structure group valued in a and f3 (as well as C) , 
we get 



V^T'"^ = -i7'°*V^$ • Ss.f' + (Tfg'- - iv^<i>7'°'^7..^* ] l^'a" 



^/9 n 



Y^V^"^ = --^^"V„<l>-<5„''+(T;/--V^<i>7"^°7/s0"')7^^«^ 



(p^^ ^a 



(5.637) 
(5.638) 



Due to the algebra of covariant derivatives, the above equations also contain informations on the spacetime 
derivative of 7^"''. It is thus of interest to study the commutator V [..j, Vq,] 7"^° : 

=0 



= -^Yr.^|^''°V5$ • 5>^f - i7'^°Vr.^|V6$ • S 



"2-[^ 



J|«]' 



■yeot;- 6 \ ~bc (3 



Y[^| T^bc" - T^^S^V^'^^bce" T\ocf + r,,° - -Vs'^V^'^lbcs" Y.[^\l 



-be p 



n=n 



(5.639) 



In particular, we obtain a Dirac-like operator acting on the first index of V"^ if we contract the indices a and 



-4_F^J'=4V[.^V5]*+47^5Vc* 



17, 



•)Sa.\ 



2 



y V^T'-'^V^* + — 7'''°V^V5$ - -V„ ( Tbc" - :^V5$7'""7bc. ) 7" -y 



TECK- 5 \ ~6c a 



ectr^, 5 I V7 ^,i>c ot 



2,r6c°--V,$7'^°76ce'')Y„7% 



(5.640) 
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In the same way we can obtain an equation for Dirac-like operator acting on the second index of T"^^, if we 
consider the hatted version of the above equation. 

Plugging further torsion constraints into these equations yields rather lengthy expressions and we thus 
restrict ourselves to a qualitative discussion of the further steps which would lead to field equations for the 
RR-p-forms, to be presented in the following intermezzo. 



Intermezzo on the RR-field-equations 



As just mentioned above, the equation ( 5.640 ) and its hatted equivalent together with some other torsion 
constraints of before determine the equations of motion of the RR- field strengths. We will make a qualitive 
discussion and assume that the fermionic fields vanish so that the equations in WZ gauge basically reduce to 
T^ct^rfP"" = and 7^^V^p"" = where p"" is the leading component of T'"" in the 0-expansion (see page 

In order to see that this corresponds to reasonable equations for the RR-p-forms, let us first recall the 
translation of field equations on the bispinor fields p"'^ into the equations on the level of differential forms in 
the fiat case. On the form level one expects for the RR-field strength's g'-^^ s.th. like dg^^'' — and -kd-kg'-P' = 0. 



As it is discussed in the appendix on page |172| and in the following, this corresponds on the bispinor level precisely 
to two Dirac equations, one acting on the first index and one on the second, i.e. /^-^ap"'^ — /^-yaP"^ — *-* ^i^h 
/^a/3 = lapdm- Of coursc the equations are not yet the full truth, as they do not refiect the curved background. 
In order to show the above correspondence, we need to distinguish between IIA (where a and a are of opposite 
chirality) and type IIB (w here a and a are of the same chirality) . We will frequently use equations from the 



appendix D on page 167 where we did not use the graded conventions. We will therefore consider in this 
intermezzo the spinorial indices ungraded in the summations (this refers to the graded summation convention 
discussed in the first part of this thesis; if you have not read that part, you can safely ignore the comment). 

Assume we are in type IIA where we can expand the RR-bispinor in even antisymmetrized products of 
7-matrices: 

(5.641) 



p% = 


7(0] 


aia2a lO (4) ^01020304" 
1 P T^^yaia2a3a4 / P 




7P] 7W 


2.g(") = 


- T,'"''- 




2o(2) - 


on" Pi"-2ai a 




ifaia2a^a4 


tt" -"- 


/3 


^f, .<V P ia4a3a2C 


1 a 



(5.642) 

(5.643) 

(5.644) 

Usually the coeficients gai...ap which correspond to p-forms (or better p-form field strengths) are denoted with 
a capital G, but we want to keep the capital letters reserved for superfields. The matrices ^M,'-)'!^] and 7" are 
the chiral blocks of the antisymmetrized products of the Dirac gamma matrices Pl^'^l which is block diagonal. 
Similarly, pl^'^+^l is block off-diagonal and defines the chiral blocks 7p'=+i]: 

^ £ = n -^Pfe] /3 ' ^ '-£ = I .,[2/c+i] ^ I (5.645) 



\ 15'^ 
The chiral blocks can be extracted via the chirality matrix F'^ — /3=( n #0 ] ~ [ n x0 ] which 




it' J-\ -€ 

acts (when multiplied from the right) on the first coloumn as the identity and on the second one as minus the 
identity: 

1 -'- r*,)% - { ^'t^ I). i(r.'-(.-r*,)%. ( J » , ) ,5.4.) 



i(r[2^i(i 




Via the Clifford map, the rt^*^' get mapped to even forms. In addition we define the Hodge star operator suc h 



that it corresponds via this mapping to the multiplication of the chirality matrix from the right (see page |169D . 
The chiral blocks thus get mapped as follows 

7[2'=l"/5 C i(l-f*)e'^i A...Ae°^^ -f^'^^K' '^ \{l ~ ^)e''' A . . . ^ e""^^ (5.648) 

iS"^^' '^ i(l-h*)e'^i A...Ae°='=+S 7[2'=+il"^ {->' 1(1 _ ^)e°i A . . . A e''='=+i (5.649) 
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and the bispinor field p"p therefore corresponds to an even self-dual formal sum of differential forms: 



tp '^ 9 ^ ff<"^ (l + ^^b,...b,oe'^ A ... A e"-) + .gi^),, (e''^ A e''^ -le-i-^,^...,,e^^ • • • e'^) 



(4) 



+C 



^a\ a^^ 



*(e"i A...Ae°4) 



+it(e<'i Ae<'2) 



bl . . . J>6 



e"* + ^e"^-"^6i...6ee"i---e 



(5.650) 



According to (D.46) and (D.47) in the appendix, the action of the Dirac operator 7^q,Vc on the first or "f'^^^Vc 
on the second index (with a covariant derivative that leaves the gamma-matrices invariant) yields 



7?„Vep"/3 '^ Vg + ^V *g 



^cP^p-l"'^ '^ V5-*V *9 



(5.651) 
(5.652) 



When iOab 



,{LC)c 
'■^ab 



\hab'' one might expect to get something like the /i-twisted differential on the righthand 



side, but this is not true fo r a co nnection that respects the gamma-matrices as we assumed in the two equations 
above. The expression in ( ^.651 ) does not coincide with the /i-twisted differential for this choice of connection. 
It is important therefore that we act with our "mixed" connection which acts on the first fermionic index 



with LUaP^ = I (c^ifc^^^ + Ihab') 7^/3 



and on the second with oja 



P 



iK 



b 



1 



^rP^. This mixed 



connection does not leave both gamma-matrix blocks 7^0 and 7'="'' invariant at the same time. Depending 
on the sign we choose for the action on the bosonic index, it either leaves invariant only the first or only the 
second. The calculation of above therefore does not go through in the same way and gets modified as follows: 



Let us act with the left-mover connection ujab'^ = uj\-^ 



u^J'fi + ^J'fi^u^J'a 



3f, .c„,6 5^_ Wethenhave0 



j^afc*^ on the bosonic indices and rewrite (Da /3 



\habH 



c p- 



7^aV,p"^|, 



77Q VcP p - ll^a'^ca 1 b pP S 
77qVcP P - iKabiya^ ST ^ P 



(5.653) 
(5.654) 



In the last term, we have two matrix multiplications between three matrices (in the spinorial indices), which 
corresponds on the form side to two Clifford-multipHcations. According to (5.649), the chiral gamma matrix 

-k)e'^. The even form g, 



% 



7a 



can be seen as the Clifford map of the self-dual projection of the vielbein 2(1 



corresponding to p"^, is given in ( 5.650 ) and 7°''*/3 corresponds according to ( 5.648 ) to ^(1 -I- •)e° A e^ . Now 
we need the expHcit expression for the Clifford multiplication on the form-side and the fact that the Clifford 
multipHcation of two self-du ally p rojected forms yields either zero or the self dual projection of their Clifford 
multipHcation (see equation (D.51) and below in the appendix): 



^ 



r 



V- 1 d 



d 



^aibi 



k>0 



kl 9e°i (9e°''- 



■77 



akbk , 



d 



d 



debk de^^ ' 



^(p)i(l + r#)/Wi(l + r#) = ( (^(^^/^'■^(l + r^) for r even 
^ ^ [ for r odd 



(5.655) 



(5.656) 



^^In order to better understand the sign in (3.653), note that the action of the connection on the fermionic indices was defined 
via graded conventions according to the first part of the thesis and that the second (lower) index of the RR-bispinor used to be an 
upper hatted index p"'' = p" /3- The action of the covariant derivative is thus 

In this second part of the thesis we ususally did not denote the graded equal sign explicitely. It had to be understood as such, 
whenever graded indices appeared. For this explicit comparison, however, it is useful to make a distinction. In terms of ordinary 
equal sign and explicitely written summation (NW-conventions), this becomes: 



V^P' 



a/3 



amp 



a/3 



E(-) 



5+5a a^5fi 



In other words, if we consider the indices to carry no grading, we have 



Y^P"" 

or Y„P°,3 



OmP "^ + ^mS P +'^mS P 
dmP°'i3 + iU^s"P^I3 + l^m^P^S <> 
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The differential f orms g and e°Ae'' both are even so that now we can write down (using also ( 5.651 )) the inverse 
Clifford map of (5.654) 



7^aV,p%U^„ ^^ Vg + *V *g + 



/.ca4(l+*)|EF E^ 



1>Q \fc>0 



^,^-161...,,-'=''.^ ^ > ^ ^ 



-9 



x?7 ■ ■ -rj 



d _d_ 



.(el^Ae^l)} 



(5.657) 



(1 + *) V.g + 

7 

1 + *) V.g 



[c|6i 



9 



-5 



xjy^i'^i ...:^ 



i>0 

_9_ _9^ 



d 



d 



de^^ de"^ de"" 



-(el-A.'l)} 



d 



d d 



^lil+^){hA^-e'^e>'K,^—g-e'^K'"^-,— 



'abc 



d d d 



^ug 



2 2 



de" de'' de"^^ 

" v ' 



(5.658) 
(5.659) 



In the last line below the underbraces we have considered the ft.-field h = habce°'e e'^ as a 3-form, the correspond- 
ing torsion t = ^hab'^e°'e^ (g) ec as a vector- valued 2-form, i = ^hj"^e'^ ® etCc as a two- vector valued 1-form and 
h = h"''"'eaebec as a three-vector and have used the generalized definition of an interior product with respect to 
a multivector valued form, given in (6.13). Now we can use the result given in the appendix in equation (D.36) 
on page 171 and in the discussion below, which implies that 



*H*g = Hg, *«h * 5 = i/i5 ^ hAg 

Remembering that V = d— «f , we thus get the final result 



7^. Y,p"^|^_ C (l+*){(d- lhA)g-^Hg} 



or *it*g 



(5.660) 



(5.661) 



with irg = ^e°'e''hab''-£^g and Mt*g = ifg = h''^'^'"''£^^9- 

Let's do the same analysis for the Dirac-operator acting on the second index, which turns out to be a bit 
simpler, with only one Clifford multiplication: 



—cPplij^^l = ^cP 13-1 '^' - Jp Shabcl /37 



(5.662) 



habcl'^'"' ^'' 



According to (|5.647|) , habd"^"^^ = {\ A(l - ^*)) ^- Using (|5.652|) and the explicit expression ( ^.655| ) for the 



Clifford multiplication on the form-side, the above derivative operator is mapped to the following: 









(5.663) 



Ki-^) Erf .97)317 



fe>0 



—n"^''^ ■ ■ ■ ■n""'"' — — 



Qgak 



il-*)Vg 



a L be 



\{l-*){hAg- Se'^e'hab'-^g + ^e'^K 



Q(,bk Q(,bi 



d d 



«hS 



^abc 
2itg '^ii*g '■h*9 



d d d 



de'' de'^ 



de°- de'' de"" 



Using again that -kii * g = itg, **/j * 9 — ihg — h A g, and V.g ^ dg — ttg we end up with 




(5.664) 



(5.665) 



(5.666) 
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with itg = ^e°'e''hab'^-^g and Mt* g = iig = ^^"'^a'^'^-^-^g- If both act ions of the Dirac o perator vanish, we 



thus get the following condition on the form side (adding and subtracting ( |5.66l] ) and ( p.666[ ) lead to equivalent 
equations)^ 



i' v,p%u_ 



= ^^=7/3 



VcP"/3L.. = 



(d- |/iA) .g-i*it*5 = 



(5.667) 



Next we consider t he typ e IIB ca se w here we can expand the RR-bispinor in odd antisymmetrized products 
of 7-matrices (see (D.142) on page 179): 



p"/5 = 




(5.668) 


25i^^ = 


= T^P"'^7a/3a 


(5.669) 


2o(3) 


-*- tl"-^"- 


(5.670) 


-[R . '1]^ ia.l0-2az i3a 


0(5) 


1 ^ap^, 


(5.671) 


y a^a^a^a^a^ 


QO . K\*' Iasaia3a2ai pa 



This is mapped to an odd anti self-dual form on the form-side 

/-I 



(1-*) Si^^e'^ + .gitl 



J3) 



•^3 4- i«(5) 



,,3e-Ae-Ae- + -<^ 



A . . . A e° 



9 



(5.672) 



on the form-side. According to (D.46) and (D.47) in the appendix, the action of the Dirac operator ^'^^^ c on 
the first or on the second index (with a covariant derivative that leaves the gamma-matrices invariant) yields 
for an antiselfdual and odd g 



T^^V.p"'^ C (l-*)Vg 



VeP"'' • 



^Pl 



r' 



-(1+*)V<7 



(5.673) 
(5.674) 



Instead of a connection that leaves the gamma-matrices invariant, we have again the mixed connection acting 
differently on left- and right-movers. We thus act on the first fermionic index of p"'^ with LLiafP ~ -''-' 



o^ 



%hab'^)^'' c p'^ and on the second with Qjap 
indices with the left mover connection uoab^ 

Ih '''7 
4"-ca / 

index 



1 / i-f- 

a(3' - iK'^ab 



\(^ab ~ %hab'^)^^cp''' ■ Again we decide to act on the bosonic 



^nh" + ^Kb" and rewrite Cjcs'^ 



^c5 



^ + A,/ 



i^cS'~ 



°'bS^ ■ We then have for the action of the Dirac operator (based on the mixed connection) on the second 



VcP"^l,.=.-7;3^ 



Q/3 



cP • 7/37 - 4P '^'''"=7 -57 



= V.P^/'-tI^-K^ A)"7'^ 

C -(i+*)V5-|(i+*)E^te 



fe>0 



^aibi 



d^ak 



„a,kbk 



d 



d 



de^k ae^i 



(5.675) 
(5.676) 

(5.677) 



= -(1 + *)(d- it)g + 1(1 -f *) /i A g -|(1 + *) ie'^e^'hab' 



de" 



2ttg 



2i^g—2'^rtt*g 



*h9=**fe*S 



(5.678) 



^^We could try to absorb the somewhat disturbing contribution of *it * g or ttg by reintroducing Vg via ttg = — Vg + do. Th e 
rpRiilt howevei^-lDoks even less natural and the twisted differential gets modified at intermediate steps. The equations ( [5.66f[ ), 
(3.666) and (5.667) take the following form 



7^.Y,p"^|^^ 



/-' 



VcP"/3L=.7' 



C0-, r 



77a V,p"^| 



V.P"/5| 



l3~t 



i(l + *){Vg-f (d-|/iA)g} 

i(l-*){-V3 + 3(d-i/iA)g} 
2 (d- |/iA) g + *V * g - *d* g = 
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After collecting all the terms, we arrive at 



V,P 



a/3 I 



■7^/^'-(l+*){(d-f/iA)5 + i Hg} 



or -*it*g 



For the action of the Dirac operator on the first index, finally, we have 

i-ya — cr \uj—lo 



r' 



(1 - *) V.9 + 



fe>0 



d \ d d 



-|/lafcc(l - *) XI If ' "' ^ " ^ ^"'^-^n \ ^ ^^"ifci . . . ^^fcb'^ 



kW^^^^"^ ded^J ae«i de^^ 



7] ^ ^ ■ ■ ■ 7] 



= (1-*) V.g 



(5.679) 



(5.680) 



d d 



Q(,bk Qgb 



-(e"Ae^) (5.681) 



d 



d d 



d d d 



(l-.){^-e"eX.^-,_e^.„-^-, + /.--^-,} 



^hg 



§«t9=§*«t*S 



«h9=*«h*S 



The terms then combine to 



j"/3| 
'7" -^cl^ lil.=c^ 



I -vex -^L-CT 



{l-^)[{d-lhh)g-\itg] 



or --j+^t *5 



The equations on the form side thus look the same as for type IIA. In particular we have 



(5.682) 



(5.683) 



(5.684) 



(delta | 2,l,0Uhr'^ ^((hdelta | 2,0,l)Uh/Mim|: 

= Y[Q,Tbc] + 2T[„f,| Te\c] - R[abc] = 

1 1:4- x4~-el o 

., a^bc + o-'afbl ^ e\c\ + T;-'- a-[b\ ^ e\c\ — T^^bca — 

1 S 4: ' - X 4 - ;5i 1 



=ofor a=f2 



(5.685) 
(5.686) 
(5.687) 
(5.688) 



Rbc 



^«r./Lw. + 4>|«7^^'7|,],^7' 



56 



Rbca — Ya^hc 



n=n 



+ 4%lS.-y'P'^%]sS'P' 



ss 



(5.689) 
(5.690) 
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Plugging in Ti,,« = ^ (W^V^^ + SV^^T'^M 7ftc^ayields 



-,(5(5 



^SS 



Rbcc" = ^V„ ( V^T'"" + SV^^V" ] ■ Ibc'^s + 



16 



-,(5(5 



(5(5 



— V^T'"" + SV^^T'"" 2V„$7hc^5 



=0 



+47[fc|«^^^'7|c]t 



T^-?, . .■p'5'5 = 



1 



:V^V^^ 



56 



(5(5 



V^V^$7'''^ + ^V^^V^T'^^ 1 • 7fcc^^ 



16 



-47[.|«^^^^7|,ua^'"' = 



1 



= — V^V^T'"" - -R^°V 



(5(5 



1 



^Tie^ 



16- 



8 



^(■D)^r,(5^ 



-,(56 



-i^^:^7""' + -V^<i>V„7"'"j-7bc-'^ + 






7 ^-i^cx ' 



dTyde 



+^imo.-,v^'%y. 



-,ss 



sS' 



Taking the trace yields 



8R 



(D) 



be 



a 



■V^V^7'°^-^i?^„."P" 



16^^ eX-^ 8"^"^ 

1. 






+F^f V"^ + ^V^$ ^T'^ j • 7bc ^a + 



+47[6|c.7^^^7|e].5^' 

(delta | 2.0.1)A^/ ^(tidelta | 2,l,0)^^/,dim| : 



^l^Tbc] +2T[^f,| Te|, 



i?r, 



a.5 



the] 



2_fcc ^Ea - 



12 4 



gVffc (7c] ,15^'''') + g^klfcl'^relc]'' + -^fbc^T^Sc^ = 



or 



o=n 1 5 

~ y-oL^b, 



3 -^(i-'ftc ij^^ji ■^'^a's 
2 



V[b|$ + V[b|$ )Gd\c] + A[6c]d 

=0 ( |5".52s| ) =0 ( b".52s| ) SH^^a 



-,ss 



,37[,|„aV|.]7""'-i?,.e7l^7""' = 



(5(5 



^ oThc 

VctTbc 



-27r,|..Y|.P^^-3i/,ee7:,7'^' 



'[b|(i5- 



-27[6|«5V|,jP^*+3i/bee7«6^'' 



(delta | 3,0,0)ah.'^ ^((hdelta | 3,0,0)„hr^Mimt: 



(5.691) 



(5.692) 



(5.693) 



(5.694) 

(5.695) 
(5.696) 

(5.697) 

(5.698) 



(5.699) 
(5.700) 

(5.701) 
(5.702) 



= Y.[aTbc] + 2T[afc| Te\c] - R[abc] = 

= Y.[aTbc] +2t[<jfc|''Te|c] +2T[afc|''7|^,-a^ 



= SH[abfTe\c] - 2T[af,|^7|^j .^T' 



'^[aTbc] — SiJfahl^T'elc] - '^T[a.b\^^\c] eS'P 



(5.703) 
(5.704) 

(5.705) 
(5.706) 
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^[a^^fi-f] + '^T[al3\'^Tc\-f] — Rlap-f] 



^[a {ip-yffc'^) + '2l[al3\fe''fc\-f]' 



V[« [ip^]) -'^l[ocpT'^]c'^ 



=0 



0(5.500) 



(d | 0.1.2l^^.-.°^((d | 0.2.lU^^°Mim^: 



0_^ \-7 np d , rtrp C rfi d f) d 



1 



2^ 



3— « m ^ 3/37 ' 



3 '/37 



(d | 1.2.0U^.'^^ffd | 1.0.2l^^/Miml: 

t 




VT^ rf I OT^" Erji d fi d 

—[a-'-M + ^i_[a/3| ^E\c] ~ ^[af3c] — 

2 12 4 12 

V7 rfi d I -^ T-7 rp d I rji E rfi d , rp E rfi d D ^ D C 



/e''^^^ 2 



rf , 1 w .^d 2 



3 V[Q,r^]c + g Vc7„/3 +37^/3 T^ + 37'[a|c''T|/3]e + 3 Tc[a\^ 7g|^] - -i?Q,/3c 

iH.c'' =0 



=0 



Raf3c = 2V[Q,r/3]c +3j^pHcc + 4:T[a\c''T\i3]e 



Taking the trace (using RmmJ" = F^^^mm5\ + Rmm^^^ yields 



lOi^i? = -10V[„V;3]<i>, 



true 



Plugging in the torsion constraints yields 



Rape 



r> d 

ape 



-7/[c.rV^$7e'*l^]'V^'i> 



This agrees with ( 5.556D and (5.555). 
• fd | l.l.n^^/diml: 



- y-la^pc] +"'=t_[a;g| -'file] -^[a^c] " 

112 2 1 

- gV^J^c +3V^-'ca +-^J-ca ^e'P +3-^c ^^ ^a ^ g-K^^^ 
19 9 9 1 

- r^^ pJ^ca + g-fca Jg^ ^^ 3-'/3c ^ e" "'' 3 ^ /3c ^ ^« 3 ^a/3c ~ 

12 2 1 

2 V^^ca g /ca/3/ /g^ ^- ^ /c/3a' 'ea 3-^^0/30 



It P, 
ctpc 



V^T.^-^ - 27c«/3P^'7f^ + 27e;3^7'^M 
i?«/3c'' = ^pTca''-'2i,^pV^'^iip + 2^,psV^^'4^ (equivalent) 



5.707) 

5.708) 
5.709) 



5.710) 
5.711) 
5.712) 



5.713) 
5.714) 

5.715) 



5.716) 
5.717) 



5.718) 



5.719) 
5.720) 



5.721) 
5.722) 
5.723) 
5.724) 

5.725) 
5.726) 
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Plugging the explicit expression for Tea and Tea into (5.725) and (5.7261) yields 



R 



ct(3c 



= ^Vp,V„$(55 



2 ^ " '^ 
2 



d -y 



V.V^$ - 2%apV'''-ff, + 27, .^T'^M 



7c a ^ /3 ^ 7 



'e/3 



^«^c'* = ^V^VA<i>(5f + i7c'o^V^V^$ - 27^^^7'^'^7'/3 + "^^psV^^ta 



Taking the trace of (5.727) yields 



(5.727) 
(5.728) 



lOF 



(D) 



F 



a/3 



a$ 






(5.729) 
(5.730) 



This does not give new information as it follows from TL^q" — 0, V^^ = and the algebra V[„V^,$ 



rp c 
J-al3 



AD) 



(d | 2.1.0)^„/^((d | 2.0.1)A./)dimf: 



n=n 



- ^la^bc] + "^Ulabl Te\c] - R\ 



Jv„Tic^4 



.(x-^Oc I o— [^ "^c]a 



ck6c] 

4 . 2 - 

rji E rp (I I /TH E rp 



=ofor ti=n 



"1 zL 9 9 



X^n 



(5.731) 
(5.732) 

(5.733) 



^*From this constraint on R^gJ^ we can also derive a further constraint on some spinorial components. Remember that we have 



OL0^ 



dtp 



\R' 



y'^d-y and therefore 



R 



q/St 4, ^ ^ '^ T ' 4 V 2 

The last terms can be combined and we arrive at 



iV^V„*5^^ + I (iTc'^c^V^V.* - 27c„/37"'*7^'^ + 2%^sV-'yL) l^d- 



««/3^' = iV^V„*5/ + i7.d« = 7^S'V^V.* - 7^.7'-\^^7 



cd "7 



Next we can compare whether this is consistent with our earher constraint ^gr^, i 



-Io.-,^1,0S'P' 



Ra 



i V^ V[„$5^]* + i7ed[c.^7^^]* V^ V.<J. + 7|,7'"7,^[„|7cd |^] 



73 [07] 

Being graded antisymmetric in a and 7, it can be expanded in 7^..^ and ■ya\"°'^ , where the coefficient for 71^' should vanish and 
the other coincide with the old expression. Before projecting the coefficients by brute force o ne can do a first step in this direction 
by using the identities l"-^[a\^1ab\i\^ = -'^ll^la-, - 10<5[a^<5-^]'' (graded version of ( |d.166| )) and 7^[„|7cd |-y]^ 
^'ida-i^e-^ ^ 7de[a|<5|7]*i which are both immediate consequences of the Fierz identity if^nHc \~i]S — ^ ■ 



' 2 7cK-yTcde 



R 



■/3[a7] 






Now let us write the expansion in 7'-^! and x as Ra\^^^^ = Rg. a"/a-y + R)^ ai...a^ya\"'^^ ■ The second term has to vanish, so 
that the first condition is (projecting with ■yai...a^)' 



laT-.a, (V^Vc* + 7d„.7'«74a 



4/3 y 



The other coefficient can be projected with 7^™ via R 
obtain as second condition 



1]^ 

/3 " 



TS"/^'^ ^0\a 1^' which should coincide with ~lciBS^^^ ■ ^^ i^Vi^ 



^ - -V 



.i-,= *V. V^* - -7 ^ ^7- P^* - ^7 - V^^ 



l/y S d T-,Ei 1, 

2 lads y^i 

1 ^,^CK VT V7 /IS 1 .-,<5cK~ ^d ^rj££ 



fa V g V a'i' ifi /a Id Ea I ^- ' 



' 



/3i 



which can be further simplified to 



{y-^yo.^+ido.pV'ii^ 



For this last equation we can finally use that 7§ j7a" = — 10<5^" which implies that already the bracket itself has to vanish and we 
get the following constraint on the compensator superfield (and likewise on the dilaton superfield): 



V^V„* = -7d„p7"'^7,'^ 
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Rr, 



-VaHbc +'2l[b\aS'P ^Ts\c] +Tbc^^^^ 



Ra[bc] = -^aHbc +27[b|a5^^ ^£|c] + ^bc^Tlra 



(5.734) 
(5.735) 



At this point it is convenient to plug the constraints ( 5.580| ) and (5.581) into the above equations to obtain 
sHghtly simpUfied expressions 



R. 



■ot\bc\d 



-2T^[h|^7|c]£a + '^l[b\aS'P ^T^\c]d 



^ESr 



Ra[bc]d = -2rrf[h|^7|c]ea + 27[^|^57'^ r£|c]d 

Let us plug the explicit expressions for the torsion components into the first equation: 



Ra[bc]d 



V^r^^ + SV^'^V'^] 7.r., i^ 



+ 8V^<I>P^"l7,[,|^'^7|c].« + 



1 

^8 

-llbicsV' (V,$G|,]d + 7|c]d^''V^$j = 

Including the hatted version, we thus get in summary 



Ra[bc]d - 


-^V^^^^7,[,|^^7|c].« + G,[,|7|c]«.^''V,$ 


Ra[bc]d = 


-Jv^7'^^7.[fc|6^7|c].« + G,[,|7|,]^^^^^V,$ 



Finally we take the trace of the first equation in the indices c and d 



9 



-^D) 



1 



,{L)d 



1 






with F^X = -Y[„Vfc]$ - T^fc^Vc* = -7b«/3^''^V^$ or eventually: 



n 



{L)d 
dctb 



lY-yV^'lbceH 



^dab ~ o— -y' Ibce lee 



fd | 3.0.0)...''dim2: 



- \~7 T^ f^ 1 OT^ Erp d f) d 

— X.[a^bc] + ^i_[ah| ^E\c\ ~ tC[abc] 



n=n 



= y[aJ-bc] +^J[a6| J-e\c] + 2i [afc| -tElc] - -K[ah 



:V\nH. 



:H\ab\'^H, 



ab\ ^^e\c\ 



rtrji Erfi d jy d 

^J[afc| J-e\c] — n[abc] 



3 9 

R[abc\ — -^^[aHbc] + -^H[ab{' H^^\c] + '^T[abfTs\c\ 

3 . 9 ^ . . 

R[abc] = — -^Vlaiiffcc] + ■^-ff[a6|'^-ffe|c] + '^T[abfT^\c] 



Taking the trace yields 









P) 



-i? 



(i) d 



-j^dHab —Tab^^E'^ + -;;Td[aCT^\b] - -;:Fab 



Ij^iL) d 
^^d[ab] 



(5.736) 
(5.737) 



(5.738) 
(5.739) 

(5.740) 
(5.741) 

(5.742) 

(5.743) 
(5.744) 

(5.745) 
(5.746) 
(5.747) 

(5.748) 
(5.749) 



(5.750) 
(5.751) 
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with F, 



{D) 



ab 



V[aVb]$ 



n=n 



T^j L_„ Vc'J' — —Tab''V.y^. We thus get the following trace constraint on 



the bosonic left-moving and right-moving (via the left-right-symmetry) Lorentz curvature: 



p(i) d 

^dlab] - 


- l^dHab' - 


-T,fc^v^<i> + 2r,[„|^r,i,]'* 




_ML) d _ 
^d[ab] — 


— j'^dHab 


-fab^V-y^ + 2fa[a\'f,\b]'' 



(5.752) 
(5.753) 



5.D Identities for the scaling field strength 

Instead of extracting in a clumsy way the information about the dilaton field strength, we can obtain the 
information in a more direct way. At some points t his sh ould also serve as a check of equations that we have 
already obtained. From the torsion Bianchi identity ( 5.253| ) we cannot easily extract the dilatation part, because 
the group indices are antisymmetrized. Instead, we will study the algebra of covariant derivatives acting on the 
compensator field. We start with the constraints 



Va$ = V„$ = Va$ = Va$ = 
Remember, that on the compensator field the commutator of covariant derivatives reads 



V[^Vb]$ = -TAB^yc^ - F^A^'J 



Now we can plug in various indices: 

• (a.b) : 



(D) 



Y[,Vfc]$ = -Tab'Vc^ - Tab-'V^^ - T„fc^V.^$ - F'^^> = 



n=o ^ _ (D) _ 

— -Lab v-t'i' J^ab ~ 



= -J^i^-y'P'" + ^y^^V^'Kb-S^y-r^ - Fl 



(D) 
b 



Fab = -Y^iY.^r^' + 8v^$7'^^)7,,a^v^<i> 



Fab = -^{Y^V'"' + 8V.,$7''^)7a66^V^$ 



. (a.d)^(a.d) 



ofor n=n 



(D) 



-Ta/3^V,* - Taf3-'V^<P - Tap''V^<P - F^^ 



-J^ap'y^'^- i'afi - 
= lapsV'^^^^-F^^'> 



^i? = lapsV'^^^^, F^^^ = 7,^a^^'V^$ 



For Cl — ^ instead, we obtain 



jVoV^*for n=o 



n=n 



-F, 



(D) 



aP 



fS^ - iv.V,a>, F^ . iv.V,a> 



(a./3)^fa./3) 



for h=h 



-r„/3"Vc$ - T„^^V.,$ - T„^^V.^$ - F. 



ct/3 



n=n _ '(D) 



5.754) 
5.755) 

5.756) 

5.757) 
5.758) 

5.759) 

5.760) 

5.761) 

5.762) 
5.763) 

5.764) 
5.765) 
5.766) 

5.767) 
5.768) 
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(q- d) 



^VcV^* for n^A 



i^«^ =F^^ = 



= -t a'^V^* - T a'^V^* - T ^,^V^$ - F^^J = 



a/3 



^ a/3 



q;/3 ^ -f^ ^ap ^ 1 - 



a/3 



F 



(D) 



AD 



a/3 



:^v„v^$, F^-^^--v^v^$ 



(5.769) 

(5.770) 

(5.771) 
(5.772) 



5.D Recovering flat-space action / comment on linearized SUGRA 



If all cu rvature comp onents vanish, all higher components (in the 0-expansion) vanish in the extended WZ-gauge 
due to ( H.116|) and ( H.118 ) and the remaining bosonic local Lorentz and scale transformations can be used to 



fix JItoaI = such that all connection components vanish. The only torsion components which are forced to 
be nonzero are Tap'^ = (dE^)„/3 = 7^3 and T^^^ = (dS^)^^ = 7": .. A solution which is compatible with the 
extended WZ-gauge ( H.117 ), ( H.llS ) and ( H.12C ), and which fixes also the remaining bosonic diffeomorphism 
invariance is given by 



Em — 



K. 








Ea'' = 



(5™ 

-iO^l^J So.'' 
-{0%J 6s,^ 



(5.773) 



The supersymmetric invariant one -forms thus read 



E^ = dc^-'EM"^ ^ (tfc° + dB'^e'^j^^ + c»'^^^7?^ ,d0°',S^ 



(5.774) 



which agrees with ([l.3[). 

The reasoning is similar for the B-field and its field-strength H. The only components of H which are 
forced to be nonzero are i?ca/3 — — f7ca/3 and H^^g — |7caa- ^ simple solution for Hcab — {dB)cAB = 



'^[cBab] + 2T'[CA|^^D|S] (which is compatible with the WZ-Hke gauge ( |H.142[ ), ( |H.146| ) has the form 



Bab — 



I a;'' 7a 7/3 



-^"^la-yp 



Tcx^X 



{-^icY^ 



\ 







(5.775) 



/ 



All other fields which appear in the Lagrangian can be chosen to vanish. The curved-background action ( 5.98 ) 
thus reduces to 



5n - 



z ^Kvabn", + ^nfBABiif + Be-^d 



z-f 



d9-*dg^ 



+d\''ij,p + dyfc^-p + ii,j„(A7'^A) + ii,,-,(A7'^A) 



(5.776) 



The B-field term takes the explicit form 



in^B^BHf 



B aH' 

ap 



-n°B fM 

1 



(^ 






(^ 



Ik (nf 0^7^7/3 - nf 0^7.^^) - I (e^n«7a-,) (nf ^^7^.^/3) - (^ - ^") 



(5.777) 
(5.778) 
(5.779) 



Upon a shift of the gr ading from the fermionic indices to the rumpfs, this coincides precisely with the form of 
the WZ-term given in ( 4.22 ). Only the antighost field has to be redefined with a minus sign, in order to match 
the fiat-space Lagrangian. 
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The BRST transformations ( 5.195 )-( 5.202D reduce in fiat space to 



^x™ = A°7™^r, *0'^ = A°<5„'' (5.780) 

SoUJza = dza (5.781) 

^d,s = -2A"n^7,„a (5.782) 

The corresponding hatted equations are obtained for the hatted fields. All other transformations vanish. In 
particular, the Lagrange multiplier doesn't transform (the complicated X^/a vanishes in flat space). The pure 
spinor constraint guarantees the nilpotency of ^ when acting twice on d^s- The BRST transformation of the 
supersymmetric objects reduce to 

^n° = 2X°'dxf^j^p, sodx°' = d\" (5.783) 

We can see the BRST transformation sof curved background as a perturbation around the one in flat background 

s = i^ + u) (5.784) 

From the point of view of the string in flat background with action So , the difference U = S — So to the action in 
curved background is simply a vertex operator which should be BRST-invariant. The condition of a conserved 
BRST current (which enforced the supergravity constraints) corresponds to the invariance sS* = of the action, 
or written as a perturbation: 

= {^ + u){So + U)= (5.785) 

= ^So +uSo + ^U + uU (5.786) 



At linearized level, we thus have 

uSo +^U = (5.787) 

In the antifleld formalism (which we did not really discuss in this context), the BRST transformations are 
generated by the actions themselves (enlarged with an antifleld content) via the antibracket. The above equation 
then reads 

iU,So) + iSo,U) = 2iSQ,U) = 2^U = (5.788) 

This explains the well-known fact that the vertex operators of the flat space pure spinor string have to obey 
linearized supergravity constraints. 



Part III 



Derived Brackets in Sigma-Models 



"Don't make a break, make a bracket" (Kathi S.) 
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Introduction to the Bracket Part 

This part of the thesis is based on the author's paper |Q. See also |68| for a short article which contains some 
of the basic ideas. In the meantime a paper by Klaus Bering [gg] was brought to my attention. Although it 
follows a different aim, its geometrical setting, especially in its section 5, is very close to the one presented here. 
Moreover, the geometrical meaning of the variables is nicely presented there, e.g. in its table 7, and can thus 
serve as a useful supplement to the reading of the present part of the thesis. 

There are quite a lot of different geometric brackets floating around in the literature, Hke Schouten bracket, 
Nijenhuis bracket or in generaHzed complex geometry the Dorfman bracket and Courant bracket, to list just 
some of them. They are often related to integrability conditions for some structures on manifolds. The vanishing 
of the Nijenhuis bracket of a complex structure with itself, for example, is equivalent to its integrability. The 
same is true for the Schouten bracket and a Poisson structure. The above brackets can be unified with the 
concept of derived brackets JTOJ. Within this concept, they are all just natural extensions of the Lie-bracket of 
vector fields to higher rank tensor fields. 

It is well known that the antibracket appearing in the Lagrangian formalism for sigma models is closely 
related to the Schouten-bracket in target space. In addition it was recently observed by Alekseev and Strobl 
that the Dorfman bracket for sums of vectors and one-forms appears naturally in two dimensional sigma models[J 
iQ. This was generaHzed by BoneUi and Zabzine ||7^ to a derived bracket for sums of vectors and p- forms 
on a p-brancQ These observations lead to the natural question whether there is a general relation between 
the sigma-model Poisson bracket or antibracket and derived brackets in target space. Working out the precise 
relation for sigma models with a special field content but undetermined dimension and dynamics, is the major 
subject of the present part of the thesis. 

One of the motivations for this part of the thesis was the application to generalized complex geometry. The 
importance of the latter in string theory is due to the observation that effective spacetime supersymmetry after 
compactification requires the compactification manifold to be a generaHzed Calabi-Yau manifold [Q |7|, |6| ^, 
[75[ |76[ . Deviations from an ordinary Calabi Yau manifold are due to fiuxes and also the concept of mirror 
symmetry can be generalized in this context. There are numerous other important articles on the subject, like 
e.g. [ 7^ [T^, |7^, g^ |8|, ^, ^ IIJ, ^, Q and many more. A more complete list of references can be found 



in ||7l|. A major part of the considerations so far was done from the supergravity point of view. Target space 
supersymmetry is, however, related to an iV = 2 supersymmetry on the worldsheet. For this reason the relation 
between an extended worldsheet supersymmetry and the presence of an integrable generalized complex structure 
(GCS) was studied in |Q (the reviews JSq , |8S| | on generalized complex geometry have this relation in mind). 
Zabzine clarified in JO^I the relation in a model independent way in a Hamiltonian description and showed that 
the existence of a second non-manifest worldsheet supersymmetry Q2 in an N — 1 sigma-model is equivalent to 
the existence of an integrable GCS J. It is the observation that the integrability of the GCS J can be written 
as the vanishing of a generaHzed bracket [J',^]^ = which leads to the natural question, whether there is a 
direct mapping between [J^, J^]^ = fc J^^ = — 1 on the one side and {Q21Q2} = 2P on the other side. This 
will be a natural application in subsection |7.2| of the more general preceding considerations about the relation 
between (super-)Poisson brackets in sigma models with special field content and derived brackets in the target 
space. 

A second interesting appHcation is Zucchini's Hitchin-sigma-model [£1|. There are up to now three more 
papers on that subject IP4 P3| , Q, but the present discussion refers only to the first one. Zucchini's model is a 
two dimensional sigma-model in a target space with a generalized complex structure (GCS). The sigma-model 
is topological when the GCS is integrable, while the inverse does not hold. The condition for the sigma model 
to be topological is the master equation {S,S) — 0. Again we might wonder whether there is a direct mapping 
between the antibracket and S on the one hand and the geometric bracket and J on the other hand and it will 



be shown in subsection 7.1 how this mapping works as an application of the considerations in subsection 3.S. In 
order to understand more about geometric brackets in general, however, it was necessary to dive into Kosmann- 
Schwarzbach's review on derived brackets JT^I which led to observations that go beyond the application to the 
integrability of a GCS . 

The structure of this part of the thesis is as foHows: The general relation between sigma models and derived 
brackets in target space will be studied in the next section. The necessary geometric setup wiH be estabHshed 



in 6.1, Although there are no new deep insights in S.l, the unconventional idea to extend the exterior derivative 
on forms to multivector valued forms (see ( |6.34 ) and ( |6.37| )) will provide a tool to write down a coordinate 



expression for the general derived bracket between multivector valued forms (6.51) which to my knowledge does 
not yet exist in literature. The main results in section |[ however, are the propositions 1 on page 128 and lb 



on page 139 for the relation between the Poisson-bracket in a sig ma-m odel with special field content and the 



derived bracket in the target space, and the proposition 3b on page |133| for the rela tion between the antibracket 



in a sigma-model and the derived bracket in target space. Proposition 2 on page p.30| is just a short quantum 



^In pM, the non-symmetric bracket is called 'Courant bracket'. Following e.g. Gualtieiji_fci | or |7f||. it will be called 'Dorfman 

bracket' in this thesis, while 'Courant bracket' is reserved for its antisymmetrization (see (|b.31 ) and7 |B.3q )). o 

^The Vinogradov bracket appearing in ||73J is just the antisymmetrization of a derived bracket (see footnote N on page 164) 
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consideration which only works for the particle case. In section the propositions lb and 3b are finally applied 
to the two examples which were mentioned above. 

Another res ult is the relation between the generalized Nijenhuis tensor and the d eriv ed bracket of J with 
itself, given in ( 7.12 ). The derivation of this can be found in the appendix o n pag e 154 . In add ition to this, 
there is a new coordinate form of the generalized Nijenhuis tensor presented in ( [B.58|) on page 153, wh ich m ight 
be easier to memorize than the known ones. There is also a short comment in footnote || on page 151 
possible relation to Hull's doubled geometry. 



on a 



This part of the thesis makes use of only thre e of the appendices. Appendix |A| on page 145 summarizes the 
used con vent ions, while appendix y on page 159 is an introduction to geometric brackets. Finally, appendix |b] 
on page 148 provides some aspects of generalized complex geometry which might be necessary to understand 
the two applications of above. 



Chapter 6 

Sigma-model-induced brackets 



6.1 Geometric brackets in phase space formulation 

In the following some basic geometric ingredients which are necessary to formulate derived brackets will be given. 
Although there is no sigma model and no physics explicitly involved in this first subsection, the presentation 
and the techniques will be very suggestive, s.th. there is visually no big change when we proceed after that with 
considerations on sigma-models. 

6.1.1 Algebraic brackets 

Consider a real differentiable manifold M. The interior product with a vector field v = v^dk (in a local 
coordinate basis) acting on a differential form p is a differential operator in the sense that it differentiates with 
respect to the basis elements of the cotangent space:[] 

Let us renameg 

c™ = dc" (6.2) 

bm = dm (6.3) 

The vector v takes locally the form v — w™bm and when we introduce a canonical graded Poisson bracket 
between c™ and bm via {bm, c"} = (5J^ , we get 

i^p = {v,p} (6.4) 

Extending also the local a;-coordinate-space to a phase space by introducing the conjugate momentum Pm 
(whose geometric interpretation we will discover soon), we have altogether the (graded) Poisson bracket 

{6„,c"} = ,5;\ = {c",6„} (6.5) 

{Pm,x-) = 5'^ = -{x-^p„^} (6.6) 

and can write the exterior derivative acting on forms as generated via the Poisson-bracket by an odd phase-space 
function o(c,p) 

o = o{c,p) = c''pk (6.8) 

{o,pW} = c'={pfe,p„,...„,„(x)}c™i---c'"'-=49W (6.9) 

The variables c"^,bm,x™ and Pm can be seen as coordinates of T* {IIT M) , the cotangent bundle of the tangent 
bundle with parity inversed fiber. 



^Note, that a convention is used, were the prefactor ^ which usually comes along with an r-form is absorbed into the definition 
of the wedge-product. The common conventions can for all equations easily be recovered by redefining all coefficients appropriately, 

e.g. Pmi...m^ ^ :^ Pmi...mr- ^ j . 

^The similarity with ghosts is of course no accident. It is well known (see e.g. |M) that ghosts in a gauge theory can be seen 
as 1-forms dual to the gauge-vector fields and the BRST differential as the sum of~the Koszul-Tate differential (whose homology 
implements the restriction to the constraint surface) and the longitudinal exterior derivative along the constraint surface. In that 
sense the present description corresponds to a topological theory, where all degrees of freedom are gauged away. But we will not 
necessarily always view c™ as ghosts in the following. So let us in the beginning see c™ just as another name for dr™. We do not 
yet assume an underlying sigma-model, i.e. bm. and c™ do not necessarily depend on a worldsheet variable, o 
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Interior product and "quantization" 

Given a multivector valued form K^'^''^ ' of form degree k and multivector degree k' , it reads in the local 
coordinate patch with the new symbols 

^(fe,/c')^^(/c,/c')(^^^^5) = X„,...,„,"-"'='(x)c'"^---c"''6„, •••6„^, =i^^...^"-" (6.10) 

The notation K{x,c,b) should stress, that K is locally a (smooth on a C°° manifold) function of the phase 
space variables which will later be used for analytic continuation {x will be allowed to take c-number values of 
a superfunction) . The last expression in the above equation introduces a schematic index notation which is 
useful to write down the explicit coordinate form for lengthy expressions. See in the appendix ^ at page 147 for 



a more detailed description of its definition. It should, however, be self-explanatory enough for a first reading 
of the thesis 

One can define a natural generalization of the interior product with a vector i^, to an interior product 
with a multivector valued form ik acting on some r-form (in fact, it is more like a combination of an interior 
and an exterior product - see footnote || on page 162 -, but we will stick to this name) 



^^(...op(''^ ^ {k')\ (^ I, 



Km.,,rn "-'" ''' Pl^, ...hm...m = (S-H) 



— K 



m...n,,^m, . . .^™. 1^^^ |. . . ^ |5^^^,^^W||| (6.12) 

It is a derivative of order k' and thus not a derivative in the usual sense like Zi,. The third line shows the reason 
for the normalization of the first line, while the second line is added for later convenience. The interior product 
is commonly used as an embedding of the multivector valued forms in the space of differential operators acting 
on forms, i.e. K ^ ik, s.th. structures of the latter can be induced on the space of multivector valued forms. 
In ( |6.13 ) the interior product ik can be seen, up to a factor of h/i, as the quantum operator corresponding 



to K, where the form p plays the role of a wave function. The natural ordering is here to put the conjugate 

i dc^ 



momenta to the right. We can therefore fix the following "quantization" rule (corresponding to b = f^) 



K^"'"'^ ^ - ^KC^,.', (6.14) 



h\ 


k' 


i ) 


%(fc.fc') 




Qk' 

ni...nt, 


in. 


■■"' c)c"i • • • ac"fc' 



withz^,.,.,, = X^._"-".'^__-^_- (6.15) 

The (graded) commutator of two interior products induces an algebraic bracket due to Buttin |Q, which is 
defined via 

[«^(fc.fc'),«L(i..!')] = *fK,Ll^ (6.16) 



A short calculation, using the obvious generalization of d"{f{x)g{x)) — J2p=() { ) '^xfi^)(^x ''di^) leads to 



n 



J2v^^L = ^i<^L + J2\M^ (6.17) 



p>0 p>l 



where we introduced the interior product of order p 

Ap) _ I '^ \ T^ n....nli...l„ 



1 "dP dP 

^ ^^^L,L(''^'^ - (_)('='^P)a-P)p, ( ^' ) ( ^ ) Km...m--'^-'^W.,.rr....m-- (6.20) 

which contracts only p of all k' upper indices and therefore coincides with the interior product of above when 
acting on forms for p = k' and with the wedge product for p = Q. 

«^(Lfc')/' = *i^('«-'=')/'' i^^L = KhL (6.21) 



Using (6.17) the algebraic bracket [ , ]^ defined in ( |6.16| ) can thus be written as 



I ' J(p) 
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( |6.20| ) provides the explicit coordinate form of this algebraic bracket. From (|09|) we recover the known fact 
that the p = 1 term of the algebraic bracket is induced by the Poisson-bracket and therefore is itself an algebraic 
bracket, called the big bracket |7n| or Buttin's algebraic bracket M| 



[^,i]fi) 



*WL_(_)(fc-fc')U-0,(i), 



(|6.1S|) 



{K,L} --. 



..20) 



^m...m 



n.-.Tili T n.-.n 

^l\m...m 



(^)(k'-m-i)k'iK, 

_(_)(fe-fc')('-'')(_)(''-i)(fc-i);'yt7^, 



(6.23) 
(6.24) 



m...m 



n...nh j^ 



lim...m 



For fc' = /' = 1 it reduces to the Richardson-Nijenhuis bracket ( |C.63 ) for vector valued forms. In [T^l the big 
brack et is described as the canonical Poisson structure on /\ (T (B T*) which matches with the observation in 
( 6.22 ). T he bra cket take s an especially pleasant coordinate form for generalized multivectors as is presented in 
equation ( B.77 ) on page 154 . 



The multiyector-degree of the p-th term of the complete algebraic bracket ( |6.22| ) is (fc' + 1' — p), so that we 
can rewrite ( |6.16| ) in terms of "quantum"-operators ( |6.14 ) in the following way: 



Kik,k')^lii,i')] = J2(-) [K,L 



p>i 



Hp) 



^ ^ p>2 ^ ^ 

The Poisson bracket is, as it should be, the leading order of the quantum bracket. 



(6.25) 
(6.26) 



6.1.2 Extended exterior derivative and the derived bracket of the commutator 

In the previous subsection the commutator of differential operators induced (via the interior product as em- 
bedding) an algebraic bracket on the embedded tensors. Also other structures from the operator space can be 
induced o n th e tensors. Having the commutator at hand, one can build the derived bracket (see footnote 
H on page 162) of the commutator by additionally commuting the first argument with the exterior derivative. 
Being interested in the induced structure on multivector valued forms, we consider as arguments only interior 
products with those multivector valued forms 



[lK,dtL] = [[«K,d],iL] 



(6.27) 



One can likewise use other differentials to build a derived bracket, e.g. the twisted differential [d+ H, . . .] with 
an odd closed form H, which leads to so called twisted brackets. Let us restrict to dfor the moment. The derived 
bracket is in general not skew-symmetric but it obeys a graded Jacobi-identity and is therefore what one calls 
a Loday bracket. When looking for new brackets, the Jacobi identity is the property which is hardest to check. 
A mechanism like above, which automatically provides it is therefore very powerful. The above derived bracket 
will induce brackets like the Schouten bracket or even the Dorfman bracket of generalized complex geometry 
on the tensors. In general, however, the interior products are not closed under its action, i.e. the result of 
the bracket cannot necessarily be written as i^ for some K. An expression for a general bracket on the tensor 
level, which reduces in the corresponding cases to the well known brackets therefore does not exist. Instead 
one normally has to derive the brackets in the special cases separately. In the following, however, a natural 
approach is discussed including the new variable Pm, introduced in (6^), which leads to an explicit coordinate 
expression for the general bracket. This expression is of course tensorial only in the mentioned special cases, 
that is when terms with Pm vanish. This is not an artificial procedure, as the conjugate variable Pm to x™ is 
always present in sigma- models, and it will in turn explain the geometric meaning oi Pm- 

The exterior derivative d acting on forms is usually not define d acting on multivector valued forms (otherwise 
we could build the derived bracket of the algebraic bracket ( 6.22 ) by d without lifting everything to operators via 
the interior product). But via {o, i^^*^'*^ )} we can, at least formally, define a differential on multivector valued 
forms. The result, however, contains the variable pk which we have not yet interpreted geometrically. After 
extending the definition of the interior product to objects containing Pm , we will get the relation [d, %k] = i{o,K}y 
i.e. {o, . . .} can be seen as an induced differential from the space of operators. For forms w'-'', this simply reads 
[d,i^] — ifij. The definition dK = {o,K} thus seems to be a reasonable extension of the exterior derivative to 
multivector valued forms. Let us first provide the necessary definitions. 

Consider a phase space function, which is of arbitrary order in the variable pk 



T(*'*''*")(x,c,b,p) = T„ 



ni...n^/ k\...k^ 



"ix)c" 






itiPki ■■■Pk^„ 



(6.28) 



T is symmetrized mki . . . kf , while it is antisymmetrized in the remaining indices. Using the usual quantization 



rules b -^ j-^ and p 



I'Sx ^^^^ ^^^ indicated ordering (conjugate momenta to the right) while still insisting 
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on (|Oj) as the rel ation betw een quantum operator and interior product, we get an extended definition of the 
interior product ( 6.12 J6.13|) : 



^j^(t,t' ,t" ) 



t'+t" 



rp{t,t' ,t") 



Ixit.t' .t")P 



(r) 



at' ^t" 

rp n-i_...nf.,ki...k^,i mi rnt 

'"^■••"* " ac"i • • • ac«*' dx''^ ■ ■ ■ dx^t" 

rp ni...nf/ki...k^ff mi JUt 

■^ rrii ...rrit *^ ' *^ 



(6.29) 



(6.30) 



{t')\[ ;, ) T^...^"^-"""^-"-'" 



{b„,, {. . . , {6„^,, {p,,, {. . . , {pfe..:P''^^}}}}}} = (6-31) 

Qt" 



dx'^^ ■ ■ ■ dx^t' 



.pir) 
rn^/ ...nim...m 



(6.32) 



The operator it will serve us as an embedding of T (a phase space function, which Hes in the extension of the 
space of multivector valued forms by the basis element pk) into the space of differential operators acting on 
forms. Because of the partial derivatives with respect to x, the last line is not a tensor and T in that sense not a 
well defined geometric object. Nevertheless it can be a building block of a geometrically well defined object, for 
example in the definition of the exterior derivative on multivector valued forms which we suggested above. 
Namely, if we define]^ 



djy^ n.-.n / \ 

m^m...m \ ) 

We get via our extended embedding ( 6.32 ) the nice relation Q 



^-^'k' -K. 



n...nk 



m...m 



Pk 



idKP 

with CkP 



[d, Ik] P 



(C.48) 



' fc' — 1 ^rn...m 



{-f-'^'C-KP 
h...l,, 



dlyPl^,_^...l,, 



+ 



-(-r''(fc')!( fc" y^ 



h...i,. 



m^^m...m HLu ...Lim...m 



(6.33) 
(6.34) 

(6.35) 

(6.36) 



CkP is the natural generahzation of the Lie derivative with respect to vectors acting on forms, which is given 
similarly C^p — [z^, d]p. As ik is a higher order derivative, also Ck is a higher order derivative. Nevertheless, it 
will be called Lie derivative with respect to K in this thesis. Let us again recall this fact: \ipk appears in a 
combination like d/iT, there is a well defined geometric meaning and diiT is up to a sign nothing else than the Lie 
derivative with respect to K, when embedded in the space of differential operators on forms. The commutator 
with the exterior derivative is a natural differential in the space of differential operators acting on forms, and 
via the embedding it induces the differential don X. It should perhaps be stressed that the above definition 
of AK corresponds to an extended action of the exterior derivative which acts also on the basis elements of the 
tangent space 



d(9„) = p.„ 



(6.37) 



This approach will enable us to give expHcit coordinate expressions for the derived bracket of multivector valued 
forms even in the general case where the result is not a tensor: In the space of differential operators on forms, 
we have the commutator [ik^t-l] and its derived bracket ( |C.51 ) [ik^a^l] = [^k ,d], ^l], while on the space of 
multivector valued forms we have the algebraic bracket [K, L] and want to de fine its derived bracket up to 
a sign as [dfsT, L]^. To this end we also have to extend the definition ( |S.16 J6.19 ) of i^^\ which appears in the 



■'This can of course be seen as a BRST differential, which is well known to be the sum of the longitudinal exterior derivate plus 
the Koszul Tate differential. However, as the constraint surface in our case corresponds to the configuration space (p^ would be the 
first class constraint generating the BRST-transformation), it is reasonable to regard the BRST differential as a natural extension 
of the exterior derivative of the configuration space, o 

^The exterior derivalisiE on forms has already earlier ( |6.S| ) been seen to coincide with the Poisson bracket with o, which can be 
used to demonstrate (|6.35|) : 

[d, ik] P = d(tKp) - i-^'^^tKidp) = 

{o,tKp} - (-)''^^'«A' {o,p} = 



(5.15) 



f-^mi-^^m2.-.mi^il *- 






{6.311 



{6.341 



«c1KP 
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explicit expression of the algebraic bracket in ( |6.22|) to objects that contain pk- This is done in a way that the 
old equations for the algebraic bracket remain formally the same. So let us define[| 



Ap) 
p 



E 

9=0 



1 ^ 



t" 
p-q 

T- 



rp Ti...nii...i, ,i,+ i...ipfci...fct//_^ . . . m 

-^m...m Pk\ Pkf.// _ 



QP 



"+" (9c*i . . . d&idx'^i+^ . . . dx'-p 



QP 



QP 



P' ^q\ 1 J dpi^ . . . dpi^^^dbi^ . . . dbi^ d&^ . . . dd'idx'-i+^ . . . dx"- 



(6.38) 



(6.39) 



For p = t' + 1" it coincides with the full interior product ( |6.32| ): jL^ ^, l,^ = irp(t,t' ,t") ■ In addition we have with 
this definition (after some calculation) i^ — [d, i^ ] and in particular 



Ap) _ M Ap) 



"-dK 



[d,z^^ 



(6.40) 



and the equations for the algebraic bracket (6.16)-( 6.22D ) indeed remain formally the same for objects containing 

Ptu 



iTlf 



IT.TV 



E\<?'f 



p>0 






•^it-t'){i-i')^{p)j. 



1 ' J(p) 



[T,f]f,j 



{T,f} 



which we can again rewrite in terms of "quantum'-operators ( |6.14|) as 

rp(k,k') rri{l,l ) 



'h 

i 






(p) 



M+E 



p>2 



hV 



T,T 



A 



(P) 



(6.41) 
(6.42) 

(6.43) 
(6.44) 

(6.45) 
(6.46) 



It should be stressed that - although very useful - i^^^ is unfortunately NOT a geometric operation any longer 

(v) (v) 

in general, in the sense that iJj^L and also if^'dK do not have a well defined geometric meaning, although dK 

(p) (v) 

and L have. idKP and t^ L are in contrast well defined. i^jj^L, for example, should rather be understood as a 

building block of a coordinate calculation which combines only in certain combinations (e.g. the bracket [, ]^) 

to s.th. geometrically meaningful. 

We are now rea dy t o define the derived bracket of the algebraic bracket for multivector valued forms (see 

footnote ^ on page |l62| ) 



'j^(k,k')^-[^{i,i') 






(6.47) 
(6.48) 



p>i 



p>i 

The result is geometrical in the sense that after embedding via the interior product it is a well defined operator 
acting on forms. This is the case, because due to our extended definitions we have for all multivector valued 
forms the relation 



[[lif,d|,lL] - «[^(fc,fc'),L(i.!')] 



(6.50) 



and the lefthand side is certainly a well defined geometric object. A considerable effort went into getting a 
correct coordinate form for the general derived bracket and for that reason, let us quickly have a glance at the 



^Note that Ylq=o 



t" 



t' + 1" 
P 
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final result, although it is kind of ugly:| 

[K,L] = ^_(_)'=-fe'(_)(fe'-p)('-p)p! 



o>l 



k' 



dmK. 



•n...nli ...I 



m^^m...m 



"Li I "■•••"■ 



\k+k'l+k' +p+pl+pk' I 



P 



B K 



ki ...k^n.. .71 



n...Tl T K\ ...Kp 

''m^^m...mkp...ki J^m...m 



\k' l+k' +pl+pk' \ 



_)(fc'-p)('-p+i)p! 



k 
p-l 

I 
p-l 



diKr, 



k\ ...kp — il-n...n 



n...nT Ki...Kp_ii 

-'i^^m...mkp — i...ki ^^m...m 



j^ n...nli...lp — ik Cj T n...n 



-)ik'-l-pKl-p)pl(^k' -p) 



_\k'l+l+pk'+lpy ^^^^ I ^ I I ^' 



Kr, 



-^k-^lp-i.-Aii 



t/i ...Ipk T T 

^lr}...li'm...m 



^Pk + 



K, 



m...mkp...ki 



Pk 



(6.51) 



The result is only a tensor, when both terms with pk on the righthand side vanish, although the complete 
expression is in general geometrically well-defined when considered to be a differential operator acting on forms 
via ^[K,L] as this equals per definition the well-defined [[zif ,<^, zl]. The above coordinate form reduces in the 
appropriate cases to vector Lie-bracket, Schouten-bracket, and (up to a total derivative) to the (Frohlicher)- 
Nijenhuis-bracket. If one allows as well sums of a vector and a 1-form, we get the Dorfman bracket, and also 
the sum of a vector and a general form gives a result without p. 

Due to our extended definition of the exterior derivative, we can also define the derived bracket of the 
big bracket (the Poisson bracket) via 



= -i-)'^-''' {dK,L} 
which is just the p = 1 term of the full derived bracket with the explicit coordinate expression 

[if,di]fi) = -(-)'-"' (-)(''-'^^'"'^;fc'a^if^...,r."-"'^iiir„...^"-" + 

_(\k+k'l+li.jia LC 

\ ) ^^ ^m^^m...mki 

_(\k'l+ll'f),jy- n...nT 

+ {-Y^'-^'>^k'Km...r "•••"''' 



kin...n 



n...n T 

n...nk fi T n...n 

r OhLr 



^k^m...m 



+(_)fc'U-i)(fc' „ l)/fc7^^...^---^^^X,, 



n...n 
m...m yk 



\k'l+k' ifiif 



(^ ) K fvl J^m...mki 



n...nk ] 



k\n...n 



-'m...m 



Pk 



(6.52) 
(6.53) 



(6.54) 



[K,L] = [if,dL]fi) -(-)'= 



p>2 



[dK,L] 



(p) 



(6.55) 



Like the big bracket itself, also its derived bracket takes a very pleasant coordinate form for generalized multi- 
vectors (see ( B.79|) on page 154). In contrast to the full derived bracket, we have no guarantee for this derived 
bracket to be geometrical itself. 



"The building blocks are 



1^" L 



P I \ P 



(_)('='-p)(i-p)p! ( '^^ ]{ I )a„i^^...^"-"'i •'PL. 



^r)...^^'m .. .m 



.(_)fe-fc'(_)(fe'-l-P)(i-p)(p +!).(' J'lAil ) Krr....rr.''-'^'^-'''*'Li^...i,m...m^-"Pk 



i^l^6K 






K, 



m. ..m 



n...nki...kpfx jy- 



m J^kp...kiTn...Tn 



n...Tik-\ . ..k~.— 1 I 



■'m . . .m 



^■■■''"-^'diKkp_,...k, 



m . ..m 



_(_)fe-fe'(_)a'-p){fe-P)fc'.p!( M( p ji.,.....,."-"*^! ■'=''ii'fe,...fcir„....„"-"'=Pfc O 
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Let us eventually note how one can easily adjust the extended exterior derivative to the twisted case: 

[d+HA,iK] = idnK (6.56) 



AhK 



lA 



(M + [H,Kr = dK -{-) 



P>1 



^^k'H 



(6.57) 



with H being an odd closed differential form. It should be stressed that d+ HA is not a differential, but on 
the operator level its commutator [d+ HA, . . .] is a differential and thus the above defined dn is a differential 
as well. 



6.2 Sigma-Models 

A sigma model is a field theory whose fields are embedding functions from a world-volume S into a target 
space M, like in string theory. So far there was no sigma-model explicitly involved into our considerations. 
One can understand the previous subsection simply as a convenient way to formulate some geometry. The 
phase space introduced there, however, is like the phase space of a (point particle) sigma model with only one 
world-volume dimension - the time - which is not showing up in the off-shell phase-space. Let us now naively 
consider the same setting like before as a sigma model with the coordinates x™ depending on some worldsheet 
coordinate^ cr'^. The resulting model has a very special field content, because its anticommuting fields c™(cr) 
have the same index structure as the embedding coordinate x™(cr). In one and two world volume-dimensions, 
c™ can be regarded as world volume-fermions, and this will be used in the stringy application in 7^. In general 
worldvolume dimensions, c™ could be seen as ghosts, leading to a topological theory. In any case the dimension 
of the worldvolume will not yet be fixed, as the described mechanism does not depend on it. 

A multivector valued form on a C°°-manifold M can locally be regarded as an analytic function of a;™, dr™ = 
c™ and djn = b,n 



K^''''''\x,dc,d) 



K "1- 

J^^mi...mk 

K "1- 



"' (x)dz;"i A • • • A dr"" A d^ A • • • A d^^, = 
-=' (x)c"i . . . c"^ b„, • • • 6„^_, = K^'^'^^'^x, c, b) 



(6.58) 
(6.59) 



For sigma models. 



'(o-),?" 



Pm{a),c"^ —>■ c™((t) and bm -^ bmicr) become dependent on the 
worldvolume variables a^. They are, however, for every a valid arguments of the function K. Frequently only 
the worldvolume coordinate a will then be denoted as new argument of K, which has to be understood in the 
following sense 



if ('=''=')(a) = K^''^^'^ {x{a), c(f7), 6(a)) = 



if™,...™. "^ ■■■"'=' (x(a)) 



^(a). 



^(a)6„,(a)---6„^,(a) (6.60) 



Also functions depending on Pm, like (iK{x, c, b,p) in (6.34), or more general a function T*-*'' '* '{x, c, b,p) as in 
(6.2S) are denoted in this way 



T(*^*'^*")(ct) 

e.g. dK{a) 

or o(ct) 



T(*-*''*") {x{al cia),b{a),p{a)) (see ( PD ) 
dis: (a;(cr), c(cr), b(cr),p(cr)) (see ( p4| )) 
o{c{a),p{a)) = c"'{a)p^{a) (see (ph) 



(6.61) 
(6.62) 
(6.63) 



The expression dK{a) should NOT be mixed up with the world-volume exterior derivative of K which will be 
denoted by d"if (cr).| Every operation of the previous section, like i^ L or the algebraic or derived brackets 
leads again to functions of x, c, b a nd sometim es p. Let us use for all of them the notation as above, e.g. for the 
derived bracket of the big bracket ( 6.52 6 .541 ) 

(A) 



^(fe,fc')^^^(;,r) 



(1) 



(<^) 



j^{k^k')^^{Ll') 



(1) 



(a;(cr),c(CT),b(cr),_p(cr)) 



(6.64) 



s.th. we denote 



(6.65) 
(6.66) 



And even dr™ = c™ and dbm = Pm will be seen as a function (identity) of c™ or bm, 

dx"'{a) = c"\a) 
db„(cr) = p„i{a) 

Although dacts only in the target space on x,b,c and p, the above obviously suggests to introduce a differential 
- say s- in the new phase space, which is compatible with the target space differential in the sense 

s(a;"(a)) = dE™(cr) = c™(cr) (6.67) 

s(bm(cr)) = db„i{cr) = Pm{cr) (6.68) 



'^The index fi will not include the worldvolume time, when considering the phase space, but it will contain the time in the 
Lagrangian formalism. As this should be clear from the context, there will be no notational distinction. o 

® It is much better to mix it up with a BRST trariafarmation or with something similar to a worldsheet supersymmetry 
transformation. We will come to that later in subsection 7.5. To make confusion perfect, it should be added that in contrast it is 
not completely wrong in subsection 6.5 to mix up the target space exterior derivative with the worldsheet exterior derivative... o 
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We can generate s with the Poisson bracket in almost the same way as d before in (|6^ 

n = I d"a o(a)^ld''a c'"(a)p„(a), s(. . .) = {f^, ■ • •} 



(6.69) 



The Poisson bracket between the conjugate fields gets of course an additional delta function compared to 

(UQ. 

te„(a'),a:"(a)} = S^J'^^-^a' - a) (6.70) 



{b™(fT'),c"(a)} 



SIS'" 



\a'^a) 



(6.71) 



Th e firs t important (but rather trivial) observation is then that for K{u) being a function of a;(cr), c(cr), 6(cr) as 
in ( 6.6C ) (and not a functional, which could contain derivatives on or integrations over a) we have 

d , . d 



s{K{a)) = 



\<^) 



9(a;™(cr)) 



-p-micr) 



dibrnia)) 



K{x{a),c{a),b{a)) =dK{cr) 



(6.72) 



The same is true for more general objects of the form of T in (6.61). Because of this fact the distinction between 
dand sis not very essential, but in subsection 6.5 the replacement of the arguments as in ( |S.61 ) will be different 
and the distinction very essential in order not to get confused. 

The relation between Poisson bracket and big bracket (|6. 23,3. 44) gets obviously modified by a delta function 



or more general |r(*'*''*")(cr'),T'^*'*''*"'(o-)} 



J(i) 

rp{t,t',t") rj^{i.t'J") 



(1) 



{<j)5'--\a'-a) 



(6.73) 
(6.74) 



The relation between the derived bracket (using s) on the lefthand side and the derived bracket (using d) on 
the righthand side is (omitting the overall sign in the definition of the derived bracket) 



{sK('=''=')(a'),i(''''Hc7)} '^ {d/f(^-'^-')(a'),i(''''H<T)}1^^ [d/r('=''='), £('■'')] {a)5^--\a' - a) {Q.7-,) 



The worldvolume coordinates a remain so far more or less only spectators. In the subsection |6.5| , the world- 
volume coordinates play a more active part and already in the following subsection a similar role is taken by an 
anticommuting extension of the worldsheet. 

Before we proceed, it should be stressed that the replacement of x,c,b and p by x{a),c{a),b(a) and pijj) 
was just the most naive replacement to do, and it will be a bit extended in the following section until it can 
serve as a useful tool in an application in TJl. But in principle, one can replace those variables by any fields with 
matching index structure and parity (even composite ones) and study the resulting relations between Poisson 
bracket on the one side and geometric bracket on the other side. Also the differential s can be replaced for 
example by the twisted differential or by more general BRST-like transformations. In this way it should be 
possible to implement other derived brackets, for example those built with the Poisson-Lichnerowicz-differential 
(see JTOJ), in a sigma-model description. In 6.5, a different (but also quite canonical) replacement is performed 
and we will see that the different replacement corresponds to a change of the role of a and an anticommuting 
worldvolume coordinate which will be introduced in the following. 



6.3 Natural appearance of derived brackets in Poisson brackets of 
superfields 

In the appHcation to worldsheet theories in section 0, there appear superfields, either in the sense of worldsheet 
supersymmetry or in the sense of de-Rham superfields (see e.g. jQ^, 0)- Let us view a superfield in general 
as a method to implement a fermionic transformation of the fields via a shift in a fermionic parameter 6 which 
can be regarded as fermionic extension of the worldvolume. In our case the fermionic transformation is just 
the spacetime de-Rham-differential d, or more precisely s, and is not necessarily connected to worldvolume 
supersymmetry. In fact, in worldvolumes of dimension higher than two, supersymmetry requires more than one 
fermionic parameter while a single 6 is enough for our purpose to implement s In two dimensions, however, this 
single theta can really be seen as a worldsheet fermion (see [t!^ ). But let us neglect this knowledge for a while, 
in order to clearly see the mechanism, which will be a bit hidden again, when applied to the supersymmetric 
case in 



7.2 



As just said above, we want to implement with superfields the fermionic transformation s and not yet a 
supersymmetry. So let us define in this section a superfield as a function of the phase space fields with 
additional dependence on 0,Y = Y[x{<j)^p{a)^ c(cr), b((T), 0), which obeys F] 



sY{x{a),p{a),c{a)M^),e) 
with 



deY{x{cT),p{a),c{a)M<^).e) 
sr"(a) = c"(a),sb,„((7)=p„(a) 



(s0 = O) 



(6.76) 
(6.77) 



^If this seems unfamiliar, compare with the case of worldsheet supersymmetry, where one introduces a differential operator 
de +6da and the definition (jLa, superfield is, in contrast to here, SeY = eQgY , where 5^ is the supersymmetry transformation 



of the component fields (compare 7^ ) 



o 
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With our given field content it is possible to define two basic conjugate]^ superfields ^"^ and Sm 
which build up a super-phase-spaceQ 

$"(ct, e) = x'"(ct) + ec"\a) = x"(o-) + 6/se"(o-) (6.78) 

Sraify. 0) = brn{(j) + 6>p„(cr) = b„(cr) + 0sb„(cr) (6.79) 

{S^{a,e),<^'\a',e')} - {b,Ja),e'c"{<j')}+e{pra{a),x"{a')}= (6.80) 

= (^_-_02'5(^-'^')C (6.81) 

$ and 5 are obviously superfields in the above sense 

dg<^"'{a,e) = SE'"(CT)+6/sc'"(cr)=g^™(CT,0) (6.82) 

deSm = sb„(cr)+6>^™(CT) =sS'„(f7,6>) (6.83) 

P™(<t) 

as well as a&(cr, 0) = c(cr) and sS'(cr, 0) = p(cr) are superfields, and every analytic function of those fields will be 
a superfield again. 

We will convince ourselves in this subsection that in the Poisson brackets of general superfields, the derived 
brackets come with the complete 5-function (of u and 9) while the corresponding algebraic brackets come with 
a derivative of the delta-function. The introduction of worldsheet coordinates a was not yet really necessary for 
this discussion, but it will be useful for the comparison with the subsequent subsection. Indeed, we do not specify 
the dimension dw of the worldsheet yet. An argument sigma is representing several worldsheet coordinates u'^. It 
should be stressed again that the differential d should NOT be mixed up with the worldsheet exterior derivative 
d", which does not show up in t his s u bsect ion. 

Similar as in 3^, equations ( 3.60 )-( p.66| ),we will view all geometric objects as functions of local coordinates 



and replace the arguments not by phase space fields but by the just defined super-phase fields which reduces 
for = to the previous case. 



T(*'*'^*")(a,6>) = T(*'*''*")($(a,6>),9S(a,0),5(a,6>),a5(a,6>))^=°T(*'*''*")(CT) (see (|6ji|)) (6.84) 



The superfields $ and S are conjugate with respect to the following super- Poisson-bracket 
{F{a\0'),G{a,e)} = jd-"tjd0 {5F{a',e')/5Sk(a,e) ^^^^ G{a, 6) - 5F(a' ,e')/5'S>>' {^,6) ^^J^__ G(a,e)) = 

= [ d-tf dO {5F{a',e')/5Sk{o, 9) I G{a, 6) - {-^^ 5G{a' ,e')/5St,{a, 9) ^ F{a, 0)) 



which, however, boils down to taking the ordinary graded Poisson bracket between the component fields (as can be seen in (3.80)). 
The functional derivatives from the left and from the right are defined as usual via 

5 



5sA= f d''"a f de 5A/5Sk{5-,0)-SSki5-,e)= f d''"a f dfi SSk{^, 



55fe(a,0) 
and similarly for <I>, which leads to 

^ ^S„(<7,6>) = C(0-e)5'*"~i(cr-S) = -5S„(cr,6»)/S™(CT,0) 



5S„(a,0 



^ $" (cr, 9) = C (0 - 9)5''-" - 1 (a - 5-) = 5<S>" (cr, 0)/5<J>'" (5-, 9) 



(5*™(5-, 0) 

The functional derivatives can also be split in those with respect to the component fields 

<5 5 - <5 S S - S 

9 ^, ^ = ■ \-9- 



5Sm{5-,9) Sp,n(a) Sbm{d-) (5<J>'"(ct,6») (5c'"(5-) (5x™(5-) 

^^For Grassmann variables 5{9' — 9) = 9' — 9 in the following sense 



/ cB'(6»' - 9)F{9') = f <^'{9' - 9) {F{9) + (0' - 9)dgF{9)) = 
= f 60' 9'F{9) - 9'9dgF(9) - 99'deF{9) ■■ 



= ne) 

We have as usual 

95{9'-9) = 9{9' - 9) = 99' = 9' {9' - 9) 
= 9'5{9' - 9) 
Pay attention to the antisymmetry 

5{9' -9) = -S{9 - e') o 
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For example for a multivector valued form we write 
— K 



(6.85) 



ni...".' ($(^^ e)) ^™i (a, 6)... ^™'< (a, 0)5„, (a, 0) . . . S„^, (a, 0) ^x('=.'=')(a) (6.86) 

^ (5.60) 



C'"l (£7) 



Likewise for all the other examples of |6.2| : 

e.g. dK(cr,0) = AK {^{a,e),^{a,e),S{a,e),^{a,e)) 
or o(o-,6») = o(s5(CT,6>),aS'(cr,0)) =c'"(CT)p„(CT) = o(a) 



^(fc,fc') .i('''') 



(a,0) 



(1) ■ ■ 
cfe"(CT,0) = s^"(ct,0)=c"'(ct) 

&3m {(7,0) = aS'm (cr, 0) = Pm (c^) 

For functions of the type T'-''* '* •• (a, 0) we clearly have 



e=o 



($((T, 0), 95(ct, 6»), ^(ct, 9),sS(a, 6)) 

(1) (|6.64|) 



■^(fc,fc') j^iLl') 



(A) 

(1) 



dr(*'*'.*")(a,0) = s(t(*'*''*")((7,0) 
in particular d/^C^^*^') (ct, 0) = s (if ('=■'=') (a, 



(6.87) 
(6.88) 

(a) (6.89) 

(6.90) 
(6.91) 



(6.92) 
(6.93) 



As all those analytic functions of the basic superfields are superfields (in the sense of 6.76) themselves, de can 
be replaced by s in a 0-expansion, so that we get the important relation 



T(*^*''*")(a,0) = T(*'*''*"'(f7)+6>dr(*^*''*")(a) 
This also implies that cir(cr, 0) and in particular dK{(j, 0) do actually not depend on 6: 

Now comes the nice part: 



(6.94) 
(6.95) 

(6.96) 



Proposition 1 For all multivector valued forms K^'^''^ ' , L"'^ ' on the target space manifold, in a local coordi- 
nate patch seen as functions o/a;™,cfc'" and dm as in (6.1C), the following equation holds for the corresponding 
superfields {6.81) 



{K(''''''\(j',e'),L(''^'\a,e)}-- 


= 6{e' - 


-e)6{a- 


- a') ■ [dK, L]fl^ (a, 6) + dgS{e - 9') 5{a - 
^ ^—^ ' ' 


-a')[if,i]fi)(a,0) 



(6.97) 



where [K,L\^^^ is the big bracket ^.2^ (Buttin's algebraic bracket, which was previously just the Poisson bracket, 
being true now up to a S{a — a') only after setting 6 = 0' ) and [K,a.L\,^-. is the derived bracket of the big bracket 



( \6.53i ). 



Proof Using (|6^ , we can simply plug K{a', 0') = K{a') + e'dK{a') and L(cr, 0) = L{a) + edL{a) into 
the lefthand side: 



{K{a',e'),L{a,e)] 



= {K{a'),L{a)} + 6' {dK {a' ) , L{a)} + (-)'=-'■ 6 {K{a'), dL(a)} + {-f-'' 66' {dK{a'),dL{a)} = 



^ — ^ /3£»' 



(6.98) 



= {K{a'),L{(j)} + [6' - 6) {<iK{(j'), L{(j)} + 6d{K{a'), L{a)} - 66'd{<iK{(j'), L{(j)} ^ (6.99) 

© 5{a - a') {[K, L]f,^ (a) + 6d[K, L]f,^ (a)) + {6' - 6)S{a - a') {[dK, L]f,^ (a) + 6d[dK, L]f,^ (a)) - (6.100) 

^E^ Sia-a')[K,L]f,){a,6) + {6' -6)dia-a')[dK,L]^^j{a,6) D (6.101) 

There is yet another way to see that the bracket at the plain delta functions is the derived bracket of the 
one at the derivative of the delta-function, which will be useful later: Denote the coefficients in front of the 
delta-functions by A{K,L) and B{K,L): 



{K{a', 6'),L{a, 6)} = A{K, L) ■ S{6' - 6)5{a - a') + B{K, L){a, 6) d05{6 - 6') 5{(j - a') 



(6.102) 



=1 



CHAPTER 6. SIGMA-MODEL-INDUCED BRACKETS 



129 



In order to hit the delta-functions, it is enough to integrate over a patch U{(t) containing the point parametrized 
by a. We can thus extract A and B via 



A{K,L){a,9) = [ <^' [ d''^a''{K{a',9'),L{<7,9)} ^ 

= f d0' I d^a'' {K{a')+e'6K{a'),L{a,0)) 
= f d'^a^ dK{a') ,L{a,9)} 



dK{(7',e) 



B{K,L){a,9) = [ d0' [ d'" a\9' - 9) {K{a\e'),Li<7,9)} 
= j d'~'n''{K{a\9'),L{cj,9)]\g,^e 



A{K,L) = B{dK,L) 



(6.103) 
(6.104) 
(6.105) 

(6.106) 

(6.107) 
(6.108) 



It is thus enough to collect in a direct calculation the terms at the derivative of the delta-function and verify 
that it leads to the big bracket. D 



6.4 Comment on the quantum case 



In ( 6.14 ) the embedding via the interior product into the space of operators acting on forms was interpreted as 
quantization . In the presence of world- volume dimensions, the partial derivative as Schroedinger representation 
for conjugate momenta is no longer appropriate and one has to switch to the functional derivative. Remember 



$™(ct, 9) = x'^ia) + 9c"'{a), cS'"(cr, 6) = c'^ia) = dl>(cr) 

Sm{cr, 9) = 5,„(o-) + 9p,n{<j), dS'„(cr, 9) = p„i{a) = ciS'(cr) 



(6.109) 
(6.110) 



The quantization of the superfields in the Schroedinger representation (conjugate momenta as super functional 
derivatives) is consistent with the quantization of the component fields (see also footnote |l^) 



^m(a,0 


h 5 h 5 ^fi S 
) — \ 


(6.111) 


' ~ iS^"^{a,0) i (5c™(cr) ' i Sx'^{a) 


'5,„(a,0),$"(a',0') 


^ ( ^ \ R ^ \ (r'^(rr''\ 1 O'c'^-in-'X) 


(6.112) 


- z Uc™(a) ' ^fe'"(a)j^'^ [<y)\ec[<j)) 




= ^5l,{9^9')5{a-a') 


(6.113) 



The quantization of a multivector valued form, containing several operators S at the same worldvolume-point, 
however, leads to powers of delta functions with the same argument when acting on some wave functional. This 
is the usual problem in quantum field theory and requires a model dependent regularization and renormalization. 
We will stay model independent here and therefore will not treat the quantum case for a present worldvolume 
coordinate a. Nevertheless it is instructive to study it for absent a, but keeping 9 and considering "worldline- 
superfields" of the form 

(6.114) 
(6.115) 





$"(6/) = 


X™ + 9c"\ 


(S>"'{9) = c™ 


Sra{9) = 


bra + 9prn, 


dSmi9)^Pm 


Quantum operator and commutator simplify to 




^"(^^ - i5-^"^{9] 


h d h d 

1 Q 


=» 


S™(0),$"(0')" 


= l'-'(o- 


9') 




Sm{9),^'\9') 







(6.116) 

(6.117) 

(6.118) 

In contrast to ct, products of 0-delta functions are no problem. 

The important relation K{9) = K + 9dK ( 6.95 ) can be extended to the quantum case as seen when acting 
on some r-form. 



%(.,.') p(''H^) 



(3.94) 



IKP + 9d(tKp) 



(6.119) 
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^K{e) {p{d)) 



with ik{0) 



iK + [d, Ik] 



In that sense we have (remember K — (^j^ ik) 

with dK 



(6.35) 



X(fe>fe') + gdK 



d.K 



where the expUcit form of this quantized multivector valued form reads 



K(k,k')(^Q-^ 



(6.120) 

(6.121) 
(6.122) 



(6.123) 
(6.124) 



3.125) 



In the derivation of ( |6.122 ), ik and p both were evaluated at the same 0. Let us eventually consider the general 



i^(fc,fc')(0')pW(6)) = (k + e'dk\{p + edp)= (6.126) 

= kp + e'dkp + {-f-^'ek^ + {-f-^'ee'^dp^ (6.127) 

= kp + eA{Kp\ + {e' -e){dkp + ed{6kpy\ (6.128) 

The relation betw een q uantum operators acting on forms and the interior product therefore becomes modified 
in comparison to ( 6.14 ) and reads 



^(fc,fc')(g,')^(r)(0) 



{iKp{e) + {e' -6) idKpie) 



{-)''-I''CkP 



(6.129) 



Proposition 2 For all multivector valued forms K'- '^''^ > , k^'^ ' on the target space manifold, in a local coordi- 
nate patch seen as functions of x''"^ ,dc"^ and dm as in ( 6.1(\ ), the following equations holds for the corresponding 
quantized worldline-superfields (6.123[) k{6) and L{0): 



p>i 



hV 



[i^(M')(0'),i(M')(0)] = Y^l\ (^de5{e-9')[K^f^^{e) + s{e'-e)[d^f^^{e)) (6.130) 



h^ ^'+'' 

i 



'^[K.M^P^^\e) + 5{e - 0)z^^^^]ApW(0) + 

+5{e' - 6) U^^^^p^'-He) + s{e - ~e)z^^^^^.p<^^\e) 



(6.131) 



Again the algebraic bracket ( C.44 ) comes with the derivative of the delta function while the derived bracket ( 6.47 ) 



comes with the plain delta functions. But this time the algebraic bracket is not only the big bracket [, ]^n, but 
the full one. 



Proof Let us just plug in ( |6.123 ) into the lefthand side: 

[k{e'),L{e)] = [k + e'dk,L + edL] = 

[k,L] + e'[dk, k\ + {~f-^' e[k , ^^-{-f-^'e'eidk , 6l] 

( |6.124| ) 



[k, k\ + e d,[k ,L] + (6*' -e){\dk,L] + e d, [cS: , l 

[k,k\{e) + {e' -e)[dk ,L] 

Remember now the algebraic bracket ( |C.43 ) 



p>l 



(6.132) 
(6.133) 
(6.134) 
(6.135) 

(6.136) 
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with [K,L] 



ip) 



or likewise written in terms of K and L 



Sp)t 



E 

P>1 



(-) 



(k-k')(i-V)M 



K 



(6.137) 



[K.L] 



ip) 



(|6^25|=6.138) 



Due to ( |6.45 ) we have exactly the same equation for [dK , L]. Plugging this back into ( 3.135 ) completes the 
proof of ( |6.130 ). The second equation in the proposition is just a simple rewriting, when acting on a form, 
which enables to combine the p-th terms of algebraic and derived bracket to the complete ones. D 



6.5 Analogy for the antibracket 

In the previous subsection the target space exterior derivative d (realized in the cr-model phase-space by s) was 
induced by the the derivative de with respect to the anticommuting coordinate. But thinking of the pullback of 
forms in the target space to world volume-forms, dean of course also be induced to some extend by the derivative 
with respect to the bosonic worldvolume coordinates a^ (including the time, because we are in the Lagrangian 
formalism now) or better by the worldvolume exterior derivative cF". To this end, however, we have to make a 
different identification of the basis elements in tangent- and cotangent-space of the target space with the fields 
on the worldvolume than before, namelyp] 



dr'^ 



d'"x"\a) = d"(T^9^a;"(a), 



dr, 



a;™(o-) 



(6.139) 



where a;+ is the antifield of x'", i.e. the conjugate field to x™ with respect to the antibracketPL Let us rename 



e" = d'^a'- 



For a target space r-form 



pW(a;",dE" 



Pn 



v(x)dE'' 



•dE" 



we define (in analogy to ( |6.85| ), but indicating that we allow in the beginning only a variation in a) 

= pW(a:'"(a),d™x™(a)) = p,„,...,„^(x(a))d-x™n'^)---'i"a;'"'-(a) 



p^;\<y) 



(6.140) 



(6.141) 



(6.142) 



Attention: this vanishes identically for r > d„ (worldvolume dimension). 

The worldvolume exterior derivative then induces the target space exterior derivative in the following sense 



d py{a) 



(c^M),(a) 



(6.143) 



Again both sides vanish identically for now r + 1 > d„, which means that in this way one can calculate with 
target space fields of form degree not bigger than the worldvolume dimension. If we want to have the same 



relation for K, 



{k,k') 



(a) (defined in the analogous way), we have to extend the identification in (|6.139|) by 

p™ -> cTx+^ia) (6.144) 



^^This identification resembles the one in ||7]|] with 9m -^ Pm{z) and dr"' — > dx'^{z), or dj;™i ■ ■ ■ dr™p — > 
£Mi-Mpg^^2;»"i (ct) ■ ■ ■ 9^pX'"p(cr) in JT.^]. It is observed in ||7lk.that the Poisson bracket induces the Dorfman bracket between 
sums of vectors and 1-forms (in generalized geometry) and in p5|l more generally that the Poisson-bracket for the p-brane induces 
the corresponding bracket between sums of vectors and p-forms(which is called, Vinogradov bracket in |73[). As dx"^ and pm are 
commuting phase space variables, higher rank tensors would automatically be symmetrized (only volumeiorms, i.e. p-forms on a 
p-brane, can be implemented, using the epsilon-tensor). Symmetrized tensors and brackets inbetween (e.g. the Schouten bracket 
for symmetric multivectors) make sense and one could transfer the present analysis to this setting, but in general a natural exterior 
derivative is missing. Therefore the analysis for the above identifications is done in the antifield-formalism. The appearing derived 
brackets will also contain the Dorfman bracket and the corresponding bracket for sums of vectors and p-forms and in that sense 
the present approach is a generalization of the observations above. o 

^^The antibracket looks similar to the Poisson-bracket, but their conjugate fields have opposite parity, which leads to a different 
symmetrv (namely that of a Lie-bracket of degree +1 (or -1), i.e. the one in a Gerstenhaber algebra or Schouten-algebra, see 
footnote W of Appendix C) 

S „ !.,_ 5 



{A,B) = 



/ da {5A/ 

I 



<(-) 



Sx'^icr) 



B-SA/Sx^id-) 



5x+{a) 



rr^) 



5x^'{a) 



{A,B) 
{x+{a),B) 

(x--(a),B) 



(_)(A+1)(S+1) (^^^) 

B = -(B,cc+(a)) 



A) 



5x"^{a) 
S 
Sxti (c) 



B = (-)S (B,x™(a)) 
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and get 



with 



cTK. 



(fc,fc'; 



(a) = (d/^(^-^-'))e(a) 






(6.145) 

(6.146) 

(6.147) 



The analysis is thus very similar to that of the previous section. 



Proposition 3a For all multivector valued forms K'-'^''' ' , L^''' ' on the target space manifold, in a local coordi- 
nate patch s een as functio ns of x"^ ,dc"^ and dm, the following equation holds for the corresponding sigma-model 
realizations (6.146,6.14'/) 



{Ke{a'),Le{a)) = ( [K,^L]f,^ ),{<r)5''-{a a') {-f-'' 0^3,5"- {a - a'){[K, L]f,^ )^(a) 



\fc-fc' 



A 



-{-f-^ [dK,L]f, 



(1) 



(6.148) 



Proof The proof is very similar to that one of proposition 3b ( 6.168 ) and is therefore omitted at this 
place, n 

Conjugate Superfields With 6^ — dTa^ we have introduced anticommuting coordinates and it would be nice 
to extend the anti-bracket of the fields x™ and a;+ to a super-antibracket of conjugate superfields. Remember, 
in the previous subsection we had the superfields ^"^ = x™ + Sc™ and its conjugate Sm- There we had one 6 
and two component fields. In general the number of component fields has to exceed the worldvolume dimension 
dw (the number of 0's) by one, s.th. we have to introduce a lot of new fields to realize conjugate superfields. 
But before, let us define the fermionic integration measure ^{9) via 



i^{O)f{0) 



d 



QQd^ 



O 1 1 



89 



L:m 



The corresponding (i„-dimensional (5-function is 



Sd,(^e' -9) 



1 



{9 



'd„ 



g,rf„) 






/' 



fe=0 



fc!(dw-fc) 



I '^Ml-'-Md, 



fl''^! . . . O'l^k Qt^k + 1 . . . flMd, 



(6.149) 

(6.150) 
(6.151) 

(6.152) 



fi{9')5''-{9'-9)f{9') = f{9) (6.153) 

(5'''(0'-0) = {-)'^^S'^^{9-9') (6.154) 

For the two conjugate superfields, call them <i>™ and *^, we want to have the canonical super anti bracket 

(*+ (a', 0'),*"(^, 0)) = C^''(^' - <^)S^'iO' -0) = - (<i>"(a, 0), *+ (a', 9')) (6.155) 

From the above considerations about the fermionic delta function it is now clear, how these superfields can 
be defined (they are known as de Rham superfields, because of the interpretation of 0^ as dTa^; see e.g. 
@|9ll): 



cl>™(a,0) ^ x"\a) + xl\Ja)9^^- +x^^^_^^^Ja)9^^--'9^^^ + 



(ct)0^i---0^'''(6.156) 



*+(a',0') ^ . e''^'---9'^--xt^[a') 



fJ'vu ■ 



[d^ 



-^xi^l-Mi-.-P, 



0'^^^...e'^^^^-^x+^'^-{a') + 



+ - 



Q'f^l 



0'P.„-.^+M.,-iM.,(^') + . . . + ,^^^ ^^^3.+ Mi...M.,(^') (6.157) 



{d^-2y.2r^' ■■■''■' 

The component fields with the matching number of worldsheet indices are conjugate to each other, e.g. 



„+MlA'2^^'\ ^n 



,.i<^)) 






(6.158) 
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For the notation with boldface symbols for anticommuting variables, the worldvolume was assumed to be even- 
dimensional. In this case, one can analytically continue the coordinate form of multivector- valued forms of the 
form 

if('=''=')(x,dz:, d) = if™,...™,"i-"-'dE™i A • • • A dr"- A dn, A • • • A 8^,, (6.159) 

to functions of superfields (in od d wo rldvolume dimension one would get a symmetrization of the multivector- 
indices) and redefine K{a, 6) of ( |6.85D to 



if ('=■'=') (a, e) EE if('^^'=')($(cr,6>),d"$(fT,6>), *+((!, 0)) 



= i^™i...™,"^-"^' ($)d"$"^ • • • d™$"-$+ • • • *+ , 



All other geometric quantities have to be understood in this new sense now: 

T(*'*'^*")(ff,0) = r(*'*''*"'($(a,6»),95(CT,0),*+(CT,6>),d™*+(r7,6>)) (see (p^)) 

To stay with the examples used in ( |6.84 )-( |6!91 ): 

e.g. dK{a,e) = d/iT ($(ct, 6>), d™$(f7, 0), #+(o-, 6»), d"*+(CT, 0)) 
or o((T, 0) 



(6.160) 
(6.161) 



(6.162) 



ck'"(a,0) = d™$™(a,0) 



(compare ( |6.34[ )) (6.163) 

o (d"$(CT, 0), d"*+(CT, 9)) ^ d"$"(cr, 0)d"$+ (cr, 6) (compare o = c"p™)(6.164) 

(6.165) 

(6.166) 
(6.167) 



1 A r , 1 (A) 

_^(fc,fc)^^^(M) (^^0) = j^ik,k)^^{i.i) ($(a,0),d"$(a,6/),*+(a,0),d^*+(CT,6>)) 



Note that the former relation K{a, 0) — K{a) + OAK{a) does NOT hold any longer with those new definitions! 
Nevertheless we get a very similar statement as compared to propositions 2 on page |128| : 

Proposition 3b For all multivector valued forms K^'^'^ \L'-^'^ ' on the target space manifold, in a local coor- 
dinate patch seen as functions of x"^ j dc^"" an d dm, the following equation holds for even worldvolume- dimension 
dw for the corresponding superfields ^.16(\) : 



{Kia'^e^LiaM^S^-ia'^ 


-a)6''-{e'^ 


- 6) [X,di]fi) (a, 6) - i^f-^' e^d^S"- [a - 

^^ v ' 


-cj')5'^-{e' ^ 


-0)[if,i]fi)(a,0) 



A 



(6.168) 



where [iiT, L]^^ is the big bracket ( 6.25 ) and [K,(iL]/i) is the derived bracket of the big bracket { 6.5i ). 



Note that a and 6 have switched their roles compared to the previous subsection (6.97), where the algebraic 
bracket came together with the derivative with respect to 9 of the delta- functions, while now it comes along with 
dfj_ of the delta- functions. 



Proof Let us use again the second idea in the proof of proposition 2, i.e. first collect the terms with 
derivatives of the delta function, only to show that one gets the algebraic bracket, and after that argue that the 
term with plain delta functions is its derived bracket. In doing this, however, we will need to prove an extension 



of the above proposition to objects like dK (or more general an obj ect T*^*'* '* ' as in (6.28)) that contain the 
basis element Pm, which is then replaced by rf"*m as e.g. in ( |6.16g| ). 

(i) The antibracket between two such objects T and T gets contributions to the derivative of the delta-function 
only from the antibrackets between d"^"^ and $^ and between $™ and d^^^ (compare ( |6.155|) ) 



(*+(a',0'),d"'i>"('T,0)) 
(d"$"(a',0'),*+('T,0)) 






(d"*+(a',0'),<i'"(^,^)) = ~6ie^d,s''-{a'-a)6''-ie'-e) 



(6.169) 

(6.170) 
(6.171) 



($"(a',0'),d™*+(^,^)) = -e^{^'\<7',9'),d,^l{cT,9))=S^^e^d^S''-ia'-cT)5''-{9'-e) (6.172) 

The last case is the only one where we had to take care of an extra sign stemming from 9 jumping over the 
graded comma. Comparing this to (|6.5|), where we had 

(6.173) 
(6.174) 
(6.175) 
(6.176) 



{b™,c"} . 


- c 


{c",6™} = 


= c 


{Pm,x"} -- 


= c 


{x",p,n} = 


= -6 
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one recognizes that the only difference is an overall odd factor 9'^d^S'^^ {a' — cr)(5''" {6' — 6) (the delta-function 
for 6 is an even object for even worldvolume dimension d^) and an additional minus sign for the lower two 
lines, but the corresponding indices just get contracted like for the Poisson bracket. After such a bracket of 
basis elements has been calculated (which happens just between the remaining factors of T (at a') on the 
left and the remaining factors of T (at a) on the right) this overall odd factor has to be pulled to the very 
left which gives an additional factor of (—)*"* (in the notation of ( 3.28 )) plus an additional minus sign for 
the upper two lines which compensates the relative minus sign of before and we get just an overall factor of 
~(~)*~* 9^dfj,d'^^{a' — a)S'^^{6' — 9) in all cases at the very left as compared to the Poisson-bracket. The 
remaining terms are still partly at a and partly at a' , but using 



A{a)B{a')d^,S{a - a') = Aicr)df,B{a)S{a ~ a') + A{a)B{a)df,S{a - a') VA, B 



(6.177) 



we can take all remaining factors in T(cr', 9') at a, while 9' is set to 9 anyway by the (5-function. We have thus 
verified one of the coefficients of the complete antibracket: 



iT{a',9'),f{a,9)) 



-(-)*-* 9''df,S'^'{a - a')5'^-{9' - 9) 
-5'^^{a ~ a')S'^^{9' - 9)A{a,9) 



T.T 



(1) 



(a,0). 



(6.178) 



with A{a, 9) yet to be determined. 

(ii) It remains to show that A(a, 9) is a derived expression of 



T,T 



(1) 



A hint to this fact is already given in 



(|6.177| ), but this is not enough, as there is also a contribution from the ($™, $„ )-brackets. In order to get a 

A 



precise relation between A{a, 9) and 



T.T 



(i: 



(cr, 0), let us see how one can extract them from the complete 



antibracket. In order to hit the delta functions with the integration, it is enoug h to integrate over the patch 
U{a) containing the point which is parametrized by a^ . The last term in ( 6.178|) is the only one contributing 
when integrating over a' and 9 



A{a,9) = f ^-a' U{9') {T{<j' ,9'),f{a,9)) 

JU{cr) J 



(6.179) 



That the first term on the righthand side of ( |6.178D does not contribute is not obvious as U(a) might have a 
boundary. However, for this term one ends up integrating a d„-dimensional delta-function over a boundary of 
dimension not higher than d„ — 1, so that one is left with an at least one-dimensional delta-function on the 
boundary which vanishes as the boundary of the open neighbourhood U(a) of a of course nowhere hits a. 



Extracting the algebraic bracket 



T,r 



is a bit more tricky. One can do it via 



for any fixed 
index A 



T,T 



A 



{a,9) = -(-)*-* / cf^-a'/M^') 

(1) Ju(<y) 



-1 



89- 



-{Tia',9'),T{a,9)) (6.180) 



The boundary term proportional to ( ^-^ — 1 1 S'^"{(7 — a') appearing above on the righthand side after partial 
integration vanishes as a' in the prefactor is set to a via the delta function. 



The claim is now that A{a, 9) = -(-)*~* dT, f 



dr,T 



(1) 



(a,0) 



-(-) 



t+i-t' 




[a, 9). So let us calculate the righthand side via ( S.18C| ): 



89^ 



idria',9'),T{a,9))= (6.181) 



d 



= -(-)'+!-*'/ cf^" a' / M^') i — -l\ ^9'^d'^{T{a',9'),f{a,9)) (6.182) 



{T,T) contains in both terms a plain (5-function for the fermionic variables 9, so that we can replace 9' by 9. 
Integration by parts of d'^ (where possible boundary terms again do not contribute because of the vanishing of 
the delta function and its derivative on the boundary) deHvers the desired result 



dr,r 



(1) 



(a, 9) = -(-)*-*' / d^-a' / /i(0') (r(a', 9'),f{<j, 9)) = -(-)*"*' A(a, 9) 



(6.183) 



This completes the proof of proposition 3b. 



D 



Chapter 7 

Applications in string theory or 2d CFT 



In the previous section the dimension of the worldvolume was arbitrary or even dimensional. The appearance 
of derived brackets (including e.g. the Dorfman bracket) is thus not a special feature of a 2-dimensional sigma- 
model like string theory. There are, however, special features in string theory. Currents in string theory 
(which have conformal weight one) naturally are sums of 1-forms and vectors, if one takes the identification 
dix'^ia) ^ dr™ and Prn{a) ^ d^, as in ^ (see footnote |l|), e.g. fe" = dix"" - 9oa;'"=cfc" - 7?™"a„ . 
This is closely related to the identification in our previous section in the antifield formalism. In addition, only 
in two dimensions a single 9 can be interpreted as a worldsheet Weyl spinor (in 1 dimension it can be seen as 
a Dirac-spinor, but in higher dimensions the interpretation of as worldvolume spinor breaks down). As we 
ended the last section with the antifield formalism, which therefore is perhaps still more present, let us start 
this section in the reversed order, beginning with the application in the antifield formalism. 

7.1 Poisson sigma-model and Zucchini's "Hitchin sigma-model" 

Remember for a moment the Poisson-cr- model ||9§, |97|. It is a two-dimensional sigma-model {d^ ~ 2) of the 
form 

^0 = / VmdV^ + ^P""(a;)r,„r7„ (7.1) 

where t]^ is a worldsheet one-form. This model is topological if and only if the Poisson-structure P"'"(a;) is 
integrable, i.e. the Schouten-bracket of P with itself vanishes 

So topological -^=^ [P,P] = (7.2) 

It gives on the one hand a field theoretic implementation of Kontsevich's star product |g^ and is on the other 
hand related to string theory via a topological limit (big antisymmetric part in the open string metric), which 
leads to the relation between string theory and noncommutative geometry. 

The necessa ry ghost fields for the action can be introduced by extending x and rj to de Rham superfields as 
in ( |6.156| , |6.157| ) 



ci>'»(a,0) EE a:"^(a)+x^ia)e'^+ x™^,(a) O^^O^^ (7.3) 



1 ^ ., ,. „„„ ^..., ,. 1 



*+(a',0') ^ -e^^^^x:j^^^Ha')+e'^-e,,,,x+„^^{a')+-e,,,,e'^^e'^^x+{'y') (7.4) 



^- _^ , ^^ V ' ^ 



One can use Hodge-duality to rename some component fields as indicated. /3„ is then the ghost field related 
to the gauge symmetry. The action including ghost fields and antifields simply reads 

S = Jd'ajfiie) *+d"$™ + iF"-(ci>)*+*+ (7.5) 

The expression under the integral corresponds to the tensor —Sm'^dx'" /\dn + ^P™''^dm^dn and the antibracket 
in the master-equation (5*, S) implements the Schoutenbracket on P, which is a well known relation. Therefore 
we will concentrate on a second example, which is very similar, but less known. 

Zucchini suggested in |gl[ a 2-dimensional sigm a-m odel whic h is t opol ogica l if a gen erali zed complex structure 



in the target space is integrable (see subsection B.2 on page 149 and B.4 on page 152 to learn more about 



generalized complex structures) . His model is of the form 

s = Jd^aJ^l{e) (*+d"$™ + ) ip'""($)*+ *+ - ig™„($)d"$'"d"$" - j"„d™$"*+ (7.6) 



CHAPTER 7. APPLICATIONS IN STRING THEORY OR 2D CFT 



136 



where P™", Qmn and J™„ are the building blocks of the generaHzed complex structure ([B.22D 



J N — 



jm Tjmn 

— O — 7" 



(7.7) 



The first term of (7^) can be absorbed by a field redefinition as already observed in ||92|. Ignoring thus the first 
term and using our notations of before, S can be rewritten as 



S^ I (fa f fi{e) ij7($,d"$,*^ 



(7.8) 



Calculating the master equatio n exph c itely and collecting the terms which combine to the lengthy tensors for 
the integrability condition (see ( B.6C| )-( B.63| )) is quite cumbersome, so we can enjoy using instead proposition 
3b on page 133. For a worldsheet without boundary its integrated version reads 



J d^-a' J ^i{e')K{a', e'),J d'-a J p.{e)L{a, 9)^ = J d'-a j ^(0) [i^,di]fi) (a, 0) (7.9) 



which leads to the relation 



{S,S) 







Jd^<7jfi{e)[j,dj]f,^{<j,9)^Q 



(7.10) 



The derived bracket of the big b racket of J with itself contains already the generaHzed Nijenhuis tensor (see in 
the appendix in equation ( B.81 ) and in the discussion around) 



[J,dJ](i 



(1) = ^f^HM,M^''n^'H^'■■^-AJ'''JIMi''pJ 



.M 



o(dz;,p) 



= (dr-,a^), pj = (p„0) 



(7.11) 

(7.12) 
(7.13) 
(7.14) 



For J^ — —1 the last term is proportional to th e gene rator o (remember ( |6.8| )). In ( [7.1C ), however, it appears 
with dc and p replaced by the superfields as in ( |6.16^ ) 



o(a,6») - d"$"(a,6»)d™*+(CT,0) = -d"(d™$"(a,6»)*+(a,0)) 



(7.15) 



which is a total worldsheet derivative and therefore drops during the integration. We are left with the generalized 
Nijenhuis tensor as a function of superfields 



AA(cr, e) 

with i'"' 



(d™$",*+) 



(7.16) 
(7.17) 



Written in small indices 

N{a,e) -- 



K 



miTn2m3\ 



($) d"^"H rfW^"H tJ"^"H^ +3^f"m^n^2 {'^)^nd'^^"'' <^"^"'' 
=0 

+ 3AA„"i"^($)d™$"*+^*+. +-^"''"''"'(*)*m*m*m 



One realizes that the first term vanishes identically (as mentioned in 
are required to vanish in order to satisfy (7.10). 



(7.18) 
and only the remaining three tensors 



7.2 Relation between a second worldsheet supercharge and general- 
ized complex geometry 

In Ig^ the relation between an extended worldsheet supersymmetry in stringtheory and the presence of an 
integrable generaHzed complex structure was explored. Zabzine clarified in \9^ the relation in an model in- 
dependent way in a Hamiltonian description. The structures appearing there are almost the same that we 
have discussed before although we have to modify the procedure a little bit due to the interpretation of as a 
worldsheet spinor. 

Consider a sigma-model with 2-dimensional worldvolume (worldsheet) with manifest N = 1 supersymmetry 
on the worldsheet. In the phase space there is only one cr-coordinate left. Let us denote the corresponding 
superfields, following loosely pQ], by 



^"\(7,e) 



a;™(a) + 0A™(a) 



(7.19) 
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S^{a,e) = p„(a)+6»p„(a) (7.20) 



In comparison to section |6.3| , there is a change of notation from c™ ^ A™ and 6,„ -^ p,„ as b and c suggest the 
interpretation as ghosts which is not true in this case, where A and p are worldsheet fermions. Introduce now, 
following Zabzine, the generator Qg of the manifest SUSY and the corresponding covariant derivative Dg 



with the SUSY algebra 



Qe = de + 9d, (7.21) 

De = dg-eda (7.22) 



[Qe,Qe] = 29, = -[De,De] (7.23) 

[Qg,I)e] = (7.24) 



Qg is the sum of two nilpotent differential operators, namely dg and 6dc. Acting on the Superfields <i>™ and 
/S"", they induce the differentials sand son the co mpo nent fields, which are in turn generated via the Poisson 
bracket by phase space functions il (the same as ( |6.6S| )) and tl. 

n = da A V (7.25) 

n = I dad^x^p,, (7.26) 

sz;™ = {f2,x™} - A'"^cfc™, ^„EE{f2,p„}=p„^d(9™), (7.27) 

s\" = {o,A'"} = -d,x"\ ^}k^-d,p^^[n,pk], (7.28) 

^™ = ae$", ^,n = dgS^ (7.29) 

M.™ = 09,$", aS„-0a,S™ (7.30) 

The Poisson-generator for the SUSY transformations of the component fields induced by[] Q^ is thus the sum 
of the generators of s and s 

Q = n + Q.= I daX'^pk-d^x^Pk^- I da I dOClg^^Sk (7.31) 



In (|6.76D superfields were defined via dgY = sK in order to implement the exterior derivative directly with dg. 
In that sense <&, S, eft, 6S and all analytic functions of them were superfields. In the context of worldsheet 
supersymmetry, one prefers of course a supersymmetric covariant formulation. Let us therefore define in this 
subsection proper superfields via 

Y is a superfiled : -^=^ QgY = {Q, Y} = (s+ s)Y (7.32) 

which holds for $, S',De$, TigS, all analytic functions of them (Hke our analytically continued multivector 
valued forms) and worldsheet spatial derivatives 9, thereof (but not for e.g. Qe<&. This means that although we 
have Qe<& = (s+s)$ this does not hold for a second action, i.e. Qq<& ^ (s+s)^$, which explains the somewhat 
confusing fact that the Poisson-generator Q has the opposite sign in the algebra than Q^ 

{Q,Q} = -2P (7.33) 

where we introduced the phase-space generator P for the worldsheet translation induced by 9, 

P = I da dax'^pk + d^X'^Pk^ f da f de d^^'^Sk (7.34) 

The same phenomenon appears for the differentials s and s The graded commutator of dg and Oda is the 
worldsheet derivative [dg,0dcr] = da, while the algebra for sand shas the opposite sign 

[s,~iY{a,e) = -daYia,9) (7.35) 



^We have 



De*™ = A'" (a) - ea^x"", DeS™ = p™ - ea„p„ 

&ePm = SPm, SsPm = —eda-Pm <> 
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^ 



|j7,J7| 



-p = m 



(7.36) 



One major statement in |Q is as follows: Making a general ansatz for a generator of a second, non-manifest 
supersymmetry, of the form (some signs are adopted to our conventions) 



Q2 = ^/^'^/^^ (P™"($)5™5„-Q™„($)De$'"De$" + 2J™„($)5™De$") (7, 



37) 



and requiring the same algebra as for Q in (7.33|) 




{Q2,Q2} = 


-2P 


{{Q.Q2} = 


") 


is equivalent to 




J N — ^ 


Tjmn 
•J n 



(7.38) 
(7.39) 



(7.40) 



being an integrable generalized complex structure (see in the appendix B.2 on page 149 and B.4 on page 153). On 
a worldsheet without boundary, the second condition is actually superfluous, because it is already implemented 
via the ansatz: The expression in the integral is an analytic function of superfields and therefore a superfield 
itself. According to ( 7.32] ) we can replace at this point the commutator with Q with the action of Qg and get 



{Q,Q.2} = j dcT j de Qs{...)=Jda 9,(...) = 



(7.41) 



For the other condition, the actual supersymmetry algebra ( r.38| ), the aim of the present considerations should 
now be clear. The generalized complex structure J itself is a sum of multivector valued forms 

J = ^*^^(x)tMtAr = P™"(a;)a„Aa„-Q™„(x)cfc™dE" + 2J"„(a:)9„Acfc" (7.42) 

which can be seen as a function of x and the basis elements 

J^J{x,dc,d) (7.43) 

In^^we replaced the arguments of functions like this with "superfields" a;™ -^ $™, dr™ -^ dg^"^ and dm — > Sm- 
The name superfield might have been misleading, as dg^ is only a superfield in the sense that it implements 
the target-space exterior derivative via dg , but it is not a superfield in the sense of worldsheet supersymmetry. 
In a supersymmetric theory one prefers a supersymmetric covariant formulati on. W orking with dg^ as before 
is therefore not desirable and we replace dg^ by De$, leading directly to Q2 ( 7.37 ) which now can be written 
as 



Q2 = IJ da J dej ma,e),Bg^a,e),sia,e)) 



(7.44) 



Apart from the change dg^ -^ De$ we expect from the previous section that the Poisson bracket of Q2 with itself 
induces some algebraic and some derived bracket of J with itself which then corresponds to the integrability 
condition for J. This is indeed the case, but we first have to study the changes coming from dg^ -^ Dg^. In 



other words, we need a new formulation of proposition 1 (6.97) in the case of two-dimensional supersymmetry 
(Proposition 1 is of course still valid, but it is not formulated in a supersymmetric covariant way. It s hould, 
however, be applicable to e.g. BRST symmetries ). Let us redefine the meaning of K{a,0) in ( 6.85| ) for a 
multivector valued form K'-'^''' ^ 



/r('=''=')(a,0) = if ('=■'=') ($™(^,^),De$"(a,0),5„,(a,0)) = 



(7.45) 
Km,...m,"'-"'' m<J,0)) Bg<^''''{a,e) . . .Dg<P"'-{a,e)SnA<^,e) . . . Sn„{<J,e)^^K^''''''\a) (7.46) 



(5.6C) 



Likewise for all the other examples in (|6.84| )- (|6.9l| ): 

T(*^*''*")(a, 6) = r(*'*''*") ma, 0), De$(a, 0), 5(a, 6), DgSia, 6)) ^=" T^'-''-'"\a) (see ^^6^) (7.47) 



e.g. dK(a,0) = dKma,e),-Dg^a,e),S{a,e),-DgS{a,e)) 
ovoia,9) = oiDg<$ia,9),DgS{a,9)) 



(6.8) 



e=o 



De$™(a,0)De5„,(a,0)r^o(a) 



(7.48) 
(7.49) 
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[^(fe,/c')^^^(i/)]A^(^,0) = [K^f^^f^'),L(''''^][fh<^{a,e),BeHa,e),S{<j,e),BeS{<j,9)) '^[K^''''''\L^'^''^]\f^{a) (7.50) 



J(i) 
cfe"(CT, e) = De$"(a, 6») = A'"(o-) - 6>9„a;"(CT) 

dd,n{(T, 0) = De5„i(cr, 0) = Pm(cr) - edaPm{<^) 

Expanding K m 6 yields 

As ii" is a superfield, we can replace Q^ by s+ s 

= i^(fe.fc') (a) + ((d+ ^,„)i^('=^'=')) (a) 



e'=o 



e'=o 



v'^' — ^ — d(jx'^ 



(7.51) 
(7.52) 



(7.53) 
(7.54) 

(7.55) 
(7.56) 



This is the analogue to the non-supersymmetric ( |6.95| ) and delivers the exterior derivative which will lead to the 
appearance of the derived bracket. The relation between sand the inner product with a vector should perhaps 
be clarified. Remember that all multivector forms at = 0, K^^'^ ^(cr), are analytic functions of the component 
fields x"*, A™ and p„ . But among those fields, sacts only on A™ and we can express it with partial derivatives 
(instead of functional ones) when acting on K: 



~sK{a) = -d^x" 



d 



dX 



■K{x,\,p) = ivK{a)l^^_g^^k 



(7.57) 



in the Poisson bracket of sK with another multivector valued form L at 6 — 0, nothing acts on v'' — ~daX^ 
(which would produce a derivative of a delta function) , as L does not contain pk ■ Therefore we have 

rsK(a'),i(c7)}= [i.K,L\{a)l,_g^^a{a-a') (7.58) 

which we will need below. For superfields we have Y{a, 0) = Y{a) + 0(s+s)y(cr). Applying the same to v yields 



v''{a)+e{s+~s)v''{a) 



-d^x'' -9{s+~s)dax''{cr) = 



(7.59) 
(7.60) 



Proposition lb For all multivector valued forms K'-'^''' >,L"''' ' on the target space manifold, in a local coor- 
dinate patc h seen as functions o/.x'",dz;™ and dm, the following equation holds for the corresponding worldsheet- 
superfields ^7_J_^ 



{if (fc./c') (^/^ 0')^ ^(M') (^^ 0)} = ^^ ^s{e - e')5{<j - a')) [K, L]f,^ {a, 6) + 






+5{e' - e)S{a - a') ( [dK, L]f[^{a, 6) + [i„K, L]f,-^ [a, 9) 


1,'^ = 


~d„>J>>'J 


(7.61) 


-i-r'^' [K,^L]f,^ -(-)--[^..„i] 







where e.g. [dK,L]fl^{a,e) = [dK,L]f^^ma,e), De^a^O), S{a,e), DeS{a,e)). 
The integrated version for a worldsheet without boundary reads 



da' fde'K'-''''''\a',e'), fdafd9L^'-''\a,e)^ = (s+s) f da ([i^,dL]fi) - (-)'-"' ^A", L]fi) | ^__^ J (a) 



(7.62) 



Proof Let us use ( [7. 551) for both multivector valued fields and plug into the lefthand side of ( 7.61 ) 

{K{a',e'),L{a,e)}^ 
= {K{a')+e'{s+~s)K{<7'), L{<7) + e{s+~s)L{a)} = (7.63) 

= {K{<j'), L{a)} + e'{{s+ s)K{a'), L{a)} + {-f-'''e{K{a'), (s+ s)L(a)} + 

+ {-)''-''' 00' {{s+~s)K{a'),{s+s)L{a)} = (7.64) 

= {Kia'), Lia)} + [6' ~ 9) {(s+ s)K{a'),L{a)} + 0(s+ s) {K{a'), L{a)} + 
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+6l'6l(s+ s) {(s+ ~s)K{a'), L(a)} - 0'0 {(s+ s)(s+ ~s)K{a'), L{a)} = 
= (1 + 6(5+ s)) {K{a'), L{a)} + {9' - 6») (1 + 6/(s+ s)) {(s+ s)K{a'),L{a)} 
-e'e{[s,~iK{a'),L{a)}^ 



lA 



Si<7 - a') (1 + 9{s+ s)) [K, L]fi) (a) + {9' - 9) {1 + 9{s+ s)) {(s+ s)K{a'), L{a)} 



-{9' - 9)9dJ{a - a')[K,L\l^^{a) 
Now let us make use of ( |7.58 ) and ( |7.60| ) to arrive at 
{K{<t\9'),L{cj,9)}^ 

- De {5{9 - 9')5{a - a')) [K, L]f^^ (a, 9) + 6(9' - 9)5{<j - a') [(d+ i,)K, L]f-^^ (a, 9) 

which is the first equation of the proposition. Integrating over 9' and a' results in 

f da' f d9'{Kia',9'),L{a,9)} ^ [{d+ i,)K,L]f^.^ {a,9) 



(7.65) 
(7.66) 

(7.67) 



^-d„'S>'= 



llfc^-O^**: 



V^ — — drrX^ 



-9is+s) [(d+i,)if,L]^i)((T) 



(7.68) 



(7.69) 



(7.70) 

V^^ — drjX^ 



A secon d inte gration picks out the linear part in 9 and adjusting the order of the integrations gives the additional 
sign in ( [r.62| ). D 

Application to the second supercharge Q2 



We are now ready to apply the proposition in the integrated form ( |7.62| ) to the question of the existence of 
a second worldsheet supersymmetry Qj- Remember, we want {^21^2} = — 2P. Due to the proposition, the 
lefthand side can be written as 



{Q2,Q2} = \{^+^ j da{[J,AJ]f^-^^[i,J,J]f^^ 



V= — daX''Pf. 



{^) 



For J"^ = —1, the second term under the integral simplifies significantly 



\ / da[i,J,J]f^-^ 



V — — da-X^Pf^ 



= - I dav'^JK^-JL^'iM 



v=—d„x*'p^. 



Recalling that 



(s+s)f2 = sf2=a7= (s+s)0 = -P 
and n = I da o{a) (see ( ^.63| )) 



(7.71) 



= - / dad^x'^Pk = 0. (7.72) 

(7.73) 
(7.74) 



we can rewrite ( |7.7lD as 



{Q2, Q2} = \{^+ s) (j da [J,d J]fi) + A^ = 

= i(s+ s) (^j da {[J,AJ]f^) ~ 4o) {a)^ + 2^ 



The righthand side clearly equals — 2P for 



[J,AJ]fi) - 4o 







(7.75) 
(7.76) 

(7.77) 



which is again (according to ( B.llj )) just the integrability condition for the generalized almost complex structure 
J. 



Conclusions to the Bracket Part 

We have seen two closely related mechanisms in sigma-models with a special field content which lead to the 
derived bracket of the target space algebraic bracket by the target space exterior derivative. This exterior 
derivative is implemented in the sigma model in one case via the derivative with respect to a (worldvolume-) 
Grassmann coordinate and in the other case via the derivative with respect to the worldvolume coordinate 
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itself. In the latter case this derivative has to be contracted with (worldvolume-) Grassmann coordinates in 
order to be an odd differential. This leads to the problem that higher powers of the basis elements vanish, as 
soon as the power exceeds the worldvolume dimension as it happens in Zucchini's application. A big number of 
Grassmann-variables is therefore advantageous in that approach. For the other mechanism one rather prefers 
to have only one single Grassmann variable as there is no need for any contraction. There is one worldvolume 
dimension more in the Lagrangian formaHsm and for that reason it was preferable to apply there the mechanism 
with worldvolume derivatives and use the other one in the Hamiltonian formaHsm. 

If one does not consider antisymmetric tensors of higher rank, but only vectors or one-forms (or forms of 
worldvolume-dimension) , the partial worldvolume derivative without a Grassmann-coordinate is enough. There 
is either no need for antisymmetrization or it can be performed with the worldvolume epsilon tensor. The 
nature of the mechanism remains the same and leads to the observations in |£l|, [7^ that the Poisson bracket 
implements the Dorfman bracket for sums of vectors and one-forms and the corresponding derived bracket for 
sums of vectors and p-forms on a p-brane [Q. In that sense, the present part of the thesis is a generalization 
of those observations. 

There remain a couple of things to do. It should be possible to implement in the same manner by e.g. 
a BRST differential other target space differentials which can depend on some extra-structure and repeat 
the same analysis. Symmetric tensors then become more interesting as well, because they need such an extra- 
structure anyway for a meaningful differential. From the string theory point of view, the appHcation of extended 
worldsheet supersymmetry corresponds to applications in the RNS string. But generalized complex geometry 
contains the tools to allow RR-fluxes, which are hard to treat in RNS. It would therefore be nice to find some 
topological limit in a string theory formalism which is extendable to RR-fields, like the Berkovits-string |l2|| , 
leading to a topological sigma model Hke Zucchini's, in order to learn more about the correspondence between 
string theory and generalized complex geometry. 



Conclusion 



After the conclusions on the bracket part, we would like to recall the general idea of what we did. Apart 
from the presentation of the explicit worldsheet BRST transformations, the result of the supergravity-constraint 
calculations from Berkovits' pure spinor string in part || is not new in itself. It is, however, a very important 
result and our contribution can be seen as an independent check. This is true in particular, as we used different 
techniques at several points. We established a covariant variation in this setting and derived everything in 
the Lagrangian formaHsm, using "inverse Noether". The argumentation and calculation was done in detail, in 
order to allow checks by others, and also some subtle points like the antighost gauge symmetry where discussed 
carefully. Also our starting point was more general. Last but not least, the insight from the first part about 
superspace conventions served as a very powerful tool throughout. The aim of the calculation in part || was to 
make contact to generalized geometry. The derivation of the generalized Calabi Yau condition has been done so 
far from the supergravity point of view, and possible quantum or string corrections to this geometry require a 
worldsheet calculation. We have therefore derived the supergravity transformations of the fermionic background 
fields which serve as the starting point of these considerations. We did not yet calculate any string corrections, 
but it could already be of big advantage to know the natural form of the supergravity transformations as they 
come out from the string and not from old supergravity considerations. In particular we expect to obtain 
more insight about the geometric role of the R R-fields in the super-geometrical setting. Non-commutativity 
considerations for the open superstring (e.g. [Q 100, |lOl[ ), for example, assign a similar role to the RR-fields 
in superspace as the i?-field has in bosonic space. And the geometry of the latter (with the field strength H 
either seen as a twist or a torsion), are understood much better. 

There are several directions ahead. One could try to establish the tools of generalized (not necessarily com- 
plex) geometry already in ten dimensions, before compactification. Having the superstring in mind (embedded 
in superspace), it would be even more appealing to consider some generalized supergeometry, i.e. structures on 
T (BT* of the supermanifold. String statements should simplify if one uses a formulation where the structures 
of interest appear manifestly. In this context it seems also reasonable to switch to a probably mixed first-second 
order formalism of the pure spinor string in general background. Topological limits of this formalism might 
lead to something like the Hitchin sigma- model |^l|| or some supersymmetric version of it. This again could 
shed light on the geometric role of RR-fi e lds. Sim ilar to the last point would be the introduction of doubled 
coordinates as suggested by Hull|102, 102, 104, 105 1. Generalized complex geometry and this doubled geometry 
seem to be very closely related. Deriving the first via supersymmetry conditions in a formalism with doubled 
coordinates certainly could clarify this relation. 

For all these considerations, our insight about brackets and sigma- models and the relation to the integrability 
of generalized complex geometry that we obtained in the last part of this thesis will be very useful. What we 
learned about superspace conventions should even be useful for everybody working with superspace. 
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Appendix A 

Notations and Conventions 



Within the thesis, a lot of different types of tensors have to be denoted. The choices and sometimes some logic 
behind, will be presented here. 

The bracket part ([11) (including appendices ^ and|C|) differs a bit in the notation from the rest, as it does 



not treat a superspace. In any case we denote bosonic target space coordinates via a;™. In the bracket part, 
however, world- volume-coordinates are denoted by tr^, while in the worldsheet coordinates in the rest are most 
often chosen to be complex {z,z). At some places we write the real coordinates a^ with an worldsheet index 
^ or C, in order to distinguish it from the curved spinorial indices ^,v,. ... Our metric signature is 'mostly 
plus':?7oh = diag(-l,l,. ..,1). 

Superspace In the superspace parts we have x^ = {x"^,0^,0 ), where and are anticommuting coordi- 
nates with the dimension 16 of a Majorana Weyl spinor in ten dimensions. The hatted index should include 

both versions of superspace: IIA (with = Of^) and IIB (with = ). The grading of the coordinate x^^ 
depends on the index. We therefore prefer to write x^'^ = {x"^ , x^^ , x^) . Writing the fermionic indices boldface 
is just a reminder and will not be substantial. A vielbein Em^ will transform curved indices (from the middle 
of the alphabet) into fiat indices (from the beginning of the alphabet) and vice verse, e.g. for the pullbacks 
of the supersymmetric invariant form 11^ — dx^' Em^- The entries then have a corresponding index structure 
with letters from the beginning of the alphabet: 11^ = (11°, 11°, 11°). When we want to combine the spinorial 

indices only, we write a;-^ = (a;'^,x'^) or 0^ = {6^,6 ) or 11^ = (11°, 11°). If we want to omit the indices, 

(e.g. in functions of the coordinates) we write x for x^^ , x for x™, 9 for 9 , 9 for 9'^ and 9 for 9 . 

Notation for tensors in the bracket part In the bracket-part, we mainly denote target space vector- 
fields by a, 6, . . . or v,w, . . ., 1-forms by small Greek letters a,(3, . . . and generaHzed T ® T*-vectors by a, b, . . . 
or 0,rD,... . For an expHcit split in vector and 1-form, the letters from the beginning of the alphabet are 
better suited, as there is a better correspondence between Latin and Greek symbols or one can visually better 
distinguish between Latin and Greek symbols. Compare e.g. a = a + a and V = v + (Iv). 

Higher order forms will be in general denoted by a^^', (3^'^\ ... or uj^P' , ri'-'^\ p^^\ .... There will be exceptions, 
however , for specific forms like the B-field B = Bmn^"^ A dr". Following this logic, we will also denote 
multivectors (tensors with antisymmetric upper indices) by small letters, indicating their multivector-degree 
in brackets: a^P\b^'^\ ... or v^p\w'^''\ . . .. There are again exceptions, e.g. a Poisson structure will often be 
denoted by P = P"^"dm A &„■ The most horrible exception is the one of the beta-transformation, which is 

/jmn I -n 

denoted by a large beta p in (B.47), in order to distinguish it from forms. 



Tensors of mixed type will be denoted by capital letters where we denote in brackets first the number of 
lower indices and then the number of upper indices, e.g. T^p-'^. Most of the time, we treat multivector valued 
forms, e.g. the lower indices as well as the upper indices are antisymmetrized. The letters denoting form degree 
and multivector degree will often be adapted to the letter of the tensor, e.g. K^''''' ), L^''' ), . . . 
Attention: k and I are also used as dummy indices! Sometimes (I'm sorry for that) the same letter appears 
with different meanings. However, in those situations the dummy indices will carry indices which might even 
be one of the degrees k or k' , e.g. K,,,^^---^''' Lk^^,...ki..."' ■ 

Working all the time with graded algebras with a graded symmetric product (the wedge product) , everything 
in this thesis has to be understood as graded. I.e. with commutator we mean the graded commutator and 
with the Poisson bracket the graded Poisson bracket. They will not be denoted differently than the non-graded 
operations. Relevant for the sign rules is the total degree which we define to be form degree minus the 
multivector degree. In the field language, it corresponds to the total ghost number which is the pure ghost 
number minus the antighost number. It will be denoted in the bracket part by 

I K^^'^'^ I = k-k' (A.l) 
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In the rest of the thesis, | . . . | will only denote the parity, i.e. +1 for commuting and —1 for anticommuting 
variables. As only degrees or parities appear in the exponent of a minus sign, a simplified notation is used there 

(-)'4 = (-1)1-41, (_)A+B^(_)|A| + |B|^ (_)AB^(_)|A||S| y^^^ (A_2) 

Poisson bracket and derivatives For the Poisson bracket, the following (less common) sign convention is 
chosen: 

{p™,x"} = 5l^-{x",pm} (A.3) 

{6™,c"} - C = -(-)'' {c",M (A.4) 

Derivatives with respect to x™ are denoted by -g§^f = dmf = f,m- For graded variables left and right derivatives 
are denoted respectively by 

^^^f{c}^^f{c), df{c)/dc EE /|- (A.5) 

oc oc oc oc 

The corresponding notations are used for functional derivatives j^^ ■ 

Boldface philosophy and antisymmetrizations With respect to the wedge product, the basis element 
dm is an odd object {dm A 9„ = dn A dm)- The partial derivative dk acting on some coefficient function, 
however, is an even operator (it does not change the parity as long as it is not contracted with a basis element 
Ae^). That is why we denote the odd basis element dm and dr™ as well as the odd exterior derivative d with 
boldface symbols. The interior product itself does not carry a grading in the sense that | iKp | = | -ft' | + | p |, 
while for the Lie derivative Ck = [*if,d] the C carries a grading in the sense | CkP | = |^| + IpI+1- That is 
why the Lie derivative is denoted with a boldface C which is also very good to distinguish it from generalized 
multivectors /C, £, . . .. The philosophy of writing odd objects in boldface style is also extended to the combined 
basis element 

tM^(9„,dE"), t^^ = (dr",a„) (A.6) 

and to the comma in the derived bracket [ , ] in contrast to the commutator [ , ]. This should be, however, just a 
reminder. It will be obvious for other reasons, which bracket is meant. But we do not extend this philosophy to 
vectors and 1-forms, where it would be consistent (but too much effort) to write the vectors and basis elements 
in boldface style and the coefficients in standard style. We will instead write the vector in the same style as the 
coefficient a = amdr™. 

A square bracket is used as usual to denote the antisymmetrization of, say p, indices (including a normaliza- 
tion factor ^). A vertical line is used to exclude some indices from antisymmetrization. An extreme example 
would be 

ji^ab\cd\e\fg\hi\ /^ r,\ 

where A is antisymmetrized only in a, b, e, h and i, but not in c, d, f and g. Normally we use only expressions 
like A'-"-^''^'^''^^^', where a, b, e, / and g are antisymmetrized. 

Wedge product A significant difference from usual conventions is that for multivectors, forms and general- 
ized multivectors we include the normalization of the factor already in the definition of the wedge product 

dr"! . . . dr"" = dr"! A ... A dr"" = dc^""^ ^...^ dr""! = ^ ^dz;™^(i) ® . . . ® dr"'^*") (A.8) 

p 

9mi •••9,„„ = a^i A ••• A9,„„ = d[mi<^---<^dm„]^^—dmp^i-,<»---<»dmpf„-, (A. 9) 



n! 
p 



tMi • • • tM„ = Imi A . . . A tAf„ = t[Mi ® .■.® tM„] = X! ~tj>^P(i) ® ■■■® iMp^„) (A. 10) 

p 

(where we sum over all permutations P), such that we omit the usual factor of ^ in the coordinate expression 
of a p-form, or a p- vector 

a(p) = am^...m,dc"'' A---Adc"'^^am,...m,dE"''---dE"''' (A.ll) 

^(p) ^ v^^'-^-dm.A-.-Adm, (A.12) 
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Readers who prefer the ^, can easily reintroduce it in every equation by replacing e.g. the coefficient functions 



]_ mi...mp 



ZJV 



P. The equation for the Schouten bracket ( C.lOl) , for example, would change as follows: 



{p + q-iy. 



„(P) y;(9) 



vip)^w(i) 



mi...mp+g_i I, I 1 r I J I i 

mi...mp-|-<j_i 2 1 



ip-iy.qi 
1 1 



p\ (q - 1) 



^[mi...mp_i|fe^^^lmp...mp+g_i] _|_ 



^^[mi...mp| ^^^fc|mp+i...mp+,_i] 



(A.14) 



Schematic index notation For longer calculations in coordinate form it is useful to introduce the following 
notation, where every boldface index is assumed to be contracted with the corresponding basis element (at the 
same position of the index), s.th. the indices are automatically antisymmetrized. 



OJ 



(p) 
/C(p) 



OJ,, 



dr" 



• dr"" = uj. 



■'-dn,A...dr. 



m...m 
n...n 



K^Mi...Mpi ^ 



jqMi...Mj,^ 



Ml 



or for products of tensors e.g. 



^m...m,Vm...m — ^[7ni...mpVmp-^i...nip^q] 



■ i " = JCm...m 

r _ ]rAf...Af 

■ Ulp = /C 



dj.™i . . . dz;"^+' = 



'mi...mp^mp+i...mp+g 



dr™! . . . (h-™P+i — l-Vin in 

•-^ ^-^^ — I, ) 'lm...m^m...T 



(A.15) 
(A.16) 
(A.17) 
(A.18) 



(A.19) 
(A.20) 



A boldface index might be hard to distinguish from an ordinary one, but this notation is nevertheless easy to 
recognize, as normally several coinciding indices appear (which are not summed over as they are at the same 
position). Similarly, for multivector valued forms we define^ 



Kr, 



K, 

■"-PL 



n...n ^ 7^ m-.-rifc/^mi . A dr'"'= 6S /) A AB 



pm....m 



(A.21) 
= K "i---"fc'-iPr "1 ■■■"!' rh-™! •• •dr™'=+'- 16?) /) ■ ■ ■ fi CA991 



^Upper and lower signs are thus treated in depen dently. For calculational reasons this is not the best way to do. We can interpret 
every boldface index on the lefthand side of ( |A.22| ) as a basis element sitting at the position of the index, so that the order of the 
basis elements on the lefthand side is first k x dr™, (fc' — l)9m, (^ — 1) x ffe™ and I' x dm, s.th., in order to get the order of the 
righthand side, we have to interchange (fc' — l)dm with (/ — 1) x dr™, which gives a sign factor of (— )'* ~i)('~i). This is a natural 
sign factor which appears all the way in the equations, which could be easily absorbed into the definition. However, we wanted 
to keep the sign factors explicitly in the equations in order to keep the notation as self-explaining as possible and not confuse the 
reader too much. o 



Appendix B 

Generalized Complex Geometry 



For introductions into Hitchin's |Q gener alize d complex geometry (GCG) see e.g. Zabzine's review |Q or 



Gualtieri's thesis JZ^I- In the appendix of |106|| there is another nice introduction with emphasis on the pure 
spinor formulation of GCG. For a survey of compactification with fluxes and its relation to GCG see Grana's 
review [|76[ . 

B.l Basics 

In generalized geometry one is looking at structures (e.g. a complex structure) on the direct sum of tangent 
and cotangent bundle T®T* . Let us call a section of this bundle a generalized vector (field) or synonymously 
generalized 1-form, which is the sum of a vector field and a 1-form 

a = a + a= (B.l) 

= a™a,„ + a„dE™ (B.2) 



Using the combined basis elements 



a generalized vector a can be written as 



There is a canonical metric Q an T ® T* 



IM 



(9,n,dr") (B.3) 



a = a"tM (B.4) 

(a",«™) (B.5) 



,j\/ 



(a,b) = a(6)+/3(a)= (B.6) 

= a™5™ + /3,„a™= (B.7) 

= a'^'GuNb'' (B.8) 



with 



JMN = I jm ^ j (B.9) 

which has signature (d,-d) (if d is the dimension of the base manifold). The above definition differs by a factor 
of 2 from the most common one. We prefer, however, to have an inverse metric of the same form 

As it is constant, we can always pull it through partial derivatives. Using t his m etric to lower and raise indices 



just interchanges vector and form component. We can equally rewrite a in (|B.4| ) with a basis with upper capital 
indices and the vector coefficients with lower indices 

(B.ll) 
(B.12) 
(B.13) 



e' 


= 


(dr™,9™) 


a 


= 


aMi'' 


O-M 


— 


{am, a"') 
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Note that in the present text there is no existence of any metric on the tangent bundle assumed. Therefore we 
cannot raise or lower small indices. In cases where 1-form and vector have a similar symbol, the position of the 
small index therefore uniquely determines which is which (e.g. Um and w™). 

In addition to the canonical metric Gmn there is also a canonical antisymmetric 2-form B, s.th. a{b) — 
(3{a) = a^BuN^^ with coordinate form 

Bmn ^ { L "5 ) (B.14) 



(5™ 



?M _ / <^™ \ _ D M 



Raising the indices with Q'^^" yields 

B"" = ( _»,. 'I ) (B.I6) 

We can thus use B and Q to construct projection operators Vt and Vt* to tangent and cotangent space 



Vr'^N ^ ^^{6''n+B''^) = { ''- I ) (B.17) 



M _ 1 /cM r,M ^ / 



Vr^-. ^ ^^{S^^.-B-.) = ^l ,: j (B.18) 

Vra = a, 'Pr-a = a (B.19) 

B.2 Generalized almost complex structure 

A generalized almost complex structure is a linear map from T ®T* to itself which squares to minus the 
identity-map, i.e. in components 

J^'^kJ^'n = -< (B.20) 



It is called a generalized complex structure if it is integrable (see subsection B^). It should be compatible 
with our canonical metric Q which means that it should behave like multiplication with i in a Hermitian scalar 
product of a complex vector space|^ 

(o,^tr) = -{JK>,^) ^^ {Gjf = -gj ^^ Jmn = -Jnm (B.21) 



This property is also known as antihermiticity of J . Because of ( B.21 ), J can be written as 



jm pmn \ / r) in 

J N - \ _^ _ in JmN ~ jm pmn ] {U.22) 

^n},7i ^ m. / \ <-' 77, -^ 



where P™" and Qmn are antisymmetric matrices, and ( [B.2C1D translates into 

J^-PQ = -1 (B.23) 

JP-PJ^ = (B.24) 

-QJ+J^Q = (B.25) 

Here it becomes obvious that the generalized complex structure contains the case of an ordinary almost complex 
structure J with J^ = — 1 for Q = P = as well as the case of an almost symplectic structure of a non-degenerate 
2-form Q with existing inverse PQ = 1 for J = 0. In addition to those algebraic constraints, the integrability 



of the generalized almost complex structure gives further differential conditions (see subsection [B.4D which boil 
down in the two special cases to the integrability of the ordinary complex structure or to the integrability of 
the symplectic structure. 

Because of J^ = —TL, J has eigenvalues ±z. The corresponding eigenvectors span the space of generalized 
holomorphic vectors L or generalized antiholomorphic vectors L respectively. This provides a natural splitting 
of the complexified bundle 

{T®T*)(g)C^L®L (B.26) 

The projector 11 to the space of eigenvalue +i (namely L) can be be written as 

n ^ lit -I J) (B.27) 



^ In a complex vector space with Hermitian scalar product {a,b) = {b,a) we have (a,ib) = —{ia,b). 
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while the projector to L is just the complex conjugate ft = | (1 + ij) = G^^Il^G. Indeed, for any generalized 
vector field we have 

jno == iUX) (B.28) 

L and L are what one calls maximally isotropic subspaces, i.e. spaces which are isotropic 

(o,rt3) = VD.treL (B.29) 

(this is because n^GII = QUH = 0) and which have half the dimension of the complete bundle. As the canonical 
metric (• • • ) is nondegenerate, this is the maximal possible dimension for isotropic subbundles. 

B.3 Dorfman and C our ant bracket 

Something which seems to be a bit unnatural in this whole business in the beginning is the introduction of the 
Courant bracket, which is the antisymmetrization of the so-called Dorfman-bracket. The Dorfm an b racket 
in turn is the natural generalization of the Lie bracket from the point of view of derived brackets ( |C.5l|) j 

[[z„,d],zt,] = Ha,b] (B.30) 

where [a, b] = [a,b] + Caf3 - Cta + d{iba) = (B.31) 

= [a,b] + Ca(3 - ibidx) ^ (B.32) 

= Cab - ib{da) (B.33) 

To get a homogeneous coordinate expression, we define 

Om = {drn,0) ^d'' = {0,d„,) (B.34) 



^ The twisted Dorfman bracket is defined similarly via 

[[ta,d+ HA],lt,] = l[a,h]H 
Remembering that HA = ih and using [ta, ih] = *[a £fiA = * (i) „! ^^ g^* 

[a,b]jj = [a,b] - it,taH o 



APPENDIX B. GENERALIZED COMPLEX GEOMETRY 151 

The Dorfman bracket can then be written a^ 

[a,b]*' - a'^dKb^ +{d^aK~dKa^)b'' (B.35) 

or [a,b]M = a'^dKbM + 2d[MaK]b'^ (B.36) 



Apar t from the term in the middle d^^ax, ( B.35 ) looks formally the same as the Lie bracket of vector fields 
( |C.l| ). The Dorfman bracket is in general not antisymmetric but it obeys a Jacobi-identity (Leibniz from the 
left) of the form 

[a,[b,c]] = [[a,b],c] + [b,[a,c]] (B.37) 

Although the Dorfman bracket is all we need, most of the literature on generalized complex geometry so far 
works with its antisymmetrization, which is called Courant bracket 

[a,b]_ = [a,b] + Cal3 - Cba + -d{iba - lap) (B.38) 

[a,b]_^, - a^aKfaM-9KaMb^ + i(9Ma/ffa^-a^'9Afbi^) (B.39) 

and which does not obey any Jacobi identity. As it is much simpler to go from Dorfman to Courant, than the 
other way round, we will only work with the Dorfman bracket. On any isotropic subspace {iba + laP = 0) the 
two coincide anyway, i.e. they become a Lie bracket, obeying Jacobi and being antisymmetric. 

We call a transformation a symmetry of the bracket when the bracket of two vectors transforms in the 
same way as the vectors 

[{b + 5b),{c + Sc)] = [b,c] + S[b,c] (B.40) 

6[b,c] = [Sb,c] + [b,Sc] + [Sb,5c] (B.41) 

Le. infinitesimal symmetry transformations (where the last term drops) have to obey a product rule. Similar 
as for the Lie-bracket of vector fields, infinitesimal transformations are generated by the bracket itself. Let us 
call the corresponding derivative, in analogy to the Lie derivative, the Dorfman derivative of a generalized 
vector with respect to a generalized vector. 

5b = X>„fa = [a, b] (B.42) 



These transformations are therefore, due to the Jacobi-identity ( B.37| ) always symmetries of the bracket. From 



( B.33| ) we can see that the Dorfman derivative consists of a usual Lie derivative and second part which acts 



only on the vector part of b by contracting it with the exact 2-form da 

Vab = Cab (B.43) 

V^b = -Z6(da) = 6'"(a„a™ - 9™a„)dr" (B.44) 

In fact, it is enough for the 2-form to be closed, in order to get a symmetry. If we replace —da by a closed 
2-form B, the transformation is known as S-transform 

Ssb = ibB (B.45) 



^It is perhaps interesting to note that this notation of the partial derivative with capital index suggests the extension to a 
derivative with respect to some dual coordinate 



We could understand this as coordinates of a dual manifold whose tangent space coincides . 

of the original space and vice versa. This might be connected to Hull's doubled geometry |l05 , 103 , 10^ , 10^, 107 1 



om£. 



usi 



"nth 



the 



cotangent space 



To see that such an ad-hoc extension of the Dorfman bracket is not completely unfounded, note that there.^is a more general 
notion of a Dorfman bracket (or Courant bracket) in the context of Lie-bialgebroids (for a definition see e.g. IJT^, p. 32, 20]). There 
we have two Lie algebroids L and L* which are dual with respect to some inner product and which both carry some Lie bracket. 
(For T and T* , only T carries a Lie bracket in the beginning. For a non-trivial Lie bracket of forms on T* we need some extra 
structure like e.g. a Poisson structure which would lead to the Koszul bracket on forms.) The Lie bracket on L induces a differential 
d on L* and the Lie bracket on L* induces a differential d* on L. The definition for the Dorfman bracket on the Lie bialgebroid 
L(B L* is then 

la,b] = la,b] + CafB — Cta + d(ti,a) + 
+ [a,/3] + Cab — Cpa + d* (j^a) 

The first line is the part we are used to from our usual Dorfman bracket on T (BT* , while second line is the corresponding part 
coming from the nontrivial structure on L* . Taking now L = T, L* = T* and assuming that [o,/9] and Ca and d* are a Lie bracket, 
Lie derivative and exterior derivative built in the ordinary way, but with the np™ nprtiaj derivative w.r.t. the dual coordinates 
d"' , the coordinate form of the Dorfman bracket remains exactly the one of ([B.SsUb.SsI) , but with dm = (i9m,0) replaced by 
9m = (9m, 9™). o 
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Finally, we should note that the B-transform is part of the 0((i, (i)-transformations, i.e. the transformations 
which leave the canonical metric invariant. As usual for orthogonal groups the infinitesimal generators are 
antisymmetric when the second index is pulled down with the corresponding metric. The generators of an 
0{d, (i)-transformation can therefore be written as ||72|, p. 6] 



n 



MN — 



n^' 



N 



An 
An 

B„ 



— A " 

^nin 
P 



-An 



(B.46) 

(B.47) 



In addition to the S-transform, acting with fl on a generalized vector induces the so-called beta-transform on 
the 1-form component^ as well as G/(d)-transformations of vector and 1-form component via A. For constant 
tensors, the Lie-derivative is just a Gl{d) transformation. Therefore both symmetries of the Dorfman bracket 
are symmetries of the canonical metric G as well. For this reason the canonical metric is invariant under the 
Dorf man d erivative X>owith respect to a generalized vector 0, which we define on generalized rank p tensors 
using ( B.35 ) in a way that it acts via Leibniz on tensor products (like the Lie derivative) and as a directional 
derivative on scalars 



(^0^) 



Mi...Mp 



v^'dKT^''-^'- + Y,id^''^K - dKV^'^)T^''- 



Mi-iKMi+i...Mp 



T>„{A(S)B) = V^A(E)B + A(E)VyB 



(B.48) 

(B.49) 
(B.50) 



Acting on the canonical metric, one recovers the fact, that the Dorfman derivative contains the isometrics of 
the metric 



■D„g 



2{d^''VK~dKV'"')g 



-'KM2 







(B.51) 



Comparing the role of Lie-derivative and Dorfman-derivative, the i?-transform should be understood as an 



extension of diffeomorphisms. In string theory it shows up in the Buscher-rules for T-duality (|10?, 10£|) and 
can perhaps be better understood geometrically via Hull's doubled geometry |105, 103, 104 1 (compare to footnote 
y|). The beta-transform is not a symmetry of the Dorfman bracket as it stands. However, if we introduce dual 
coordinates as suggested in footnote y, the beta-transform would show up in the symmetry-transformations of 
the extended Dorfman bracket generated by itself.^ 

On an isotropic subspace L (e.g. the generalized holomorphic subspace) Courant- and Dorfman-bracket 
coincide and have the properties of a Lie bracket. It is therefore possible to define a Schouten bracket on 
generalized multivectors on /\' L which have e.g. only generalized holomorphic indices (compare |[7^ , p. 21]). If 
we use again the notation with repeated boldface indices 



A^P^ = A 



M...M 



A 



Mi...M, 



Ml 



(Af2 



we get as coordinate form for this Dorfman-Schouten bracket 



_4(p)^g(9) 



pA 



M...MK 



BkB 



M...M 



q {pd^AK 



M...M 



BkA 



M...M\ 



B 



KM...M 



(B.52) 



(B.53) 



In the first term in the bracket on the righthand side, the d'^ can as well be shifted with a minus sign to B, 
because in /\* L we have only isotropic indices in the sense that 



For this reason, the Dorfman-Schouten bracket has really the required skew-symmetry of a Schouten-bracket 



^(P)^g(9) = _(_) 



= _('_^(«+l)(P+l) 



^(«)^(rt 



(B.55) 



On l\* L this bracket coincides with the derived bracket of the big bracket, as the extra term with pM in ( B.79D 
vanishes because of (B.54). 



*The letter for the beta-transformations does not really fit into the philosophy of the present notations, where we use small 
Greek letters for 1-forms (or sometimes p-forms) only, but not for multivectors. As the transformation is, however, commonly 
known as beta-transformation, we use a largeLX*, in order to distinguish it from the one-forms /3, which are floatin g arniind. o 

^Taking the Dorfman bracket of footnote H, we get as Dorfman derivative of a generalized vector c instead of ( |B.4.3| , |B.44| ) the 
extended transformation 

"DaC = —{icda) + CoiC 

I.e. the first line is extended by a beta-transformation of 7 with p = —dta and the B-transform of a (-B = —da) in the second line 
is extended by a Lie derivative with respect to a. o 
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B.4 Integrability 

Integrability for an ordinary complex structure means that there exist in any chart dimM /2 holomorphic vector 
fields (with respect to the almost complex structure) which can be integrated to holomorphic coordinates z" 
in this chart of the manifold and make it a complex manifold. Those vector fields are then just d/dz°- . Those 
coordinate differentials have vanishing Lie bracket among each other (partial derivatives commute). In turn, 
every set of vectors with vanishing Lie bracket can be integrated to coordinates. The existence of such a set 
of integrable holomorphic vector fields is guaranteed when the holomorphic subbundle is closed under the Lie 
bracket, i.e. the Lie bracket of two holomorphic vector fields is again a holomorphic vector field. 

As the Dorfman bracket restricted to the generalized holomorphic subbundle L C (T ® T*) (g) C has the 
properties of a Lie bracket, we can demand exactly the same for generalized holomorphic vectors as above 
for holomorphic ones. The condition for the generalized complex structure to be integrable is thus that the 
generaHzed holomorphic subbundle L is closed under the Dorfman bracket, i.e. in terms of the projectors 

n[nD,ntt)] = o (b.56) 

^=^ ['o,<m\-[J<o,Jxo\+J[Jv,vo\+J['o^J'^] = (B.57) 

In the following two sub-subsections we will show that this is equivalent to the vanishing of a generalized 
Nijenhuis-tensor |73, p. 25] of the coordinate forr^'^'^ 



\j^MiM2M3 ^ j[Ah\Kg^j\M2M3] _^ jlMi\K j^lAh^Ms] 1 Q 



Recalling that 



(B.58) 



J = ( 7" _n " ' Jm - [ pm'n 7m™" h 9 _ (0, 9,„) (B.59) 

y<-'771 ^nin / \ '-'71/ 

we can rewrite this condition in ordinary tensor components, just to compare it with the conditions given in 



tMN I ^ ^ n \ ^ N / f^rn ^mn \ oAf 



4 



literature (for the antisymmetrization of the capital indices we take into account that in the last term of (B.58) 
the indices Mi and M2 are automatically antisymmetrized because oi J"^ = —1): 

_j^j-mim2m3 _ p[mi | fc^^plmams] _L Q (B.60) 

iA/;™i"2 = - (- j'=„afeP['"i"^l + 2p[™il'^9fc jl"^!,! - p["il'= jl"2lfc,„ + jl^ilfcP'^l™^!^,,) = (B.61) 

TA/'"mim2 = ■::{-P''''dkQ[mim2]+'^J[mi\9kJ"'\m2]+'^J"'kJ'[mi,m2]-'^P"Qk[mi,m2])=^ (B.62) 

'■'Vmi)n2m3 — J [mi\'^kW\m2'm3] ' '^ [r?ii | ^ fc|m2 .ma] ^['mi\k'-' |m2,m3] — LI (jD.DoJ 



4 



If we compare those expressions with the tensors A^B^C and D given in (2.1 6) of |pi| , p. 7], we recognize 



(replacing Q by —Q) that our first fine is just \A, the second line is —\B (using (B.24)), the third \C and the 



fourth fine is —\D. There, in turn, it is claimed that the expressions are equivalent to those originally given in 
(3.16)-(3.19) of g p.7]. 

^This looks formally like the generalized Schouten br acket (e.g. [ |72| , p. 21]) on /\* L (with L being the generalized holomorphic 
bundle) of J7 with itself (see also the statement below (B/79)), but it is not, as J has neither holomorphic nor antiholomorphic 
indices 

IIJ = m^j 

nj = -iU^J 

In fact, we get zero if we contract both indices with the holomorphic projector 

n^Ln^^A'J^^ = njn^ = inn = 

The same happens for two antiholomorphic projectors. But we can project one index with an holomorphic projector and the other 
one with an antiholomorphic one. This yields 

n^Ln*^jf j^^ = Tiju = in 

Up to a constant prefactor the bracket of n with n coincides with the bracket of J7 with J'. And like for the ordinary complex 
structure, where we have the Nijenhuis bracket of the complex structure with itself, which has one index in T and the second in 
T* , we could here take n with one index in L and the other in L and regard the bracket as generalized Nijenhuis bracket of n with 
itself, o 

^li instead the twisted Dorfman bracket (see footnote g) is used, one gets the integrability condition for a twisted generalized 
complex structure with a twisted generalized Nijenhuis tensor. Consider the closed three form H = Hjv/iAf2M3t*'^^ t*^2t*f3 with 

■^MiM2M3 = A/'AfiM2Af3 + 6HAfiA/2Af3 — 18J7"mi HkM2lJ M3 



01 ^^mnk • ^ 



Like ( B.60 )-( B.63 ) this twisted generalized Nijenhuis tensor as well matches with the tensors given in |91| if one redefines Hj^nk 
IT 
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B.4.1 Coordinate based way to derive the generalized Nijenhuis-tensor 

In this sub-subsection we will see that calculations with capital-index notation is rather convenient. So we 



simply calculate (B.57) brute force by using the explicit coordinate formula for the Dorfman-bracket 

iM 



[v,n>\ 



= 0^9^^*^ 



(9*^0a' - 9k0 



An^K 



(B.35=B.64) 



The brackets of interest are: 



[v,Jrv] 



N 



xM 



N 



\M 



[Jv,Jn> 



M 






(B.65) 
(B.66) 
(B.67) 

(B.68) 
(B.69) 
(B.70) 



The underlined terms sum up in the complete expression to the generalized Nijenhuis tensor, while the rest 
cancels 







iM 



lA/ 



[oM - [J^,Jmr + [JiJr^M) + {J[o,Jxo]Y' = 



,N^L 



— (2 J' kO^j^J l]^ J hd Jkn + J QkJln — 2^7 [ni^kJ \l]) " w 
= Oat fs^I^^I^^^I^'^l + 3ji^\''dKJ^"^A tVL = 



-OjvA/"- 



■WA/L 



Wl 



(B.71) 
(B.72) 

(B.73) 
(B.74) 



B.4.2 Derivation via derived brackets 

Eventually we want to see directly how t he ge nera lized Nijenhuis tensor is connected to derived brackets. We 
will use our insight from the subsections p. 1.1 and p. 1.2 . Remember, our basis t*^ = (dr™, dm) was identified 
with the conjugate (ghost-) variables t*^ = (c™, b,„). One can define generalized multi-vector fields of the form 



■'M...M 

They are in fact just sums of multivector valued forms: 



/CW = ICM...M^ICM....MA^''---i^''' 



-Afi...MKl 



/c 



M...M 






ICr 



...n ^ y^^(fe,K- 



■k) 



fc=0 ^ ^ fc K-fc fe=0 

The big bracket, or Buttin's algebraic bracket is then just the canonical Poisson bracket 

klICm...m ^im...m = {!(^,^} 



[>^X](i) 



J(i) 

{tAlAN} 



niN 



(B.75) 



(B.76) 



(B.77) 
(B.78) 



The coordinate expression for its derived bracket (compare to (|6.52| , 3.54 )) reads 



i-y 



dic^'^Kc'^^^ 



(1) 



= K-/C 



M...M 



'diCM...M - (-)('<+1)(-+1)l • CM...M'diJC 



M...M 



+ (-)" ^KLdMlCM...M^CiM...M + K (k - 1) lICm...m^'^Cim...mPj (B.79) 



with pj = (pj,0) and dj = (9^,0). In the case were both JC and C only have generalized holomorphic indices, 
the p-term drops and this expression should coincide with the Schouten-bracket on /\* L for the holomorphic 
Lie-algebroid L (see e.g. [Q p.21] and footnote g). For two rank-two objects, like the generalized complex 
structure J, this reduces to 



[/C,d^](i) — 2 • ICm QjCmm + 2 • Cm QiKmm — '^QmK.m Cim + 4/C ' CjmPj 



(B.80) 
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which reads for two coinciding tensors J' 

j(i) = 4 • Jjvf diJMM — 4:dM>JM Jim ~ '^J JimPj — 



[J,dJ]ii) 



(B.58) 



J' = -l 



J^M...M +4pMt 



M 



(B.81) 
(B.82) 



o (6.8) 



where o = dx'^pk — — d(dz;'^ A dk)- We will verify this relation between the generalized Nijenhuis tensor and 
the derived bracket in the following calculation, where we calculate Af using the big bracket (B.77) all the 
time. This bracket is like a matrix multiplication if one of the objects has only one index. We will use this fact 
frequently for the multiplication of J with a vector 



tM „^fi 



{J,{J,0}} = 4^2p = -40 = {{0,J},:7} 



liJM 



{{x,,J},{J,n}}} = -4o^R5A' = -4{o,tr} 



(B.83) 

(B.84) 
(B.85) 



If both objects are of higher rank, however, antisymmetrization of the remaining indices modifies the result. 
We thus have to be careful with the following examples 



{J, J} 
{J,{J,<h}} 



4Jjvf Jkm 

K 



-'^Gmm = (! because of antisymmetrization) 



JM'^JlK\{(io)L\M] ^-4* 



(B.86) 

(B.87) 



As mentioned earlier, the Dorfman bracket ( [B.31 ) used in our integrability condition is just the derived bracket 
of the algebraic bracket. I.e. we have 



[Djtr] = [dD,tti 



p>2 



(B.88) 
(B.89) 



{dt),tti} 



(B.90) 



where the differential d has to be understood in the extended sense of (|6.9| , |6.33|) , namely as Poisson-bracket 
with the BRST-like generator 



e'PM 



C>™ locally ^^„p^ 



<c"'bm) 



PM = (Pm,0) 

do = {o, 0} = Omvm + 'o^PK 



where Pm is the conjugate variable to x™. We can now rewrite the integrability condition ( B.57| ) as 

{doM-\{A{JMAJM} + \{J.WJMM} + \{JA^AJM}} = o 

Remember that the Poisson bracket is a graded one, and 0, to an d d ar e odd, while J is even. 
Let us now start with applying Jacobi to the second term of ( B.94 ) 



i{d{:7,o},U,tr}} = -^{{d{J,o},J},w}-^{J,{d{J,^},w}} 



so that we get 




= {do, tr,} - J {{d{J, 0} , J} , tr} + i {J, {do, {J, tv}}} = 

= {A,rt,}-i{{{d7,o},:7},tt,}-i{{{J,dD},J},tr} + iu,{dD,U,tr}}} 

= {ih,n,} - ^{{{v,dJ} ,J} ,n>} + ^{{{db,J} ,J} ,w} + ^{J,{(i,,{J,»>}}} 



(B.91) 
(B.92) 
(B.93) 



(B.94) 



(B.95) 

(B.96) 
(B.97) 
(B.98) 



It would be nice to separate ir completely by moving it for the last term into the last bracket like in the first 
three terms. We thus consider only the last term for a moment and calculate it in two different ways (first using 
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Jacobi for second and third bracket and after that using Jacobi for first and second bracket): 
^{J,{db,{J,w}}} '= \{J,{{<io,J},tv}} + ^{J,{J,{db,w}}}^ 

= ^{J,{{db,J},{0}}^{(h,{0} 

^ ^{{J,db},{J,tv}} + ^{do,{J,{J,^}}} = 

= \ {J, {{J, A} M} + \ {{{J. M,J}M- {*, tr} - 



(B.99) 
(B.lOO) 
(B.lOl) 
(B.102) 



-i {J, {{do, J] , ro}} + {do, ro} - 2 {do, tr} + i {{{J, db},J}, w} (B.103) 



Comparing both calculations yields 



^{J,{(i,,{J,rv}}} = -i{U,U,dt)}},tr}-{do,ir} 



We can plug this back in ( |B.9q ) and leave away the outer bracket with to: 




db-^{{t>,<iJ},J} + \{{db,J},J}^^{J,{J,ih}}-do 



l{{v,a7},J} + ^{d{v,J},J}^ 



J{[^,d^]fi)-4o,t,} 



where we used 



dD = {0,0} 
The integrability condition is thus (explaining the normalization of A^ of above) as promised in ( B.82| ) 



U=[J,dJ]n)-^o^O 



(B.104) 

(B.105) 
(B.106) 
(B.107) 
(B.108) 
(B.109) 
(B.llO) 
(B.lll) 

(B.112) 
(B.113) 



lA 



The derived bracket [J,d>J](i) indeed contains the term 4o = At pM which therefore is exactly cancelled. 

Precisely the same calculation can be performed by calculating with the complete algebraic bracket [, ] 
instead of the Poisson-bracket, its first order part. Similarly to above, we have 



J^ = ^[J,0 



A 



[J,[J,o]^]^ = 'ijh = -4v^ 



(B.114) 
(B.115) 



In combination with ( B.88 ) this is enough to redo the same calculation and get as integrability condition (using 



Af = [J, J] - 4o == 



(B.116) 



which also proves that the derived bracket bracket of the big bracket (which is not necessarily geometrically 
well defined) coincides in this case with the complete derived bracket 



[J,aJ]ii 



(1) 



[J,J] 



(B.117) 



As discussed in ( |C.53[ ) and ( |C.55| ), throwing away the dclosed part corresponds to taking Buttin's bracket 
instead of the derived one. Remember that o = dc'^pk = — d(d2;'^ A dk), s.th. do = 0. We can thus equally write 



AA 



[J.J] 



(B.118) 
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B.5 SO(d,d) pure spinors 



There exists an alternative description of a gener alized complex structure and its integrability with the help of 
pure spinors (see e.g. | [72| , p. 8] or in section 3 of |106| |). "Spinor" here refers to the special orthonormal group 
SO{d, d) (d being the dimension of the manifold M) of transformations on T T* which leave the canonical 
metric (...,...) or Qmn (which has signature {d, d)) invariant. It turns out that T ®T* itself, embedded via 

ix+aP = ix/O+aAp, XeTM, aeT*M, pe/\'T*M (B.119) 

=X<_p 

into the space of endomorphisms of A'T*M (formal sum of differential forms on M), forms a representation 
of the Clifford algebra. The spinors are thus differential forms p € A*T*M and the gamma "matrices" T 
are up to a normalization factor just the interior products Ijm = j^Im with respect to the basis elements 
^M ^ (dz;'",^™) = (c™,6,„), i.e. r*^ = {V2^a„,V2^dr" = dr"A}. Indeed, the graded commutator (i.e. 
anticommutator) of the basis elements reads [iQ^,di:"-A] — 6^^ and therefore^ 



pj\/ pJV 



20'"'" (B.120) 



For general elements of the algebra (generalized vectors) — Oa/ t^^, fo — trjvt^, the Clifford algebra becomes 
as usual [«D,«ro] = 2(tJ,tti). 

One can further define a chirality matrix r#. It is characterized by the properties that it squares to 1 and 
anticommutes with all other T-matrices. Usually it is proportional to the product of all F-matrices, but this is 
only true in a basis where Gmn is diagonal. In our basis Im it is off-diagonal. The definition of the F-matrices 

as F = {«(dE'"-0™)j«(dr™+0™)} thus would be more appropriate in t his con text. The overall sign is a matter 



of taste and we choose it such that the eigenvalues of rank r forms in ( B.125 ) do not depend on the dimension. 
The chirality matrix is then given by 



d-l 



r* = (-)'' n *(*^-90'(dr'=+a.) = (B.121) 

fe=0 

= (-) {^dtc"^9o - ido^dro) ■ ■ ■ (idx-'-^iaa-i - ^ad-i^Acd-i) = (B.122) 

= (-)'^(2^d,o^a„-l)•••(2^d,.-l^9._l-l)= (B.123) 

d-l 

= (-)'^ J] (2nd,. - 1) (B.124) 

fc=0 

where n^k —Y^i^kiQ,^ counts the number of dx'' (with fixed k) of the differential form p^^^ on which F^ is 
acting. This number can be (in each term of the expansion in basis elements) either zero or one, because 
(dc'^)^ _ Q_ rpjjg ^gj-jjjs (2n(jj,fe — 1) are therefore either —1 (if dz;'^ does not appear) or 1 (if it appears). In a 
form p'^'"' of rank r, there are of course in any term of the expansion r basis elements dr*'' which appear and 
d— r which do not appear. We thus have 

F#pM = (-)'^(-l)'*->« = (-!)>('■) (B.125) 

The chiral and antichiral spinors (those with eigenvalues +1 or —1 ) therefore correspond to even and odd forms 
respectively. 

A pure spinor is defined to be a spinor which is annihilated by half of the gamma matrices. (The same 
was true for the pure spinor in the Berkovits context, although it is not obvious due to the formulation via the 
quadratic constraint C7™c — 0.) : 

p is pure : ^ ^^ " ^'^ ^ ^^*^^ ® ™) ® ^1 ^"^ = ^^ (B 126) 

is of dimension d = dim M 

In other words, the Clifford action of {T®T*) is maximally light-like. How is this related to an almost 
generalized complex structure J^? The structure J^ induces a splitting of {T*M ® TM) ® C into a subbundle of 
eigenvalue i and another one of eigenvalue —i: 

{T*M © TM) (g)C = LjG)L*j 

Lj = {ae{T*M®TM)®C\J{a) = ia} (B.127) 



Note that one can think of ig^ as Q^m ■ Another observation is that the Poisson bracket of the T ®T* basis elements also 
forms a Clifford-algebra 



{t",t'^} 
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Setting Lj = Lp^ induces a map from generalized complex structures to pure spinors and one can prove that 
it is well-defined and one-to-one (up to a rescaling of the pure spinor) [^. The previosly discussed (twisted) 
integrability condition can also be refomulated in the pure spinor language. Integrability of Lj is closed 
under the action of the (twisted) Dorfman bracket, a, b G Lp^ => [a,b] = [[za,d|,Z(,] G Lp^. In other words 
[[«a,d+ HA],ib]pj = Va, b with taPj — ^bPj — 0. Writing the graded commutator explicitely and using 
*oP^ ^ ^bPj = 0, this becomes ||l06|| 

J is twisted integrable : <=> ibiadHpj = ibia{d+ H/\) pj = Va,b £ Lp^ (B.128) 

One can think of pj as a Clifford vacuum and of the elements of Lp^ as annihilation operators. The creation 
operators then lie in L*j and dnpj must be at most at creator level two. However, as any creator changes 
parity, and c^ is of opposite parity than p itself, it can only be at odd creator-levels, i.e. level one. The above 
condition is thus equivalent to 

J is twisted integrable : <;=> dnpj = tcPj for some c G Lj (B.129) 



Appendix C 

Derived Brackets 



Mathematics in this section is based on the review article on derived brackets by Kosmann-Schwarzbach | |7Q |. 
The presentation, however, will be somewhat different and in addition to (or sometimes instead of) the abstract 
definitions coordinate expressions will be given. 

C.l Lie bracket of vector fields, Lie derivative and Schouten bracket 

This first subsection is intended to give a feeling, why the Schouten bracket is a very natural extension of the 
Lie bracket of vector fields. It is a good example to become more familiar with the subject, before we become 
more general in the subs equent subsections, but it can be skipped without any harm (note however the notation 
introduced before ( C.13| )). 



Consider the ordinary Lie-bracket of vector fields which turns the tangent space of a manifold into a Lie 
algebra or the tangent bundle into a Lie algebroid and which takes in a local coordinate basis the famihar form 

[v,wr = v^dkw"" -w^dky"" (C.l) 

We will convince ourselves in the following that numerous other common differential brackets are just natural 
extensions of this bracket and can be regarded as one and the same bracket. Such a generalized bracket is 
e.g. useful to formulate integrability conditions and it can serve via the Jacobi identity as a powerful tool 
in otherwise lengthy calculations . In addition it shows up naturally in some sigma-models as is discussed in 
section y. 

Given the Lie-bracket of vector fields, it seems natural to extend it to higher rank tensor fields by demanding 
a Leibniz rule on tensor products of the form [w,wi ® W2] = [v,wi] ® W2 + wi ® [v,W2\. Remembering that the 
Lie-bracket of two vector fields is just the Lie derivative of one vector field with respect to the other 

[v,w\ = CyW (C.2) 

the Lie derivative of a general tensor T = Tmi'-.-mpdc™! (g) . . . (g) dr™" (g dm • • • (g c?„^ with respect to a vector 
field V can be seen as a first extension of the Lie bracket: 

[v,T] = C,T (C.3) 

i 3 

The Lie derivative obeys (as a derivative should) the Leibniz rule 

[v,Ti®T2] = [v,T{\®T2+Ti®[v,T2] (C.5) 

In fact, giving as input only the Lie d eriv ative of a scalar </), namely the direction al de rivative [w,0] = v'^dki', 
and the Lie bracket of vector fields ( |C.l[ ), the Lie derivative of general tensors ( |C.4| ) is determined by the 
Leibniz-rule. Insisting on antisymmetry of the bracket, we have to define 

[T,v] = -[v,T] (C.6) 

Indeed, it can be checked that the above definitions lead to a valid Jacobi-identity of the form 

[v, [w,T\\ — [[wjUi] ,T] + [w, [w,T]] for arbitrary tensors T (C.7) 

which is perhaps better known in the form 

[£„,£u,]r = £[,u^,„]T (C8) 
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We have now vectors acting via the bracket on general tensors, but tensors only acting on vectors via ( |C.6| ) . 
It is thus natural to use Leibniz again to define the action of tensors on tensors. To make a long story short, 
this is not possible for general tensors. It is possible, however, for tensors with only upper indices which are 
either antisymmetrized (multivectors) or symmetrized (symmetric multivectors). We will concentrate in 
this paper on tensors with antisymmetrized indices (the reason being the natural given differential for forms 
which also have antisymmetrized indi ces) , but the symmetric case makes perfect sense and at some points we 
will give short comments. (See e.g. ||ll(]| for more information on the Schouten bracket of symmetric tensor 
fields.) 



Given two multivector fields (note that the prefactor l/pl is intentionally missing (see page 146). 



,,(p) 






A9„ 



,(«) 



"'a„, a...a9„ 



(C.9) 



their Schouten(-Nijenhuis) bracket, or Schouten bracliet for short, is given in a local coordinate basis by 



vip)^wii) 



mi...mp+g_i 



pv^ 



ip^l\kQ 



'kW 



,\mr)...mr} 



[mi...mp\ ^^k\mp+i...mp+g-i] 



(C.IO) 



Realizing that the Lie-derivative (C^) of a multivector field w^'^' with respect to a vector ii'^' is 

ni...ng 



V.W 



(l) 



ykQ^^n,...n, _ qd^ylnil^k |«2...n,] 



(C.ll) 



one recognizes that (C.IC) is a natural extension of this, obeying a Leibniz rule, which we will write down below 
in ( C.18| ). However, as the coordinate form of generalized brackets will become very lengthy at some point, we 
will first introduce some notation which is more schematic, although still exact. Namely we imagine that every 
boldface index m is an ordinary index m contracted with the corresponding basis vector dm at the position 
of the index: 

A dm, = «'"■'" (C.12) 



^(p) ^^'"i-^Pa,,,^ A, 



This saves us the writing of the basis vectors as well as the enumeration or manual antisymmetrization of the 
indices. As a boldface index might be hard to distinguish from an ordinary one, we will use this notation only for 
several indices, s.th. we get repeated indices m . . .m which are easily to recognize (and are not summed over, 
as they are at the same vertical position). See in the appendix ^ on page 147 for a more detailed explanation. 
The Schouten bracket then reads 



y{P)^yjil) 



m...mk ci m...m 
Ok 



m...m km...m 

qv _fcW 



pv OkW 

,.ra...rak f\ m...m f _-^p(q—l) ^„,.k ra...m„.m...m 

^,m...mk ■ 



= pv "dkw"'-"' - {-f^- ''qw V ^k 



pv 



'dkw 



m...m 



- (-)(p-i'(9-i)gw'"-'"'=afcw"'-'' 



(C.13) 

(C.14) 
(C.15) 



In the last fine it becomes obvious that the bracket is skew-symmetric in the sense of a Lie algebra of degree]^ 
-1: 



y(P)^wi'l) 



-(-) 



(P-1)(9-1) 



^il) ^yip) 



(C.16) 



^A Lie bracket [ ,(n) ] of degree n in a graded algebra increases tiie degree (wtiicti we denote by | . . . |) by n 

|[A,(„)B]|=|AH-|B|+n 

It can be understood as an ordinary graded Lie-bracket, wlien we redefine tlie grading || . . . || =| . . . | +n, such that the Lie bracket 
itself does not carry a grading any longer 

||[A(„)B]|| = PII + IIBII 
The symmetry properties are thus (skew symmetry of degree n) 

and it obeys the usual graded Jacobi-identity (with shifted degrees) 

[A,(n) [B,(r^) C]] = [[A,(„) B] ,(„) C] + (-)(l^l+")(l^l+") [£,(„, [A,(„) C] ] 

In addition there might be a Poisson-relation with respect to some other product which respects the original grading. To be 
consistent with both gradings, this relation has to read 



[A,(n) B ■ C] 



[A,(„)B].C + (-)(l^l+")|s'B.[A(„)C] 



This is consistent with B ■ C = (— )l^il'-^lc ■ B on the one hand and the skew symmetry of the bracket on the other hand. One can 
imagine the grading of the bracket to sit at the position of the comma. 

For the bracket of multivectors we have as degree the vector degree. Later, when we will have tensors of mixed type (vector 
and form), we will use the form degree minus the vector degree as total degree. Then the Schouten-bracket is of degree +1, which 
should not confuse the reader. o 
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It obeys the corresponding Jacobi identity 



,(pi 



(P2) ^(pa) 



''^a 



,(Pl) ,,(P2) 



5^3 



+ (-) 



_^(pl-l)(p2-l) 



„(P2) 



,(Pl) ,,(P3) 



{C.17) 



Our starting point was to extend the bracket in a way that it acts via Leibniz on the wedge product. A Lie 
algebra which has a second product on which the bracket acts via Leibniz is known as Poisson algebra. However, 
here the bracket has degree —1 (it reduces the multivector degree by one) while the wedge product has no degree 
(the degree of the wedge product of multivectors is just the sum of the degrees). According to footnote |l|, we 
have to adjust the Leibniz rule. The resulting algebra for Lie brackets of degree -1 is known as Gerstenhaber 
algebra or in this special case Schouten algebra (which is the standard example for a Gerstenhaber algebra) . 
The Leibniz rule is 



,(Pl) „,(P2) 



, W^ A W;^ 



(P3) 



„(Pl) „,(P2) 



a4p^) + (_)(pi^ 



-1)P2„(P2) 



„(Pl) „,(P3) 



(C.18) 



The standard example in field theory for a Poisson algebra is the phase space equipped with the Poisson bracket 
or the commutator of operators or matrices f The Schouten algebra is naturally realized by the antibracket 



of the BV antifield formalism (see subsection 6.5) 



C.2 Embedding of vectors into the space of differential operators 

The Leibniz rule is not the only concept to generalize the vector Lie bracket to higher rank tensors. The major 
difficulty in the definition of brackets between higher rank tensors is the Jacobi-identity, which should hold for 
them. It is therefore extremely useful to have a mechanism which automatically guarantees the Jacobi identity. 
A way to get such a mechanism is to embed the tensors into some space of differential operators, as for the 
operators we have the commutator as natural Lie bracket which might in turn induce some bracket on the 
tensors we started with. Vector fields e.g. naturally act on differential forms via the interior product 



lyUJ 



(P) 



p-V LOk 



;m...m 



(C.19) 



This can be seen as the embedding of vector fields in the space of differential operators acting on forms, because 
the interior product with respect to a vector is a graded derivative with the grading -1 of the vector (we take 
as total degree the form degree minus the multivector degree, which for a vector is just -1) 



z,„ L(P) A r;(«)) = lyUJ^P'^ A yy^") + {-yJP^ A z,„r/ 



(«) 



(C.20) 



Taking the idea of above we can take the commutator of two interior products. We note, however, that it only 
induces a trivial (always vanishing) bracket on the vectorfields 



= = ^o 



(C.21) 



As the interior product ( C.19D does not include any partial derivative on the vector-coefficient, it was clear from 
the beginning that this ansatz does not lead to the Lie bracket of vector fields or any generalization of it. We 
have to bring the exterior derivative into the game, in our notation 



dj(p) = a 



m^^m...m 



(C.22) 



There are two ways to do this 



Change the embedding: Instead of embedding the vectors via the interior product acting on forms, we 
can embed them via the Lie-derivative acting on forms. When acting on forms, the Lie derivative can be 
written as the (graded) commutator of interior product and exterior derivative 



Cy = [z„,d] 



+ P- dmV^LOk, 



(C.23) 
(C.24) 



Indeed, using the Lie derivative as embedding v ^^ C^, the commutator of Lie derivatives induces the Lie 
bracket of vector fields (a special case of ( |C.^ ) 



yi^y , i^w\ 



'[v^w\ 



(C.25) 



^In fact, working with totally symmetric multivector fields would have lead to a Poisson algebra instead of a Gerstenhaber 
algebra. o 
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• Change the bracket: In the space of differential operators acting on forms, the commutator is the most 
natural Lie bracket. However, the existence of a nilpotent odd operator acting on our algebra, namely the 
commutator with the exterior derivative, enables the construction of what is called a derived bracket^. 

[z„,d?u,] = [[i^,d],z^] (C.26) 

This derived bracket (which is in this case a Lie bracket again, as we are considering the abelian subalgebra 
of interior products of vector fields) indeed induces the Lie bracket of vector fields when we use the interior 
product as embedding 

[*iijd*u)J = *[-u,M)] (L.27J 

The above equations plus two additional ones are the well known Cartan formulae 

bv,tw] = 0=[d,d] (C.28) 

C, = [iv,d] (C.29) 

[£„,d] = (C.30) 

[Cy,Cw] = £[t,^^] (C.31) 

[[«„,d],«^]] = i[^,_^] (C.32) 



( |C.25| ) can be rewritten, using Jacobi's identity and [d, d] — 0, as 

■y,d],i^],d] = [z[^^,^],d] (C.33) 



h, 



Starting from ( |C.27 ), one thus arrives at ( |C.25 ) by simply taking the commutator with d. We will therefore 



concentrate in the following on the second possibility, using the derived bracket, as the first one can be deduced 



from it. Let us just mention that the generalization in the spirit of the derived bracket (C.27) (or more precise 



its skew-symmetrization) is known as Vinogradov bracket |113, 114\ (see footnote |8|) , while the generalization 
in the spirit of ( |C.25| ) is known as Buttin's bracket pq|. 

C.3 Derived bracket for multivector valued forms 

Let us now consider a much more general case, namely the space of multivector valued forms, i.e. tensors 
which are antisymmetric in the upper as well as in the lower indices. With the Schouten bracket we have 
a bracket for multivectors, which are antisymmetric in all (upper) indices. There exists as well a bracket 
for vector valued forms, namely tensors with one upper index and arbitrary many antisymmetrized lower 



indices. This bracket (which we have not yet discussed) is the (Frohlicher-) Nijenhuis bracket (see ( C.67 )), 
which shows up in the integrability condition for almost complex structures. Multivector valued forms have 
arbitrary many antisymmetrized upper and arbitrary antisymmetrized lower indices and thus contain both cases. 
The antisymmetrization appears quite naturally in field theory (we give only a few remarks about completely 
symmetric indices, which appear as well, but which will not be subject of this paper). It makes also sense to 
define brackets on sums of tensors of different type (e.g. the Dorfman bracket for generalized complex geometry). 
Those brackets are then simply given by linearity. 



^ Given a bracket [,(„) ] of degree n (not necessarily a Lie bracket. It can be as well a Loday bracket where the skew-symmetry 
property as compared to footnote H I i s mi ssing, but the Jacobi identity still holds) and a differential D (derivation of degree 1 and 
square 0), its derived bracket |111, 112, [70|] (which is of degree n + 1) is defined by 



h(D) b] = (-)"+"+! [DQ,(„) b] 

We put the subscript (D) at the position of the comma, to indicate that the grading of D is sitting there. The strange sign is just 
to make the definition nicer for the most frequent case of an interior derivation, where Eta = [d,(„) a] with d some element of the 
algebra with degree | d |= 1 — n and [d,(„) d\ = 0, s.th. we have 

[a.,db] = [[a,(„)d] ,(„) 6] 

The derived bracket is then again a Loday bracket (of degree n + 1) and obeys the corresponding Jacobi-identity (that is always 
the nontrivial part). If a, b are elements of a commuting subalgebra ([a,(n) b] =0), the derived bracket even is skew-symmetric and 
thus a Lie bracket of degree n + 1. 

In the case at hand we start with a Lie bracket of degree (the commutator) and take as interior derivation the commutator with 
the exterior derivative [d, . . .] . Note that the exterior derivative itself is a derivative on forms, but not on the space of differential 
operators on forms. Therefore we need the commutator, o 
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So let us consider two multivector valued forms (we denote the number of lower indices and the number of 
upper indices in this order via superscripts)^ 

X('=''=') = i^^...^"-" = i^,„,...™,"-"-'cfe"^...cfc"'=®a„, •••a„,, (C.34) 

L^''''^ - i™...,r."-" (C.35) 



Note the use of the schematic index notation, which we used for upper indices already in subsection |C.l| and 
which is explained in the appendix [A| on page 147. Following the ideas of above, we want to embed those 



vector valued forms in some space of differential operators. As we have upper as well as lower indices now, it is 
less clear why we should choose the space of operators acting on forms and not on some other tensors for the 
embedding. However, the space of forms is the only one where we have a natural exterior derivative without 
using any extra structure^]. Therefore we will define again a natural embedding into the space of differential 
operators acting on forms as a generaHzation of the interior product. Namely, we will act with a multivector 
valued form K on a form p by just contracting all upper indices with form-indices and antisymmetrizing the 
remaining lower indices s.th. we get again a form as result. The formal definition goes in two steps. First one 
defines the interior product with multivectors. For a decomposable multivector v'^p^ = vi A . . . Avp set 

^vl/\.../\vpP^''^ = ivi---ivpP^''^ (C.36) 

This fixes the interior product for a generic multivector uniquely (contracting all indices with form- indices) . 
The next step is to define for a multivector valued form K'-'^''^ ^ = ■q'^^^ A w'*^ •• which is decomposable in a form 
and a multivector, that it acts on a form by first acting with the multivector as above and then wedging the 
result with the form 

It is kind of a normal ordering that i^(k') acts first: 

«r;*t; = «,,(fc) AtiC'') " (^) ^^C"') Ar/C") 7^ *"*»? (C.38) 

For a generic multivector valued form, the above definitions fix the following coordinate form of the interior 
product|j with a multivector valued form 

i^(.,.,)pM = {ky.( l]Km...J'-''''pi,,...hm...^ (C.39) 



k' 



So we are just contracting all the upper indices of K with an appropriate number of indices of the form and 
are wedging the remaining lower indices. The origin of the combinatorial prefactor is perhaps more transparent 



in the phase space formulation ( 6.13 ) in subsection oA. For multivectors u^^' and w^'^' the operator product of 
iy(p) and 1^,(5) induces, due to ( C.3(j ) simply the wedge product of the multivectors 



lv(p'i^w(i^ — ^v(p) Aw'-i'i (C.40) 

But for general multivector-valued forms we have instead]^ 



k' k' 

p— p— 1 



"^One can certainly map a tensor Km^dx'^ On to one where the basis elements are antisymmetrized Km'^dx'^ A d, = 







2 Km" dc"^ (Si dn — \Km"dn ®dx"^ and vice versa. In the field theory appHcations we will always get a complete antisymmetrization. 
This mapping is the reason why we take care for the horizontal positions of the indices. It should just indicate the order of the 
basis elements which was chosen for the mapping, o 

^One can define an exterior derivative - the Lichnerowicz-Poisson differential - on the space of multivectors as well (via 
the Schouten bracket), but for this we need an integrable Poisson structure: dpN^i'l = [P^^'> ,N'-'''>], with [p(^',p(^)] =0 o 

^The name 'interior product' is misleading in the sense that the operation is (for decomposable tensors) a composition of interior 
and exterior wedge product. It will, however, in the generalizations of Cartan's formulae play the role of the interior product. We 
will therefore stick to this name. We can also see it as a short name for 'interior product of maximal order' in the sense that all 
upper indices are contracted as opposed to an interior 'product of order p\ where we contract only p upper indices. 'Order' is in 
the sense of the order of a derivative. While tv is a derivative for any vector v, the general interior product acts like a higher order 
derivative. o 

'^The product of interior products in (C.41) induces a noncommutative product (star product) for the multivector-valued forms. 



whose commutator is the algebraic bracket, namely 

K*L ^ Y^'^l^h 



p>0 

[K,L]'^ = K*L-{-)'^''-'''>^'-''^L*K 
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with 



,(p) 



,^i(M') ^ (-)('='-)('-)p! ( 'J ) ( ^ ) 



lll...lp T 



lj}...lim...m 



{C.42) 



Sp) 



For p = k\ i^^' reduces to the interior product ( |C.39| ). Both are in general not a derivative any longer. 



,(P) 



is, however, a p-th orde r derivative, as contracting p indices means t aking the p-th derivative with respect to p 
basis elements (see 6.18 in subsection |6.l[ ). Our embedding tj^{k,k') in ( C.3g| ) is therefore a k'-th order derivative. 
For p = on the other hand, z]f is just a wedge product wit h K 

While for vectors the commutator of tw o inte rior products ( |C.21 ) did only induce a trivial bracket on vectors, 
which is the same for multivectors due to ( C.40| ), this is different for multivector- valued forms. 



[*if(fc,fc')7*L(i,,i')J 

lA 



[K,L\ 



[K.L] 

E 
p>i 



Y,i%^L^{-f'^-'^'^^'-''\fK = 



(C.43) 
(C.44) 



V^ / _\(k' -p)(l-p) ^^ I k' 
P 



^ (-)v^ -^'^^ -p 



P>1 



7>' n...nli ...Ip T r 

^^m...m ^lri...lim...m 



_(^_^\^{k~k')(i^i')(^_-^(i'-p){k-p)^J ^' \( 



n...nli ...Ir. 



^^Lp...L\m...m 



(C.45) 



where we introduced an algebraic bracket [K,L\ in the second line, which is is due to Buttin ||96J, and 
which is a generalization of the Nijenhuis-Richardson bracket for vector- valued forms (C.63). As it was induced 
via the embedding from the graded commutator, it has the same properties, i.e. it is graded antisymmetric 
and obeys the graded Jacobi identit y. Ac tually, the term with lowest p, so [K^L]^ ^^-.^ is itself an algebraic 



algebraic bracket (||96|, denoted in |70| by [, ]^) or as big bracket 



bracket, which appears in subsection p.l.lj as canonical Poisson bracket. It is known under the name Buttin's 



[K.Lf, 



(1) 



= *(^)L-(-)('=-'=')('-'')*W/v = 



— /'_^(^'-l)(^-l) ^'/ . TT n...nliT n...n . 



(C.46) 



(C.47) 



But as for the vector fields in subsection |C.2|, we are rather interested in the derived bracket of [K, L] , or 
at the bracket induced via an embedding based on the Lie derivative. An obvious generaHzation of the Lie 
derivative is the commutator [ik , d] , which will be a derivative of the same order as ik and therefore is not a 
derivative in the sense that it obeys the Leibniz rule. Although it is common to use this generalization, I am 
not aware of an appropriate name for it. Let us just call it the Lie derivative with respect to K (being a 
derivative of order k') 

(C.48) 



(C.49) 



Cp^{k,k') = 


[tj((k,k'),d] 






lji(k,k')p — 




Km.. 


m ^"' '''d[l^,Pl^,_-^...hm...m] + 




-(-)'=-^-'(fc')! 




dm {Km...m ^"' ''' Ply ...hm...m 


= 




\Km 


..m ^Ij^/ yt^/ _i...tim...m ^ 




-(-)^-^-'(fc')! 


I k' 


^m^m...m Ply ...l\m...m 



(C.50) 



The Lie derivative above is an ingredient to calculate the derived bracket (remember footnote || on page 162) 
which is given byn 



[«K,d«Lj 



\iK, d] , il] = i[K,L] if possible 



(C.51) 



* The Vinogradov bracket [114, |ll3| (see also [ITd]) is a bracket in the space of all graded endomorphisms in the space of 
differential forms r2*(A/) 

[a,b]y = -{[[a,d],b]-(-f[a,[b,d]]) Va,b€n'{M) 

It is the skew symmetrization of a derived bracket. The embedding of the multivector valued forms into the endomorphisms 0*(M) 
via the interior product which we consider is neither closed under the Vinogradov bracket nor under the derived bracket in the 
general case, o 
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One should distinguish the derived bracket on the level of operators on the left from the derived bracket on the 
tensors [K,L] on the right. Only in special cases the result of the commutator on the left can be written as the 
interior product of another tensorial object which then can be considered as the derived bracket with respect to 
the algebraic bracket [ , ] . T herefore one normally does not find an explicit general expression for this derived 
bracket in literature. In |6.1.2 , however, the meaning of exterior derivativ e and interior product are extended in 
order to be able to write down an expHcit gener al coo rdinate expression ( 6.51 ) which reduces in the mentioned 
special cases to the well known results (see e.g. C.4.2 ). 

Closely related to the derived bracket in (C.51) of above is Buttin's differential bracket, given by 



[Ck,Cl] = ^[K,L]s if possible 
Because of [d, d] = and Ck = [ik,<^ we have (using Jacobi) 

[Ck,Cl] = [bK,diL] : d] = [[lK,diL] , d] = [l[K,L]^, d] 



(C.52) 



(C.53) 



Comparing with ( |C.51 ) s.th. in cases where [K,L] exists, the brackets have to coincide up to a closed term, or 
locally a total derivative 



Hk,l] 



Hk,l], 



[d, 



(C.54) 



Using again the extended definition of exterior derivative and interior product of |6.1.2| , this relation can be 
rewritten as 



[K,L] = [K,L]g+d{...) 



(C.55) 



The Nijenhuis bracket ( |C.74| ) is the major example for this relation. 



C.4 Examples 

C.4.1 Schouten(-Nijenhuis) bracket 

Let us shortly review the Schouten bracket under the new aspects. For multivectors v'-P' , w'-'^'' the algebraic 
bracket vanishes 



K(p)l*t0(9)] — 



(C.56) 



The Schouten bracket [w^^^w'^'^^] coincides with the derived bracket as well as with Buttin's differential 
bracket, i.e. we have 



[b«(p)7dj ,^uJ(g)J — *[t,(p),u,(g)] 
Its coordinate form - given already before in ( C.15|) - is 



„(P) y;(9) 



(C.57) 
(C.58) 

(C.59) 



The vector Lie bracket is a special case of the Schouten bracket as well as of the Nijenhuis bracket. 

C.4.2 (Fr6hlicher-)Nijenhuis bracket and its relation to the Richardson-Nijenhuis 
bracket 



Consider vector valued forms, i.e. tensors of the form 

K^"''^ = X„.,...,„,"dE"^ A • • • A dc"'" A a„ = K„,„ 



'dr"i A • • • A dr*^ 



dn 



The algebraic bracket of two such tensors, defined via the graded commutator (note that | ik H| K 

bK,lL] = ^[K.L]^ 

consists only of the first term in the expansion, because we have only one upper index to contract. 



^(fc,i)^i(U) 



A 



K(k^)r(l,l) 



-j^i^r-r-^C^-i)^-!),'^) 



(0.47) 



(1) 



^'K'L-i-r 



tV'K 



IK H- " _ ('_a('=-i)('-i)i. r Jfc 



(C.60) 
fc-1) 
(C.61) 

(C.62) 
(C.63) 
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It is thus just the big bracket or Buttin's algebraic bracket but in this case it is known as Richardson- 
Nijenhuis-bracket. 



The Lie derivative of a form with respect to K (in the sense of ( C.4S )) is because of A:' = 1 really a (first 
order) derivative and takes the form 



■-K(*!.l) 



[ij^(k, i),d] 



Cx{k.l)P^^' — Km...m dlPm...m + { — )~'rdmKm...m Plm...m 

The (Froehlicher-)Nijenhuis bracket is defined as the unique tensor [K,L]-^, s.th. 

[CkiCl] = ^[K,L]n 

It is therefore an example of Buttin's differential bracket. Its explicit coordinate form reads 



[K,L] 



N 






^y) J^m...m OjK.ffi...m ^ (^) (~) kUm.J^ 

'' CkL - {~f' ClK'' 



m...m ^^jm...m 



(C.64) 
(C.65) 



(C.66) 



(C.67) 
(C.68) 



A different point of view on the Nijenhuis bracket is via the derived bracket on the level of the differential 
operators acting on forms: 

[lK,dlL] = [bK,4:tL] (C.69) 



It induces the Nijenhuis-bracket only up to a total derivative (the Lie-derivative-term) 



(C.70) 



Using the extended definition of the exterior derivative in the sense of ( 6.37 ) and of the interior product ( |6.32 ) 
one can write the Lie derivative as an interior product (see |6.35| ) Ci^k = ^(^)'^''«d(ii,K) and [[jK,d] , z^] = 
(^)'^ [«dR',«L] = (~)'^*[dft:,L]^i so that we can rewrite ( C.7(]| ) as 



[K,L] 
with [K,L] 



[K,L]N + H^'-'^'di^LK) 
{-r[dK,Lf 



(C.71) 
(C.72) 



In that sense, [K,L] is the derived bracket of the Richardson Nijenhuis brack et while the Nijenhuis bracket 
differs by a total derivative. The explicit coordinate form can be read off from ( p. 49 6.51 ) (with only the p = 1 
term surviving) 



[K,L] ^ (-)^■^«L+(-)'^'(-)'^«X+(-)(^-l)'d(4^)if) = 
— K i rl T '^^( — \^lr) K H " -I- 

_i\klT JrIK "^ — (—)'''■ (^Vkrl T ^K- 

I I, ) 'J\>^^m...m ^^jm...m ) 

^ ^ ^ 

tLK 



(C.73) 



(C.74) 



where the last part is non-tensorial due to the appearance of the basis element pi (see subsection 6.1. 2|) : 



d{tLK) = d(kL. 



m...m -^jm...m 



— hf) IT ^ K ■ '^\ — ( — 



I ^m...m ^jm...m Pi [y^.ibj 



The remaining part coincides with the coordinate form of the Nijenhuis bracket as given in ( C.67 
One can nicely summarize the algebra of graded derivations on forms as 



^l^(l'l) +«^(ii) , C^{k2) +lj^{l2) 



= c 



lKi,K2]N+lLiK2-i-y'2-^)''llL2Kl + ^l-ffl ,L2]„ - (-)<'l " 1"=2 [^2 ,il] „ + [il ,-^2]" 



(C.76) 



Appendix D 

Gamma-Matrices in 10 Dimensions 

D.l Clifford algebra, Fierz identity and more for the Dirac matrices 

In the following we will collect some general relations for Dirac-F-matrices in d dimensions. In contrast to 
the rest of this document, we are not using graded conventions in most of this appendix. In other words, 
the spinorial indices are not understood to carry a grading and we are thus using neither graded summation 
conventions nor the graded equal sign. The reason is that a lot of people (me included) are used to calculate 
with F-matrices in ordinary conventions, and it therefore seemed to be simpler for me to translate only the 
results into the graded conventions. This does not mean, however, that calculating in the graded conventions 
would be more complicated. Let us give two examples, how to translate the results. Remember first that in 
northwest-southeast (NW) S^ — 6a^ = —S^a- The equation S" — 16 therefore becomes 16 — S" — ^^ S" — 
J2a '^a° — ~ J2ai~)"^a" — —Set"'. When there are naked indices, we also have to take into account the graded 
equal sign, which compares the order of the indices in each term: 7^^ — 7^^ becomes 7^^ = (— )"'^7^q, = ^Ipa- 
Remember the form of the Clifford algebra 

|pa^p6| ^ 2?y'^''a -^=^ F^'^F^) = T?"''! (D.l) 

Define as ususal V^-^p = rl^i • • •F'^'-I. The set {F^} ee {1,F°,F°i°^ . . . ,F°i-'^io} then builds a basis of 
Ql(^2'^d/2]-^ ^iigj-g 2[''/2l is the dimension of the representation space. 

Product of antisymmetrized products of F-matrices One can in particular expand any product of 
antisymmetrized gamma matrices in the basis {F^}: 

pai...app6i...b, _ V^ A;' | ^ | | '^ ] „[«? I '^i L| ^p-i I ' ''2' . . . „| Op+i-fc | ' bt ' p| ai ...ap.fcj ' hfc+i ...6,1 (D 2) 



k I \ k 

fc=0 \ / \ / 

The antisymmetrization brackets on the righthand side shall indicate that all the a^'s and all the 6i's are 
independently antisymmetrized. The expressions become quite lengthy, if one spells out the antisymmetrization 
explicitely. Let us write down the first terms only, using the notation where a check " above an index means 
that this index is omitted:^ 

k I 
pai...afcpbi...6; _ pai ...atbi ...b, 1 \ ^ \ V_\fe-i+j-l Oibj pai ...a; ...ai-bi ...bj ...b, _|_ 

i=l j=l 

k I ii — 1 il— 1 

_|_ \ ^ \ ^ \ ^ ( \ ' /•_\fc-ji+jl-l+fc-l-i2+i2-l „a,ibjj ai2bj2pai...ai2---aij...afcbi...bj2...bji...b; _|_ 

^, = lj,=l^, = l j, = l" _(_)2fc+.;+.2+.l+.2 ' 



J2=jl + 1 



/ \fc-n+ii-l+fe-l-42+J2-2 Oijbjj a,2bj2pai...ai2...aij...afcbi...bjj...bj2...b,\ _^ _ (D.3) 



(_')2fc+ii+i2+3i+J2 



For some applications the precise coefficients are not important, and a schematic version is enough. Let us 
denote Y""^---"-^ schematically simply by Y^^^ . Neglecting all coefficients, we can write 



r^rW ex fII'^^'II + fH'^^'I+^i + . . . + fI'^+'I 



(D.4) 



^ For the proof of ( D.2 ) one can simply study independently the cases of how many indices a^ and hi coincide. For a nonvanishing 
lefthand side all the a's are different and all the b's are different. If even none of the a's coincides with one of the 6's, we have simply 
pai...afcpi,i...6, ^ pai...afc6i...b, If ai = 61 and all Others are different , wc have T"! ' '"fc r*"! ■ •*! = (_)fe-i^aii,ipa2...afci,2-.fci . If two 
indices coincide, e.g. ai = 61, 02 = b2, then we have T^i •■'"'=r''i ■''' = (_)fc-i+fc-2^ai6i^a262r'»3-ffc63...fci . And so on... o 
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Some simpler cases are of particular interest for us: 



-pai-p&i...bi _ paif)i...6, I ^ ai[6ipf)2---b!] ("0 5") 

paia2p6i...bi _ paia2fci...bi _ ^ . „ai [bi |pa2 162 ■••bi] t ^ . „a2[6i |pai |62---bi] _ ^ _ -[^~j„ai[6i| a2|&2pfc3---bi] /p) g") 



"^aia2T^bib2 -paia2bib; 



= r° 



?7 



a2bipaib2 



aib2pa2bl _ „aibipa262 „ „a2b2paibl 



ijja.ib2 a2bi _ aihi 0262 



p paibi...6i 



Contracting (D.5) with Fa^from the left yields 
Acting instead from the righthand side yields 

papfci...6;p _ pa6i...b,p , i a[bi pb2...6i] p 



(-)'(d-2/)-r''i-'" 



In particular for I = and Z = 1, we have 



r^Fa = d 
TT'Ta = -{d-2)-T'' 



(D.7) 
(D.8) 

(D.9) 

(D.IO) 
(D.ll) 



For even dimensions the righthand side of ( |D.9D vanishes for I — d/2. We will need this fact for ten dimensions: 

for d = 10 



papbi...b5p^ = 



(D.12) 



Chirality matrix as a "Hodge star" Remember the definition and the basic properties of the chirality 
matrix in even dimensions: 



^* - y^^r«. 



nd-l 



1 



••r" ' - ^V^(d)eci...cJ 



with 



l(D.13) 



e01...(d-l) = 1 

(T*f = 1 (D.14) 

{r'',F#} == Vae {0, l,...,d-l}, for even d, F# = ±1 for odd d (D.15) 



The sign e(rf) is the sign that one obtains when reversing the order of d indices of an antisymmetric object. 
Likewise if we have an antisymmetric object with an arbitrary number p of indices, reversing the order yields 
the sign e(p) = (-)5:i=V' /= ^ (_)p(p-i)/2 ^ (_)b/2]. it takes the explicit values 

d 0123456789 10 11 mif^ 

and has the properties 

-e(p-l) 



The prefactor W—£{d) in the definition of the chirality matrix guarantees the fact that it squares to the unity. For 
half of the dimensions the square root is ill-defined, because — e(d) is negative. It should simply be understood 

via \/—l = i, i.e. \/^^{d) = i2(i+^(d)) ^ l. Of course, a redefinition of F'^ with an overall (perhaps d- 
dependent) sign does not change its properties and might be useful in certain situations. Because F'^ squares 
to 1, it can have eigenvalues ±1. The corresponding eigenvectors are chiral and antichiral spinors. For odd 
dimension, when F"^ coincides with unity, there is only the eigenvalue 1 and there is no such split. 

There is a natural isomorphism between the antisymmetrized product of F-matrices r"'^-°-p and the wedge 
product of the cotangent basis elements (vielbeins) e^^ A ... A e"'' . The multiplication with the chirality matrix on 
the one side then corresponds to the appHcation of the Hodge star on the other. It maps p-forms to (d— p)-forms 
in the following sense: 



p^pai...a 



p — 



Cd---cipai...ap 



(|dJ) 1 



d\ 






ClP 



1 



(d^^^v^^r' 



p 

Cd---Cp+1 



, jnCpappCdCd_i...Cp+i 



■^Cd...Cp+i 



(D.18) 
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Up to a sign (— )p('' p) ((— )p for even d and 1 for odd d) the same result is obtained when acting from the right, 
s.t. we can summarize 



rai...a,p#^^^^^y: 



1 



Hd) 



{d-p)\ 



ai...ap -pci-.-Cd-p _ /•_\(rf-p)pp#pai...ap 

C\ .. .Cfi — p \ ) 



(D.19) 



The above calculation is also true if we are in odd dimensions where F^^ is the unity. The antisymmetrized 
products r°i-°p do then not correspond to e""^ A ... A e^p, but (at least in dimensions where — e(d) — 1) i-e. 
d e {3, 7, 11, . . .}) to self dual forms e^^^ A ... A e"" +*(e°i A ... A e"") (see intermezzo below for the discussion of 
the Hodge star). The same will be true in the even dimensions d g {2, 6, 10} for the chiral blocks ^'^^■■■"■v that 
will be discussed in particular for d = 10 later. In order to understand better the correspondence between the 
multiplication with V"^ and the Hodge star operation, let us give a short review of the latter. 



Intermezzo on ClifFord map and Hodge star operator 



In order to avoid confusion about prefactors, note first that we use a definition of the wedge product that 

(D.20) 



absorbs the normalization factor ^ which is therefore absent at other places: 



c^(P) - c^,„,...„,^dE"i A...Adz:™- 



„l^mi...m 



p everywhere leads to the equations in the standard convention. 



Replacing ujjni...nip 

In even dimensions d there is a natural isomorphism, the Clifford map, from bispinors (which can be 
expanded in the complete basis of antisymmetrized products of F-matrices) and the formal sum of p-forms in 
A* T*M = ®p /\^ T*M. The basis elements map simply as 



where e" — dc^e™" is an orthonormal vielbein-basis. Its inverse map is often denoted by a slash 

/ : e°^ • • • e""^ i-^ pai...ap 



(D.21) 

(D.22) 
(D.23) 



See in particular H, ^, |ll5 , 116 , pl| for frequent use of this map in the context of generalized complex geometry. 
Operations on the one side can then be translated to the other. There is in particular the multiplication with 
the chirality matrix on the bispinor side which corresponds more or less to the Hodge star operator on the other 
side. The 'more or less' statement depends on how exactly one defines the Hodge star, and we will simply define 
it in such a way, that it corresponds exactly to the multiplication with the chirality matrix, at least with the 
multiplication from the righthand side. 

The Hodge star operation on a manifold with metric maps p-forms to {n — p)-forms using the metric and 
the e-tensor[| 

em,...mj = \/l Q |em,...rnj, ^O...d-l = 1 (D.24) 



'rai...7yid 



^7711... mdj 



^In the following we will use some identities for the epsilon-symbol and for the antisymmetrized Kronecker-delta, which we 
would like to recall. Remember first the definition of the antisymmetrized Kronecker symbols 



d\ . ..dji 



\d-[ 



If we contract one index pair, we arrive at 



Contracting several indices leads to 



rCi...c„_ic„ 
di . ..d,j_ic„ 



d — {n ■ 



1) .ei...c„ 
di . ..d„ 











J- 


P ' 










ci. 


■d„ 


-pai- 


■ ap _ 

■ ap 


CI. 


■dn 


-P 
-p 



In particular, if all indices are contracted (p = n) or if the original number of indices matches the dimension (n = d), we end up 
with 

.ai...ap _ I d, \ .ci...Cjj_pai...ap _ ( d 

Oai...ap - y p j ■■ °di...dd-pai...ap ~ \ p 

(see also | |ll7| , p. 456]). The last identities are important to derive the identities for the Levi-Civita symbol e. The first observation 
is that we have 



gci...y^p 
di-.-dd-p 



f-ai...ad^ 



"■"ai-.-ad 



Both sides are completely antisymmetric in all a and all b. It is therefore enough to check the validity for {a\ , . . . ,aj) = (fei , . 
(0, . . . , d — 1). The minus sign is coming from the different definition of the e-symbol with upper sign, i.e. €o...d-l = — e"' 
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where 6™^...™^ is the totahy antisymmetric Levi Civita symbol. Let us define the same symbol with upper 
indices with a different sign, i.e. as eO--^-i = — l (corresponding to the e-tensor in fiat Minkowski spacetime 
where raising a zero-index yields the minus). Using that detg~^ — emi...m<j5™^° • • • (;'"<*'^~^ the e-tensor with 
upper indices takes the familiar form 



_mi...ma _ 



•^-1^-1 



(D.25) 



The definition of the Hodge star on a manifold with metric • : /\^T*M -^ /\ ^^T*M has some ambiguity 
in the sign, depending on which behaviour one prefers • to have. For us it will be most convenient to define 
it simply in the way as F'^ acts (at least for even dimensions). One still has the freedom to decide whether it 
should correspond to an action from the left or from the right, which differs by a factor of (— )(''~p)p according to 
( D.19| ). We choose the Hodge star corresponding to multiplication of F'^ from the right as given in ( D.igj ). The 



dimension dependent prefactor ^/— e(d) , however, will not be included, because it is complex in some dimensions 
(but fortunately equal one in 10 dimensions) and the definition of the Hodge dual should make sense for real 
manifolds. We therefore define 



7k-(dz;''^ A ... Ack'^p) = 



(*^(^^)™i 



-(p) ^fci...fc. 



{d-p)\ 



mi...md-p 



dr"i A ... A dc""-" 



(p)p fei...fcp, ,(p) 

tmi...md_p ^ki...kp 



(D.26) 
(D.27) 



The sign prefactor e(p) = (— )p(p ^>/'^ is usually not present in the old definitions in the literature. At some 
places (e.g. in pW) the Hodge star is defined such that it coincides with multiplication of F'^ from the left. 
This corresponds to a redefinition of our Hodge star by (— )p('*~p). Let us denote with 



~(p) ^ ^mi...™pg A... A 9, 



(D.28) 



the multivector that arises when raising all the indices of the differential form ui'-P' with the metric g™" and 
remember the definition of the interior product ( |C.39 ) with respect to multivector fields: 



(r) r! 

*i(p)P = {r-p)\ 



uj''-'-pip 



.limi ...rrij- 



ck™i A . . . A dr'^ 



lCj{p)P 



(r) _ 



for p > 



(D.29) 



e(p,c^'i--'Pp,i...,p„ 



Using (D.17) and the identities for the e-tensor given in footnote 2 on the previous page , we obtain the following 



Using the above formula for contractions of the antisymmetrized Kronecker-delta, we obtain 



ci...Cpf- 



Od-pCl-'-Cp 



-p\{d-p)\sl\rX-_\ 



This equation remains the same if replace the Levi Civita symbol e with the e-tensor ( D.24 ) and ( D.25 ), as the normalization 
factors cancel. o 
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relations for the Hodge star operator^ 



1 

.nid ~ ~u£mi...md 

^lu^p^Atj^"^) = (^^(p, *77(?)) = (-^(^^(„*w(P)), for p + q < d 



(*l)mi. 



(D.30) 
(D.31) 
(D.32) 



This impHes •(^(p) A •/;(«)) = -e(d)(»i:,(P)?7^'^^) (p < q) and •(•u;(p) A r/(«)) = -e(d)(-)^''"^^''(«i;(9)w(P)) (g < p) 
and in particular for p = q 



,(p) 



^(p)l 






-e(d)fe(p)T^O 






^(d)(-)(''"^'^(^^(,)^(^^):^£™,...™. 



d\ 



(D.33) 
(D.34) 



Note that wedge product and inner product play both the role as an embedding % of forms or vectors into the 



space of endomorphisms acting on forms. Thus the equation (D.32) can be written as *{i^ip)ri^''') = {iQiP) *r]^'^'). 



In turn, the same equation acted upon with an overall * and in addition with rj replaced by -krj and Cj renamed 
as V becomes (i^(p) •?7*-'') = ^{i^mW^^) (where v is the p-form obtained from the p-vector v by lowering all 
indices). For decomposable multivector valued forms uj^^' ® v^'^' (with uj a p-form and v a fc-multivector) the 
embedding is defined as Zcj,^^ — i^i^ — lu Aty (see ( |C.39| ) on page 163). We thus obtain 



-*- [lujiP 



vwn 



(q)] 



«cj(P) *(««(fc)»7'''^^) = iQlPjiyW *?/ 



(9) 



(D.35) 



The order of the operators on the righthand side is not the "normal order". The wedge product acts before the 
interior product, while the definition of the embedding of a multivector valued form is the other way round. In 
order to write it as an embe dding again, we need to apply the commutator which yields the algebraic bracket 

[«^(p), i{j(fc)] = Z[i(p), {;(*)] (see ( C.43 )). The above righthand side then becomes »((_)?(={;(*:) ,^ij(p)+p(p), {;(*:)] a) •k-q^'''. 
For general multivector valued forms K'-'^''^ ' of form-degree k and multivector degree fc' we therefore cannot set 
*(*if(fe,'=')^^'^^) equal to ij^(k'.kj *ri^'^\ although this would be tempting. Instead, we get in the schematic index 
notation of page ^ 



• (j 



j^i.^.W^) - (fc)! 



d-q + k' 
k 



K 



h-h 



.l\m...m 



{*v) 



(d-q) 
m...m\ 



(DM) 



Only for multivector valued forms with vanishing contractions (e.g. for a torsion which is completely antisym- 
metric after puUing down one index) the righthand side reduces to if^(k'.k) *r]'"''\ where K^'' '''^ is obtained from 
j^{k,k ) j^y raising all k form indices and lowering all fc' multivector indices with the metric. 

Finally we can use ( D.32 ) formally also to calculate the action of •ck, if we consider the exterior derivative 
as wedge product dA. In fiat space and Cartesian coordinates, there is no contribution from the action of the 
derivative on the metric and we arrive formally at •(dA^r/^^^) = — e(d)(*d'7^*'')i ^^ expHcitely (•d*?]'''^)™^. ..„,_! = 



^k„{q) 



1^{d)d V^m m _ • ■'■^ curved space this result gets covariantized to 



;mi ...771q_i 



(D.37) 



^Because of the uncommon definition of the Hodge star, we'll proiddfi^here the equations also for a redefined *. Let us replace 
the sign factor {—)^'^~''''^(p) = (—)P''^~P')+PyP~^>'^ in the definition ( D.27 ) of the Hodge star by some arbitrary d and p dependent 
sign factor ^(d,p) 

where some natural choices for t{d,p) are 1, (— )''^'*~''', e(p) and (—)'''■ '*~*''e(p). The last one corresponds to our definition, while the 
second is quite common in the literature. With this more general ansatz we have 



(*l)mi. 



^(d,0). 



-m-i . ..m^ 



d\ 

In particular for ^{d,p) = (~)*'''*^*') one obtains the more familiar equations 

1 



(*l)mi. 



d\ 



-?Tii .. .m^ 



„(p) 



A*»7 



2 
(P) 



-(-) 



p(d-p) 



(p) J- 



where the last equation follows from *(a;'P' A r;'''') = (—)'"'«, -,(p) Jr rj^?' = i -(,) -k uj'^p^ with j?'') replaced by ^tj^pK The nice 

(p) (g)^ I 1 

feature of our present definition (with e{d,p) = (")'''''"'''' ^{p)) is that the expression for *^ in ( D.30 ) does not depend on the form 
degree. o 
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where the Levi-Civita connection arises from the action of the divergence on the metric (—^d^iy^Tglpk) = 

V(iC)fc^^^_ Note that for a Levi-Civita connection the covariant antisymmetrized derivative VL Wmj. ,„p] 
reduces to the exterior derivative i9[mo'^mi...mp] because of the symmetry of the connection. This is not true any 
longer, if a torsion is present. In that case it makes sense to define a different exterior derivative via 



(Vw(p); 



mo ...rrip 

or V 



^ [niQ^mi...mp 



d— It 

The relation for T^ck then turns into 

(^V*77('?))™,. 



ido'^P^U,...^^ - pT[„ 






^kh 



(D.38) 
(D.39) 



(D.40) 



Apart from the Hodge duality (induced by F^-multiplicati on) th ere are other interesting operations on the 
bispinor side which get translated to the form side via /~^ ( D.21 ). E.g. the matrix multiplications with a 
F-matrix either from the left or from the right translate due to ( D.5 ) into 



r"- / 



r' 



(D.32) 



/•r'^ 



e° A p - ejd) • (e'^ A -kp) 
p A e" + rf'^dplde^ = 



d 



(-re'^Ap+(-rv''^p = 

(-)''(e"Ap + e(rf)*(e°A*p)) 



(D.41) 

(D.42) 
(D.43) 
(D.44) 

(D.45) 



The form degree r in the last line makes strictly speaking only sense if p = p'-'"' is a form of definite degree. If 
it is instead a formal sum, r should be understood as an operator (acting on p) whose eigenvalues are the form 
degrees (i.e. e"^-^). 

In order to obtain the action of the Dirac operator on the first or on the second index of a bispinor, the 
above equations can be contracted with a covariant derivative Va (whose connection is compatible with the 
metric 77"'', the F-matrices and the vielbein-components, i.e. leaves each of them invariant): 



VVa- / !-> Vp-e(<i)*V*p 



(D.46) 



Va / • F« 



^(-y^rVpW+etrfj^V^p 



(r) 



(D.47) 



Vanishing of both expressions on the bispinor side yields (because of the different relative signs in the brackets of 
both results) Vp = •V^p = 0, which for vanishing torsion corresponds to c^ = *d*p = 0. Let us try to recover 
dand •d*: also in the case with torsion. According to ( |G.23| ) or ( G.27 ) any connection which is compatible with 
the metric can be written as 



FL^f)''^+T„ 






SO that 



rV'ptl 



ca\ ...a-r—i 



^J = c^(^^)'' + rca' + 2rVia) 

— 'V Pcax...ar-i ^ '^' ^ ':Pdat...a,..t ' V ^1^ [a-l\P cb\a2...a^-i] 



(D.48) 
(D.49) 

(D.50) 



e(d)(*V*p('-)) 



e(d)(*d*p('-))„^. 



e(d)(«T*P<'^')ai. 



As indicated below the brackets, the same result is obtained via •V + p = •(d*p — it* p) and then using (|D.36[) 
for •(iT * p), considering T as a vector valued 2-form. 

As a next step we should study the effect of multiplying the bispinor with another bispinor which again can 
be expanded in antisymmetrized products f''^ ■•'''' of F-matrices. Using ([D.2|), we obtain 



^(P) /(■ 



r) 



k=0 



. Ck...ci Jr) pai...ap+r_2fc 

^ai...ap_fc rci...Cfcap_fc + i...ap_|_r_2fc 



(D.51) 
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The r"i-°p+'— 2'='s get mapped to e°-^ ■ ■ ■ e°-p+'—^'' by / ^. For forms which are not of definite degree, the result 
can then be written as 



9^ 



r' V- 1. 5 d ^a,b,...^a,».J. 1 



2^ h\ 



fe>0 



fc! ae"^! de°->' 



rj ^ ^ ■ ■ -rj 



dgbk Qgbi 



(D.52) 



which defines the Clifford multiplication between forms. The Clifford multiplication of two self dual forms 
is either or another self-dual form: 



(^(^)i(l + r#)/Wi(l + r#) = | ^^^^/'■^i(a + r#) for r even 
"^ / r ^ V for r odd 



(D.53) 



Note finally that the matrix-commutator on the bispinor side naturally defines an (algebraic) bracket on the 
form-side 



Cx-lf,.,A 9-^,^"^..., 



[^'^]^^Em('^9^ 



fc>0 



de"" 



n h d d d d „ h n h d d 



9e'"= (9e^i 9e°i 9e'^'= 



ggbfc 9efci 



(D.54) 
Although this is a valid and consistent map, it is not the most natural object from the form point of view. On the 
lefthan d side we have the possibility to think of the gamma matrices as fermionic supermatrices as suggested in 
section 2.7 on page 26 and consider the graded commutator which would include an additional sign (—)?'' in front 

of the second term for forms cj^p^ and p^'"^ of definite degree. Then one can use that lu^p'^-^ = ~{~)P-^u!^p^ 

and therefore uj^p^q^ ■ ■ ■ ^^ — {—)^^~^^ ^{k)Q§q7 ■ ■ ■ q^t^uj^p^ in order to interchange the position of uj and p 
and arrives at 



with odd r'l 



/-' V-^, .^fe^l,.5 ^ -.a^b^,,,„a,b,J_ 9_ 



E (1 -(-)'=) i 



fc>0 



fc! 96"! de'^'' 

a" 



T] ^ ^ ■ ■ ■ T] 



y. 2 d 

k>0 ^ ' 



V 



"l''! . . . jj°'2k + lb2k+l 



deb" g^b^ P 

d d 



i9e^2fc+i d(,bi I 



(D.55) 
(D.56) 



This contains as a special case the anticommutator of the gamma-matrices themselves 



|pa^pf,| ^2, 



^a ^ „aibl ^ „b _ r,„ab 



Qgai I Qgbi 



e" = 2r;" 



(D.57) 



The Hodge star as defined in the previous intermezzo corresponds to a multiplication with ^— ej^jF'^ from 
the right. It would of course be possible to absorb the prefactor in the definition of F#. This, however, would 
spoil (F'^)^ = 1 in ge neral dimensions. Let us now continue with the discussion of the properties of the chirality 
matrix. From ( D.l£ ) we obtain in particular 



p#pai...a, ^ Ta^,„a,T* = (_)P('i-P)r#r'^i --p (g> T*Ta^,„a, 



l\p(d-p) i V *'('') 



_ s, <;Cd...Cp+ 



{d-p) 



ap...ai-pCd...Cp-1-i ^ -pbd-'-bp+i 

1 '- ^ tbd...fop+iai...apJ- 



(D.58) 



Using e='^-'=p+i°''-"ie6^...f,^^iai...ap = -e(p)p!(d - p)!?7crf...cp+i.f,<j...&p+i (see footnote g) we get 



T*v'^^--^ ®Ta^...a,T* - (_)p('i-p),(,),(p)^_Z_r,^.,^^^®r^-'^.+i 



(D.59) 



Reversing the order of the indices of one of the F's on the righthand side of the equation (contributing a factor 

t(d-p) = e(d)e(p)(-)^^''"^^), we arrive at 



p#pai...ap ^p^_^ ^^p# ^ .^^P__Ybl-b,-, ^Yb,_^...b, 



(d-p)\ 



(D.60) 



In particular in ten dimensions and for p = 5, we obtain 



T*T''^-''^®Ta,,„a,T* ^T. 



bi..M 



n6i...65 



for d = 10 



(D.61) 
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Trace The trace of all antisymmetrized products of Gamma-matrices vanishes in even dimensions: 

even d 



^j,pai...a2fc-|-i _ ^j,pai...a2fc+ip#p# oven a _|_^j. p#pai ...02^ + 1 p# 

|^pai...a2fc ^ j^i^ pa2A;ai...a2A;-i 



1^ pai---a2fcH-i ^ n 
^j.pai...a2fc ^Q 



trT" 







Vp > 1 for even d 



(D.62) 



Fierz identity (see e.g. |118|) The Fierz identity is simply a completeness relation. Given a basis {|e'^ >} of 
a vector space, define its dual basis via < efe||e' >= S\.. The completeness relation then reads 



^le*-' ><efe| = a 



(D.63) 



In our case the vector space is the space of all 2^'^''^' x 2 1'*' ^'-matrices and in even dimensions the antisym- 
metrized products of F-matrices form a basis of it: {1, F", F"^''^, . . . , r"!--""^} = {F-^}. In odd dimensions this is 
still a generating set, but not linearly independent. The dual basis to {F^} in even dimensions is simply given 
by 2^''/^ • {l,Fa,Fa2ai, ■ ■ • ,Farf-..Qi} = {F/} (acting on the original basis by contracting all spinor indices). One 
can convince oneself that we have indeed (using trF^i-"" = 0) 






P a p6i...b, /3 _ cgs-hi...b — xq xbi . . . /(''p 

iap...oi £i -a — OpOQi...ap — OpO[Q^ 0„^] 



The completeness relation or Fierz identity thus reads 




(D.64) 
(D.65) 

(D.66) 



Using ( p.GOD it can be rewritten as 



Jf-i 2-.I/J , 

p=0 ' 


.a-n a T-i 


.a,l, + (-r(F"- 


■"^F#)^£(F,^. 


2-d/2 
p#^7.) 1 pai...arf/2a p 

■aii >-i) + ^d/2y. ^ "■'''■ 


.ai—5_ - 
















_(D.67) 



which furthe r simp lifies when contracted with chiral spinors for which F'^ -^ 1. The identities ( D.66| ) and 
equivalently ( D.67 ) can be rewritten in var ious ways. One appearance of the Fierz identity which is of particular 
interest, is to contract the identity ( D.66 ) with F'^— ^Fc— -y which yields (after relabeling in the result a ^ a, 

7^7) 



<i o-rf/2 



)-p{ Tj:a,...a, V-S_ = T--5jc^0 



(D.68) 



p=0 ' 
Some relabeling yields 



r™i--"P+p^c[.,r— pi r.„^...„^+p^,,„^r„^_^...„^j 



E 

p=0 



{-Y 

2d/2p\ 



{d-2p){T-'---)^p{Ta^,„a,y-s_ = T-^sT,:Lp 



(D.69) 



Finally we can use again ( [D.60[ ), in order to arrive at 

d/2-l 



p=0 



E ^('^-2p)((r""-"'')-/3(ra,...aj:^i-(-r(F"--''F#)^£(F,^...,,F#)2,) ^ F^^.F^I^, (D.70) 



Contracting the identity with chiral spinors ^— = {ip^ , 0) and $- = (</)'', 0) leads to 



d/2-l 



E ^§75|^(r"^-"''*nra,...a,$F = -(-)** (F^$nF,vi/)2 



p=i, odd 



(D.71) 



d = 4,6 



(rc^)a(r^$)7 = -(-)*^(F"$nFc*) 



(D.72) 
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d^ 10: 

i(r-iv|/)ii(r,^co)2 + _L(r-i-^-^\i.nr„3„,„,a>)i = -(-)** (r^a>nre*)^ (D.73) 

In 10 dimensions this can be further rewritten, using the symmetry properties of the gamma matrices in their 



fermionic indices. We will come back to that in subsection D.3.4 



D.2 Explicit lOd-representation 

In the following we will give an explicit representation of the Dirac-F-matrices in 10 dimensions which we are 
using throughout this document. The presentation is based on the one given in the appendix of ||^. 

D.2.1 D=(2,0): Pauli-matrices (2x2) 
We start with the 3 Pauli matrices 

tVJ = ie'^'^r'' + S'^1 (D.75) 

[t\t^] = 2ie'^^T^ (D.76) 

{t\t^} = 25'^ \ (D.77) 

trr* = 0, det(cr') = -l (D.78) 

(r*)t = r* (D.79) 

D.2. 2 D=(3,l), 4x4 

Define 7*^ = r'^ (g) t^, 7'* = 1 (Xi t-'^,7^ = 1 (g) r"^. The tensor product can be understood in different ways when 
writing down the resulting matrices. We understand it as plugging the lefthand matrix into the righthand one: 

(D.80) 





-it'' \ 
) 


1'^ 


r 1 ^ 

^ a Oy 


^^7°, 


7^- 


( 1 




-a 


{7^7"^} - 


2,5'"' 1 














tr(7'^) - 


















(D.81) 

(D.82) 
(7^)t = 7^ (D.83) 

12 3 4 ( -irW3 \ / 1 \ / 1 \ 5 ,^„,, 

7^,7** and 7^ are real and symmetric, while 7^ and 7'^ are imaginary and antisymmetric. 

D.2. 3 D=(7,0), 8x8 

We can define seven purely imaginary 8x8 matrices A* as follows: 

A* = {72(g)r^7'^g)T^7^«)T2,7^(g)l,73(g) l,i7^7'*7^«)r\i7^7^7^(g)T3} (D.85) 

with i7^7''7^ = ir^ ® t'^t^t^ = t^ g) 1 = 



T2 

{A\A^} = 2S''l (D.86) 

tr(A*) = (D.87) 

(A')t = A' (D.88) 

A^ • • • A^ = (727S^7^7^«7^7''7^) «) rV^ = -(7^7^) r^ = [ir^ 1) r^ = ii-f^-f^-f"^ (g) t^ = iA(D.89) 
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D.2.4 D=(8,0), 16x16 

Now we can define 8 real symmetric 16 x 16 matrices cr^ = {A* (g) r^, U (g) t^} 

° -'^'^ .'.(:i) (D.90) 



i\' J ' \ 1 ^ 

{a^.a"} ^ 23^"\ (D.91) 

K)t = a^ (D.92) 

tr(cr^) = (D.93) 

X = ai...a« - A1...A^®tV1 = 1®t3=(' J _M (D.94) 

D.2.5 D=(9,l),32x32 

Finally we define the real Dirac-matrices for 10-dimensional Minkowski-space as F" = jl (g) ir^, cr^ (g ti , x (Xi ti } 

r"^/3 ^ ( ° ^rM, with7""'3^{<5"^cT''"^,xV: 72/3 = {-'5a/3,a^";3,xV (D.96) 



7a/3 ^ 

The small ^°' (chiral gamma matrices) are thus all real and symmetric! The Dirac matrices obey 

F# ^ r"...F" = «Fi...Fi" = ai...a8x®zr2(ri)9 = l®T-^=(' J _M (D.98) 

(F#)2 = 1, F#F" = -F"F# (D.99) 

(r")t ^ ^^ (r#)t = r# (d.ioo) 

trF" = 0, trr#=0 (D.lOl) 

Intertwiners The unitary intertwiners A, B and C are defined via 

(r")t = ^F"^^ -(r°)* = B^VB, -{Vf = C^F"C (D.102) 

We can choose 

r"r#=('ii ?) (D-103) 



B = r# (D.104) 

c = BA'' = -r#r°F# = r° (d.ios) 

The Dirac conjugate is -0 = ip'^'A. In the Lorentz-covariant expression ^pT"^(j), there appears therefore the 
combination 

(AT-)^ = ( ^^'^ ^a% ) , 7a/3 sym and real (D.106) 

The other conjugate is the charge conjugate spinor ^'^ = Ctp'^ = CAl^iP* — Btp* — V^ip* . 

D.3 Clifford algebra, Fierz identity and more for the chiral blocks in 
10 dimensions 

Above we have defined 

The Clifford algebra for the F's reads in terms of the smallo 7's: 

7^"'"^7S - V^'5^0 (D.108) 

7^"' AS = ler?"" (D.109) 
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D.3.1 Product of antisymmetrized products of gamma-matrices 

Antisymmetrized products of F's are block-diagonal for even number of factors and block-offdiagonal for odd 
number of factorsn. The cliiral blocks read: 



ai...a2ka „ [ai|a7l^|a2| . . . ^I°2fc] _ ( _\k ai...a2k a 

I P — / '7172 '721--1/3 \ ) I P 



ai...a2fc + i 
/q/3 



i^Yil 



k a\...a2k-\-i 



7 



ai...a2fc+i Q/3 



i-Yi 



k ai...a2k + l 0a 



(D.llO) 
(D.lll) 



The schematic expansion of antisymmetrized products of F-matrices given in ([P.^ ) has the same form for the 
chiral blocks, if we suppress the index structure: 



j[k]j[l] o, -yllfe-il] + ^[|fe-;|+2] + . . . + ^ 



[k+l] 



(D.112) 



Indeed, without the spinorial indices, even the exact equations (including the correct prefactors) look identically 
for the small 7's: 



min{p^q} 



ai...ap bi...bg 



E ^! 



fe=0 



P 



,[ap| 61' j,|ap-i|'f)2' . . . |ap+i_fc|lbfcl |ai...ap_fc]l6fc + i...f). 



(D.113) 



In particular we have 



ai bi...bi _ aibi...b, _^i ai[bi b2...bi]^ fcl ...!)l ai _ 61 ...b,ai _|_ ^ [hi...&i_i 6,]ai (D.114) 

^aia2 bi...bi _ aia2bi...bi __ ^ ^ „ai [fcl Ua2 |b2...&!] _|_ ; . „a2[&i| ai|&2-..f)i] _j_ 

~l{l - I),^''l[''ll,y''2|fc2^fc3...&il (D.115) 



aiaa 6162 _ ^01026162 „ 277"! I**! 1 7°^ I ''2] _j_ 2ji'»2 [fcl I -,ai |b2] _ 2ji''i [''1 L'»2 |b2] ^ 

_ 01026162 I „a26i 0162 I „ai62 0261 _ ai6i 0262 _ ^02620161 , 

I „ai62„a26i _„ai6i 0262 



(D.116) 



Reintroducing the spinorial indices for the last Hne yields (remember that we do not use our graded conventions 
in this part of the appendix) : 



-,0102 7-,6i62 /3 
/ Q / 7 



01026162 /3 I ^0261 0162 /3 I 0162^,0261 /3 _ 0161 0262 /3 _ a262„,oi6i /3 
/ Q~r'/ f a ~r 'I J a '/ la 'I fa 



_,_^ai62^026i^ 



^0161^0262^/3 



(D.117) 



If we regard j'^^°'^a'' as a matrix with collected indices (ai,a) and (02,7), we can use the above equation also 
to construct an inverse to this matrix: Contracting 02 and 61, we obtain 



l''\a''l''''\'^ = 8-/''''''J + 9tj'''''^-S^ 



(D.118) 



and therefore 



-7°^a'' (7"'%^ - 877^"^^) 



0162^^ 



(D.119) 



If two indices in (D.117) are contracted, it turns into 



/ a fbaj 



90S^ 



(D.120) 



The equations (D.118) and ( D.120| ) are special cases of the following equations (which are in turn a direct 
consequence of (D.114) and ( D.115| )): 



76i7''"-'" = r4';7'"-'"l = (ll-07'"-'", 7''"-''76, = (ll-07''"-'"-^ 

^ai^^^6i...6, ^ (10-0-7''''"-'" +(ll-0(^-l)'7'''''"7'"'"'"^ 



762617 



bi...6, 



(11-0(12-07 



63. ..6, 



*For example, the product of two gamma-matrices reads 



paia2 a 



p[ai|a pkllT 



(D.121) 
(D.122) 
(D.123) 



'y[ai\a-l^\a2] 



[o-l a2]j/3 — _rylai\/3-fJ'^2] 



^aia2^0 



^aia2 a 

„,[01 a 
7' ' /3 



„ a-\ ao a 

-7 /3 



Sa (no index-grading here!) o 
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D.3.2 Hodge duality 



In the intermezzo on page |169| , we had defined the Hodge star operator such that it coincides with the multi- 
pUcation of F* from the right. Remember 



i ^-B = 1 -R = 



p#p<il---Op 



1 



r(-) 



P(P+l)/2,ai---ap 



pc 



1 
-1 

1 



(10 -p)!' ' ^ ci-cio-p- (10 -p)! 

The chiral blocks of F'^ coincide either with plus or minus the unit matrix: 

1 

10! 
r 

C1...C10 /3 



-pcio...Cp-1-i ap...ai 

-L Ccio...Cp+i 



„,#Q _ ^,0...9a 
7/3 = 7 /3 



#/3 ^ 0...9 /3 
la — I a 



/3 ~ 777j'£ci...cio7 



1 



^ with eoi...9 = 1 



_A/3 — , ^- 

~ 1 rjl"^Ci...Cio / 



(D.124) 
(D.125) 

(D.126) 
(D.127) 



Any chiral block j'^' of T'P' is therefore always equal (not only "Hodge-dual") to a ■y^'^^ P': 



1 a 

ai...a2fc-,-i ap 

_ ai...a2k + l 
left 



(10 - 2fc)! 
1 



(\kai...a2k ^ci...cio-2fc « , 



(10 - 2A:)! 



^cio...C2fc+l ^^,^^^ ^ ^^^^^a2....ai ^^^28) 



/ Nfc ai...a2fe ^ci...cio-2fc P 



_^cio...C2fc + i /3 a2fc---ai 

,7 ^ a tcio...C2fc + i 



(10-2fc)!^ ' - -i—iu-2. . " (10-2fe)!' - ■'^iu..-2.+i (D-129) 

(9-2fc)!^ ^ ' ci...cg_2.7 -(9-2fc)!^ ^-io...c2.+2 (D-130) 

1 



(9 - 2fc)! 



C_-l(fc + l)fai---a2fc + l ci...e9_2fc _ -i- cio...C2k + 2 a2fc+i...ai m 1 '^l 1 



(9 - 2fc)! 



In particular this leads to a self duality constraint for 7!^!: 

1 „ 



7 



ai...a5 a/3 



5! 



5 7' 



C1...C5 a/3 



Q1...Q5 
7a/3 



ai...05 .,Cl...C5 

t C1...C5 /a/3 



(D.132) 
(D.133) 



This is the same behaviour as for the Fill's themselves in odd dimensions, where F^ coincides with the unit 
matrix. This means that a bispinor with two chiral indices cannot just be seen as a sum of odd (same chirality) 
or even (opposite chirality) forms, but as a self-dual sum of odd an even forms. This is also further discussed 
in the intermezzo on RR-fields on page 104. 

For the five-form we had r#F"i-''^ (E>Ta,...a^T* = Td,...d, «) F'^i-''=, which turns into -7"^-''= "''72f...ai = 
IdLdJ^'-"'''' and -rjf^-^'la.-a.js = 7di...d5a/37'j-'^ and thus 



ai...a5a/3 7<5 _ ai---a5 ,- — D 

7 7a5...ai — 7a/3 7a5...ai7A— U 



(D.134) 



D.3.3 Vanishing of gamma-traces and projectors for the gamma-matrix expansion 

For any even p {2 < p < 8) we have 



7 



0, 2 < p < 8, p even 



(D.135) 



The reason is that there is no invariant constant tensor with p antisymmetrized indices apart from the e-tensor 
for p = 10 and the Kronecker delta for p — 0: 



ai...aio a _ ai...aio a _ -ic ai...aio 

/ a / a -LUC , 



af3 



7 



[0] " — -/[O]" == A" — Ifi 

a — / a — ^a — ^^ 



(D.136) 



With the same argument we get ^^(3% °^ '^6 and fixing the proportionality by taking the trace yields 



7^/37^" - 16<5? 



(D.137) 



Alternatively this can be deri ved from "f'^a')'^ ^'^ =jf^5'^ + 7''''a^ (the Clifford algebra for the chiral blocks and 
thus a specia l case of ( D.113| )) together with ( D.135 ). In the same manner we get for all other forms (using 
dP.lial) and ( |D.135| )) 



7:;3-"^7f;..,, = ^^pKzZ for pg {1,3} 

ai...a5,,/3a ^ IGe"! -'^^ f,, ...fc, -^ 16 • 5!(5"^ -^ 

a\...a 



laf3 %,..M = -LOe ■ ■'&5...bl -r-^"-^^"bi...b5 



7''"-"^"/376p...b/a = 16p!C:C for Pe {2,4} 



(D.138) 
(D.139) 
(D.140) 
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The extra term in the 7'^^7[5] contraction on the righthand side of the second Une is due to the fact that the 
trace of 7[^*'l does not vanish according to (0.136). Any other contraction, where the number of bosonic indices 
does not match, vanishes 



tr(7[pl7M) = ior p^q, and p,q< 5 
The results of above can be used to project to the coefficients of 7-matrix expansions: 

AaP _ A ^aaP , A ^aia2a3 aff , a ai...a5Q/3 

with Aa,...ap = Y^7ap...aif3aA'^^ for p G {1,3} and ^^1... as = ^^— ^7a5...ai/3Q^"^ 
Da — n '-1'° + n ^a.ia2a:, , jj ^ai-os 



with Dai,,,a^ 



IGp! 



lt■■a^Do.p forp e {1,3} and Da,...a, = ^^-^lt..a^Do.p 



I I a J, 



ryot o ca , n _,aia2a , d ^,010203040 d ., T>ot 

B (j - B[Q]dp + Ba^a2l 0+Baia2a3ail /3, i>ai...ap - ^T^Tap-.-ai ai> ^ 

L^a — '-'[0]''q + L'oi02 7 Q + L^oia2Q3 04 7 a , L^oi. ..Op — -. „ (7op...oi/3 <-■« 



(D.141) 



(D.142) 

(D.143) 
(D.144) 
(D.145) 



For the first two expansions it was used that due to the restrictions ( D.132 ) and ( D.133D on 71^1, the corresponding 
expansion coefficients can always be chosen to obey (anti) self-duality constraints of the form 



A — ——A ,Ci...C5 

^01. ..05 _|^ci...C5C ai...a5 

-'^Ql...05 r\^Cl-C!i'^ ai...05 



(D.146) 
(D.147) 



which lead together with ( D.139 ) to an extra factor of two and thus to a normaHzation factor ^ instead of j^ 
for p = 5. 



D.3.4 Chiral Fierz 

Remember 



10 



p=0 



32p! 



or 



4 ^ 



1 



32-5! 



(D.148) 



'-pT,,...,,\ = 5f5} (D.149) 



We want to make a distinction of the different cases corresponding to the chiral indices: 



IfinI ^^ /37op...ai 



pG{0,2,4} 



16p! 



^01. ..Op a/3 75 I 

1«„|' 7op...oi + 



1 



4 ^ ^ 16p! 



32-5!v 



ai...a5 a/3^ 



7(5 



0- E T^^"-"''"/^^'^.--^ + ^r-" 



pe{i:3} 



16p 



^01. ..Op a/3 

j^g ,7 7op...oi 

P6{1,3} ^ 



32-5!v: 
1 



=0 



:t/37o5...oi 7(5 



=0 



7^ 



32-5! 



Qi...05a/3 
; /05...oi7d 



<5?5^ 


(D.150) 





(D.151) 





(D.152) 


5s5^, 


(D.153) 



Only the first and the last give nontrivial information. 

/ra ir7 1 £^0102 a 7 . i _~0i0203a4 a 7 _ 1 fiA"A'^ 

"/3"5 + 2^ /37o20i A + ^[7 /37040302Q1 <5 — -LD0af;3 

.^«"/5 _| 0102030/3 _| 01. ..05 a/3 _ 16(^?(5'^ 

/ /0 7i5t^ o| ' /030201 75 T^ „ ^1 / /as. ..01 7(5 — i-UCl^ O^ 



(D.154) 
(D.155) 
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Contracting 7,(5 in ( D.154 ) yields 166"^ = 16(5^, contracting 7,/? instead, yields^ 



"S ^ r, I 7 la.2ai ^ ., J 



1 I 010203040 



,, 6\ 

105? 



aia2a3 ck/3 



4! 

7030201 /3i5 + ^ rj7 



7704030201 (5 



01. ..05 a/3 



7o5...oi/3(5 



(16)2(5? 



We can also contract ( D.154 ) with ■^apjb-ja to arrive at 



(D.156) 
(D.157) 






lf3plbS. + ^r'^^'^Pr^pybjala^a^^S +^ 7°^°^°^°^ °/37ap 7b7^7o403020 J^ -167gp7j, /3. (D.158) 



-y[3l+^[ll 7[3]+7[l] 



j[!i]+jla] 



7[51+7[3] 



Now we use that 7[^lis antisymmetric in (3p and that 7'^l7[5] = (mixed terms like 7'^l7[3] also vanish, because 
some 77 are contracted with antisymmetric indices of 7'^!). Symmetrizing the above equation in Pp yields 



7^ 



p7bSa + 277''^'''7p^'%[o2 7oi]o-5 - 1675(p|76|/3)^ = 
7|3p76<5<T + 24°2'7p|7oia5 - 1675(p|76|/3)^ = 
7^p76<5<T + Sal^fpfilai aS " '5;j^'7p^7oi aS - 1675(p|76 \P)o 
llplb&a + l^pfslaaS " 107p/37oi aS " 1675(p|7& |/3)a = 

-87^p7b5<T -1675(p|7b|/3)<T 



(D.159) 



l{fip\lb\5)a 



= 



(D.160) 



We could have used directly equation ( |D.73D to derive this result. This is a very important identity because 
it is so simple and can be used to derive many other identities. One example will be useful for us in the main 
part. Consider the contraction of the bosonic indices of two 7[2l's: 



7 /37ofc'd- = (7 lpf3~V 0i3)[-f^ JbaS -VabOs)^ 

= 7 lalpplbaS-l ''-1appOl--1 ^ -IbaSdp+lQdpdl 



In order to make use of (D.160) we symmetrize the lower spinorial indices and obtain 

7 (/3|7ofc>-) = (7 7p/3-'7 (^/sj (7o 7fc^5 -'7ob<5^) = 



= ^aap^-icj 



lp(P\lb\5)a 



- I'-^'lapifl SI ~ i'""^ib.is 5-p) + 105f^<5j) = 



-57^57bp^(l£J£3) 
„,o ap„, „,fT7 „,6 inject r7 

;7 76pg-7o ^7/35 - ^^Sj^pd^.^ 



10i5° 



1057 



-87r(D-9) 



We can thus express 7f2'7[2] by 7'^'7[i] and Kronecker deltas 



^,obQ „, 7 /1.^,a7„o 1 nJyCK X7 

7 (/3|7oh >) = 47„ '7^5 - 10(5(^(5_5) 



(D.161) 
(D.162) 

(D.163) 
(D.164) 

(D.165) 



(D.166) 



'As a consitency check we can in addition contract a, & and get for the first Fierz 

(16)3 

(16)^ = 256 



16 + 16i2!5„^i°? + 1644!5„"J:::"f 



4! 



1 



10 
2 



10 

4 



and for the second one 



10 



10 
3 



1/10 
2 V 5 



: 256 o 



Appendix E 

Noether 



E.l Noether's theorem and the inverse Noether method 

Most of the following presentation is based on jOq , p.67f, p. 95], although somewhat modified. Consider an action 
of the quite general form 

S[€n] ^ jd-a £(0^,1, 9^0f„, 9^,9^,0^,,,...) (E.l) 

In most of the applications there appear no higher derivatives than df^cjy^^]. Let us treat global and local sym- 
metries at the same time and consider a symmetry transformation with infinitesimal transformation parameter 
p(cr). The transformation can be expanded in derivatives of the transformation parameter: 






In order to define properly the variational derivatives for this more general case, consider first the variation of 
the LagrangianQ 



5C = (5(i?i, ( — -T? d,, „,„ ,^ . + 9,,,, d, 



aiU;,^x^ "-9(5,0^„) ^-^-'^^9(9,,a,,<^f„) • 

The total derivative term reduces to a boundary term in the variation of the action, while the remaining term 
defines the variational derivative. As the boundary of a boundary vanishes, one can further partially integrate 



^ In (E..3) we have reformulated the variations containing derivatives of the fields c/ijj using schematically the following iterated 



'partial integration': 

= d (d^-^a -b) -d (d^-'^a ■ db) + d'^'^a ■ d^b = 

= d b'^-^a ■ 6 - d''-^a ■ db + . . . + (-)'="^a ■ d'^^'^b] + {-fa ■ d''b -- 



■fc-i 

Y,i-yd''-^-'a-d'b 
.■i=0 



+ {-)*a-a'=b 



This equation is applicable in ( [E..^ ), because the indices of the partial derivatives are all contracted and symmetrized and therefore 
behave like one-dimensional derivatives. In our case the above formula takes the explicit form 

dC 

5(9^1 ■•■^Mfc'/'all) 



all'' ■ a/ a a j,I 



9(9^1 ...^Mfc'/'all) 



fc-1 



9C 1 . .i..,T „ „ 9C 



9^ [ E(-)'^'^i ■ ■ ■ 9^,-.-Mn ■ 5.._, . . . 9.,_, -^] + {-)H^l, ■d^,...d, 



9(9^9.1 ■■■9..-i</'fii) J ■ ^ ' "^"' ""'■■■-'"= 5(9,.i--- 9m. -/-Si) 
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the boundary term in order to obtain a convenient form that determines the boundary conditions :q| 

dC ^ dC „ „ dC 



6S 



(T'a 



6all 



^S. 



a, 



'd{d,^ln) 



+ 5^1 '9^2 



5(<9A.i^M2'/'all) 



-_SS_ 



as 



"^all 



a/: 



a(a,0Si) 



25, 



a£ 



^(^M^M2 0all) 



39i,.,9m 



dC 



(9(9^9^29^3 </-^i,) 



X 



(^.l)!^^"---"-! 



dr"! A • • • A dr''"-! 



(E.4) 



A general variation Scj)-^^-^ determines via 6S ^ the equations of motion ^ j"^, , = (and the boundary conditions 

ni^i{bc)j ~ with n^ the normal one form), while for a symmetry transformation (^(pj'/'aii the variation of the 
action has to vanish off-shell. Then the variation of the Lagrangian has to be a divergence independent from 
the equations of motion: 



6(„\C = dalCf, 



Kp) 



p'^(p) 



with n^/C^^^ 



as 







(E.5) 



The symmetry vari ation of the Lagrangian is thus on the one hand equal to a divergence and on the other hand 
(according to (E^)) equal to the equations of motion plus another divergence. One can therefore define an 
object whose divergence is proportional to the equations of motion. So let us define the current 



■/I 



dL 



^'a.\\ 



d{dA) 



fc>l 1=0 



dC 



^ 9(9^9, 



•^-fe-^all) 






(E.6) 



Note that K.^ -. is determined only up to off-shell divergence free terms. The same is of course true for the 



"(p) 



current. Using this definition, we can deduce from the above (E.3) that 



dpf(p) = -hp)4>lMj^^ 



(E.7) 



This equation shows one direction of Noether's theorem: 



Theorem 2 (Noether) To every transformation 5t^p)4>^aii which leaves the action S invariant, there is anon- 
shell divergence-free current j'f-. whose explicit form is given in (K6). Its off-shell divergence is given in ( [fi'.'^ j. 

The such defined Noether current is unique up to trivially conserved terms of the form d^S^"'^'. 

In turn, for any given on-shell divergence-free current j^ (see jJiE.^ ), which is furthermore itself on-shell 
nei ther v anishing nor trivial, there is a corresponding nonzero symmetry transformation Scjy^ii of the form given 
in ^.1^ ) . 



Stokes' theorem reads 



[ ^ = [ 



,("-!) 



/e(") Jas 

For any E that can be covered by one single coordinate patch, we can write 



L"^' 



1 A... Adr'^'^ai 



Ml M2---Mn 



f dr''! A . 



Adr'' 



where on the righthand side the coordinate differentials dtr'* have to be understood as puUbacks dr*9icrf (r) on the boundary. 
For the integral of a divergence term like 



/ (i"a 9^i)f = / dr^ A . . . A dj" d^v" 



we can use the fact that 



with 



Applying Stokes then leads to 



dji A . . . A dr" ^^,v^' 
1 



d.; 



Je Jd 



_idr^i A ...Adr'' 



/as [n - 1)! 



MM1'--Mti-1 



dcr^^^ A... Adr'""-i 
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Remark: The equation ( |E.7D for the off-shell divergence can serve for reconstructing the symmetry transfor- 
mations for a given current. In the Hamiltonian formalism , the current (or better the charge) generates the 
transformations via the Poisson bracket. In the Lagrangian formalism one can simply calculate all functional 
derivatives tt|- (i.e. the equations of motion) and try to express the divergence of the current as a linear 
combination of them. This method - let's call it inverse Noether - determines the transformations up to 
trivial gauge transformations (see e.g. ||9^, p. 69]) and we are using it frequently in the main part, in particular 
to derive the BRST transformations. 



Proof of the theorem: We have already shown the first part (every symmetry transformation induces a 
conserved current) by deriving ( [E.?] ). The uniqueness up to trivial terms follows from the algebraic Poincare 
lemma. This d oes n ot yet show the inverse. For a given on-shell divergence-free current j^ we do not necessarily 
have the form (E/7), but its off-shell divergence can also depend on derivatives of the equations of motion: 



9^/ 



'2^(0)- 



6^ 



x^ 



w(i) '-'mi 



5S_ 
5^ 



I/JJV...A»1 Q 



■ d. 



6S 



(E.8) 



However, one can always redefine the curre nt such that we get the form ([E.7| ). This is achieved by performing 
the iterated 'partial integration' of footnote |l on page 18l] . We have schematically 



I Qk 



y(k) 



ss 



= d 



■fc-i 



Y.(-y9%)-d 



fc-1-! 



ss 



fc ofc^.X 



+ i-rd'^yl 



k) 



SS 



(E.9) 



We can then rewrite schematically the divergence of the current as follows 



di.f 



N 



Ej/w^' 



fc=0 



, SS 



-d 



N fc-1 



T.lli-rdV(k)-d 



,fe=l i=0 



fe-l-i 



SS 

5^ 



N 



Y.(-)'d%l 



k=0 



SS 



(E.IO) 



To summarize, if we define 



*al. ^ 



N fc-1 



^ r + Y.Y.(-y9,.---d,4 



fc=l i=0 



N 



Y.h)%....d, 



t^f'Vik) 



fc=0 



ifi fj.i...fj.k- 
fc) 



I fj.i...fik 



SS 



' • 9,,,^, ...d„ 



(E.ll) 
(E.12) 



we get djf^ — — <50aiiAf?~ ^^'^ thus discover that the above defined (S^^jj is a symmetry transformation. We 
assumed that the current was on-shell neither vanishing nor trivial, while we redefined it with on-shell zero 
terms only. Therefore the new current will not be trivial and its divergence is off-shell non-zero. The symmetry 
transformations constructed above are therefore (at least off-shell) non-zero as well. This completes the proof. 
D 

We should add that an on-shell vanishing current does not in general imply vanishing transformations. In 
fact all Noether currents of gauge transformations are vanishing on-shell. The gauge transformations will be 
discussed in the following, where one discovers that the equations of motion are not independent but are related 
via the Noether identities. Going back to our construction of the transformations from an arbitrarily conserved 
current one can make use of these dependencies instead of only redefining the current. This avoids ending up 
with an identically vanishing current after the redefinitions. 

E.2 Noether identities and on-shell vanishing gauge currents 



Equation ( [E.?]) is valid for any symmetry transformation, global as well as local ones. For local ones, however, the 
relation has to hold for any local parameter p" which is much more restrictive and allows to extract additional 
information. Let us assume that there is some highest component j^"^"-i-''i^ qj. [^ other words 3N, s.t. 
ja'' ^^-^'"'^^ = Q yk> N. The expansion of jf ^ in derivatives of the transformation parameter p takes the 
form 



J 



(p) 



P^fa+d^^P''3r'+--- + d^, 






(E.13) 
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Now we plug this expansion and the one of <5(p)0aii ( |E.2D into the equation for the current-divergence ( |E.7 



P^d^jll + a^.P" Oa^^ + d^jr) + 9mi5^.p" (j1^^^^' + d^jr'^) + 



5S 



SS 



-P^^-^lnjir- - dy^.P^^^a'^xxYlT- 9,,d,,p''6ii^^^4'l 



5S 

allTTT" 



Depending on whether we have a local or global symmetry, we get a number of recursive relations: 



(E.14) 



B 9^1 — 



-^a'/'all 



SS 



if p'^ 7^ 



'-'p.2Ja 



SS 






SS 



"^all 



(E.15) 

(E.16) 
(E.17) 






-JA' 



(/ijV-l MN-2---Mi) _ ^MW-l-.-Mlg^^: 



JS* 



Q _ _ -(^JV MN-l-.-^'l) _ j^MN-.-Mlj 



aiiZ^ ifa^, ...9^„_,P'^^0 (E.18) 

"'Pall 

'^'^ ifa,,,, ...a^„pVo (E.19) 



allTTx" 
'^'/'all 



^/^i 



The first equation ( |E.15| ) is present already for a global symmetry and corresponds to the Noether's theorem 
for global symmetries. If the transformation parameters are instead local and arbitrary, the complete set of 
equations is forced. Taking then the divergence of the second equation, the double divergence of the third and 
so on, and adding them with appropriate signs, we can remove all currents from the equations and arrive at a 
version of the Noether's identities: 



Sal, 



'all x^I 
'^'^all 



a„„ Si: 



SS 



"aW 



>i I -a ^.xxjTT ]+■■■ + H'^^'d^. • ■ • 5m«+i K^^'-^'^lnj^ ] = (E.20) 



SS 



"aW 



From the recursive equations above, one can also obtain an interesting statement about the current of a gauge 
symmetry (compare [Pq , p. 95]): 



Pro positi on 6 ; The Noether current of a gauge symmetry vanishes on-shell up to trivially conserve d term s 
(see ( E.21 )). In turn, if a given global symmetry transforma tion h as an on-shell vanishing current (see ( E.S^ )), 
then one can extend the transformation to a local one (see (E.4(Ji ))- 



Proof Start with a given gauge symmetry (5(p)(/>^[] and its corresponding current j^ •. with the expansion given 
in ( E.13 ), which defines the number N of the highest derivative on p. We want to show that the current of a 
local symmetry is of the form 



N 



^(P) 



fe=0 



fiXfii...fj.k 

(p) 



du, ■■■ d, 



SS 



(E.21) 



for some coefficients ^a* A«i-A«fc ^^^^ .^^j^j^ ^^ term t^ whose divergence vanishes off-shell: 9^^^ -, = 0. (Due to the 



\p) 



^"(p) 



algebraic Poincare lemma, this means that there is some antisymmetric tensor Sl^'f such that t'f , = 9^5*, s. ) 



In order to reduce the length of the equations, define first] 

SS 



£;M....M1 ^ 5i:''-^''(hi 



allAW>I ■ 
all 



^/jfc.../ji _ ^(Mfc-'-Pi 



(E.22) 



^/ife+i /ifc.../ii ^ -/^fc + i /jfc.../ji _ -(/^fc + i Pfc.../ii) ^Mfc + i Pfc---Pi — y:^Mfc+i (Aifc-'-Mi) ^(Mfc+i Pfc-'-A'i) — Q (E 23") 



^Note that from 



one can deduce 



k- ]a 



3a 



MfcMfc-l---Ml , /, -.x .(Mfc-1 A'fc-2---Ml)Mfc 

+ (fe - l)]a 



Ja Ja 



fc-1 
;f Y^ .[MfclMfc-l.--lMi].--Ml 



APPENDIX E. NOETHER 



185 



The first object is symmetric in all indices and the second is symmetric in the last k indice s and v anish es when 
symmetrized in all indices. Using this notation, we can rewrite the recursive equations ( E.16 )-( E.1£ ) in the 
following form 



Ja 

tM2 Ml 

Ja 



^a '-'tJ.'iJa 



= Aii- 



EH^ 



'-'li.iJa 



(E.24) 
(E.25) 



A^N -1 ^N -2---^l A^N -1 ^N -2---^l r/^JV - 1 • • -Ml Pi AfJ'N P-N -1 ■ ■ -f^l 

Ja — ^a — ^a ~ ^l^NJa 

•J Q, a, ci 



(E.26) 
(E.27) 



This set of equations can now formally be solved for all components of the current, starting from the iV-th 
equation. We end up with 



„-Ml — _a AtJ-2 fJ-l I fl fl /1M3AI2M1 — f) rt f) 4M4A'3A'2Ml i i 

— R^l+(9 K^^Ml _ fl fl /7'M3A'2A'l 4_ fl fl fl e;A'4A'3A'2A'i 

„-M2 Ml _ /1M2M1 fl 4M3M2M1 I fl fl /1M4M3M2M1 i 

_7?M2Ml 4_ fl PM3M2M1 _ fl fl I7M4M3M2M1 i 
^a T^'^Ms-'^a '-'fJ^s'^fJ.i^a ^■■■ 



(E.28) 
(E.29) 



■/Xfc Mfc-1 .../-ti 

Ja 






.RM. 



fl 7^Mfc+l---Ml 

'-'Mfc + l^a 






(E.30) 



■flN-1 MiV-2---Ml 

■/iiv /^jv~i---Mi 
-/a 



ylMw-i MiV-2---Mi ^ /lA^iV MAf-i---Mi FMAf-i ■••Mi i ^ fjfJ'N ■■■fJ'i 

AP-N fJ'N-i-'-fJ'i rMAf-.-Mi 



(E.31) 
(E.32) 



In order to obtain the complete current j/'A we have to contract the k-th term jA'iMfc-M2 (-^^jth interchanged 
/Ui ^-*- Mfe!) with 9^2 . . . df^^p"" and then add all the terms. Interchanging fik and ^i for the /c-th equation affects 
(because of the symmetries) only the term ^^^ '^'=-i--''i j_^ ^MiMfc-M2_ -y^e will sort the Aa-terms with respect 
to the number of indices on Aa and the i?a-terms with respect to the number of derivatives on p° : 



'(p) 



N /fc-2 
fc=2 \j=0 



r) n'^f) r) /IMfc Mfc-l •Ml i fl fl „a /IMl Mfc ■••M2 I i 

■ Cm2+,-iP C'm2+> • • ■ ^Mlc^a + 0^2 • • ■ Cm/cP ^a + 



AT 



N~k 



EB r) n^S^l—VB r) c;Mfc+i---Mfe+iMfc-Mi 



(E.33) 



fc=i 



,Af 



The second line vanishes on-shell, but it remains to show that the first line t'f\ = J2k=2 ^fp) ^^^ trivially 
vanishing divergence. The second term in the first line is written separately (not in the sum over i), because 
in contrast to the other terms it has the fii index at the first position (which is not symmetrized Hke the other 
positions). This difference in treatment disappears in the divergence with contracted ^i. We use this fact to 
show the trivial vanishing (without the use of equations of motion) of the divergence of for every single t 



(p,fc)- 



fl iMl 

^1 (P,fc) 



fc-1 



fc-1 



J2^-')'-'^'d,, . . . d,^^,p^d,^,, . . . d,,A^,^ ^^ ■'- - E(-)'"'^A^^ • ■ ■ 9,2,.-.p''d,2^. ■ ■ ■ d.A.A^a' ' 



i=0 
fc-1 



j=0 
fe-1 



^ _(_)fc-^+la^^ • . . 5^.P"5m..i • ■ • d.^A'a" '"-'■■■'' - E^-)'"*^/^! • • ■ ^P./^"3P.+ 1 • ■ • ^M.^a" ^— ■'^^ + 

i=l 1=1 

-H'-'d^, . . . d^,p^ A^^- M.-1...M1) „(_)fc^aa^^ . . . d^^ ^(^M. M.-1...M1) = (E.34) 



This completes the proof of ( E.21 ) or of one direction of the proposition. 

Now consider that we have a global transformation (constant parameter pc) S? n^^jj = P^Sa<t'a\\ with Noether 
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current j'f . — p'^j^ , which itself vanishes on-shell 



'(Pc) 



N 



d^fa 



5S 



k=0 



9 J^ 






(E.35) 

(E.36) 



If we plug ( E.35| ) into ( E.36| ) we already discover relations between the equations of motion, which look like 
the Noether identities for local symmetries. Indeed, if j^ vanishes on-shell, also p°j^ vanishes on-shell, even 
for local p°. For consistent equations of motion (some which have solutions at all) certainly also its derivative 
vanishes on-shell. The combination j9 . = p'^jj^ therefore corresponds to a symmetry transformation with a 
local parameter, i.e. a gauge symmetry, although this current is in general not yet in the standard form of 
a Noether current (where its divergence does not contain derivatives of t^-, but only the plain equations of 

motion) : 



^^(p'^j^) = d^p^ ■ f: + p-d.j^ 



N 



Y.d.p^xf^^-^'-d,, 



.d.,.._^-{p^S.c^l,-d,p^\f) ^^ 



k=l 



'" ^^Si 



all 



(E.37) 
(E.38) 



In order to get a proper Noether current (where the righthand side does not contain any deriv ative s of th e 
equations of motion) we can use our insights from the proof of Noether's theorem, i.e. equations ( [E.j )-( E.12 ). 
We learn that if we define the whole current to be 



N fe~l 



/(^^) ^ p'^ja^-EE(-)'^Mi---5M.5.p''Af'"^-^''-.a^,,,...a^,_, 



k=l i=0 

we get a proper Noether current with corresponding symmetry transformations 

N 
^(p)V'all - -- -^ . -a^uI , ■ 



5S_ 



P^^acfln - d.p'-K^ + Y.^-f+'^^^^ ---^^^^ (^.p-^Af^-^ 



(E.39) 



(E.40) 



fc=i 



The transformation ( E.4C| ) is a local symmetry transformation which completes the proof of the proposition. D 



Theorem 3 Every on-shell vanishing symmetry transformation is a trivial gauge transformation as defined 
below: 



/T on — shell ^ e^ r^ 

Kii = 0. (55 = ^ 



Kii 



^ I d'^cj A^^{cj,a')-4^ withA^^{a,<j')^-A^^{a',a) {EAl) 



See in |g5| (theorem 17.3 on page 414 or theorem 3.1 on page 17) for a proof of this theorem. See [ ps] , p. 69] 
for a discussion of trivial gauge transformations. 



E.3 Shortcut to calculate the Noether current 



There is a nice shortcut to calculate the current: multiply both sides of dE.?] ) with some local parameter ri{a), 
integrate over the world-volume S and perform a partial integration to arrive at 



d'^'y d^r^ ■ e. + / (...) = J(„,)5 



9S 



(E.42) 



where 5i^ri,p)4>an = V ' ^{p)'fr^n- 0^^ thus obtains the current by multiplying the variation with an independent 
local parameter 77 and reading off the coefficient of d^ri. This trick is better known for global symmetriesg 
calculating just j^. 



*If one is just interested i n jg one can consider a variation not with the full variation (Sj^-) (/)^jj , but only with its der ivativ e free 



(P)^all 



part (59 x(/'?[[ = P°'^a<t>^ii (see (E.2)) and allow local p" even in the case of a global symmetry. Multiplying both sides of (E.15) with 



p" we get p°'dp,ja = ~^('p)'^all AWiJ • Integrating over E and partially integrating finally yields 



5l^S = l^d"a d^p-jH + I^J...) 



The (conserved) Noether current thus can be read off from the derivative-free variation of the action as the coefficient of S^p". We 
could then proceed with a variation Sj ,<f>-^^^ = d^^p'^Satt'^ii to derive ja'^^ from the coefficient of S^c'pjp", and so on. All this is 
done at the same time in (E.42). o 
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E.4 Noether current for the commutator of two symmetries 

Determining the Noether charge for the commutator of two symmetries is a very simple task in the Hamiltonian 
formahsm. As the charges generate the symmetries via the Poisson bracket, we have Sicf)^^ — {Qi,<j)au} and 
"^20^11 = {Q2, "T^aii}- '^^^ Jacobi identity for the Poisson bracket then impHes for the commutator of the symmetry 
transformations that [1^1,^2] ^an = {{Qi^Q2} ,<l>au}- In other words {Qi,Q2} = S1Q2 = —52Qi is the charge 
corresponding to the symmetry transformation [(Si,(52]. After dropping the integration over space, this relation 
also holds for the currents, i.e. S1J2 = —S2J1 is the divergence-free (on-shell) current corresponding to the 
transformation [(5i,(52]. 

Of course one expects to obtain the same result within the Lagrangian formahsm. And on-shell this indeed 
has to be the case. Off-shell, however, there might be a difference to the Hamiltonian formalism. In order to 
capture all the subtleties, we will therefore derive in the following the off-shell Noether current corresponding 
to [(5i,(52] within in the Lagrangian formalism. As it turns out, the derivation is a bit more involved than one 
might expect. 

The current corresponding to the symmetry transformation [^1, ^2] can in principle easily be computed if we 
know K-i and /C2 with SC = 9^/C^ for the symmetries Si and S2 ■ By acting with the commutator symmetry on 
the Lagrangian, we get a simple expression for the total derivative term for this symmetry: 

[Si,62]C = Sid^lCt^ - d2d,X'^ ^ dJ25[ilCf;.) (E.43) 



Knowing t he to tal derivative term (up to trivially conserved terms), the corresponding current is simply (ac- 
cording to (p!6| )) 



k 



Y^ Y^i-Td^, . . . 9.,_, [Ji, J2]0f„ • 5.._.,, ... 9.. ^^ ^ - 2<5[i/C^', (E.44) 



The nontrivial part is now to show that this current is (at least on-shell) equal to Jij^ or —S2J1, which 
was suggested by the Hamiltonian formahsm. We start with two currents corresponding to two symmetry 
transformations 



" 5;' '''^ -''*'" V.„ 



How not to do it. The way to derive the desired result presented in the main part of the original version 
of this thesis was unfortunately wrong (although luckily without bad consequences) . Let me shortly sketch it 



and point out the trap. Acting in ([E.45| ) with 61 on 9^J2 and subtracting 62 of d^^ji , one obtains 



a^ (<5iJ2'' - '52jT) = -['5i,'52]0Si7^ + 2^[i'^aii'52]T^ (E.46) 

"'Pan "'Pan 

So far everything is correct, and it is tempting to argue that the last term is vanishing. The reasoning would 
be i5[i</'aii^2]^^- = ^[i'f>an^2]4''^n'rp~§Ix' ~ 0- The last step is true for symmetry reasons, but the step before 

is simply wrong, because it misses an integration of the form (5[i(?!)aii'52] jfi- = J da ^[i0aii'^2]0^i(o') g. j^f^ix ■ 
This integration, however, destroys the symmetry argument. Moreover, not only the derivation is wrong, but 
also the result (by a factor of two). Following the wrong argument of above, S1J2 ~ S2J1 would be the current 
of [61, 62] instead of S1J2 = —S2J1 ~ \ {^iJ2 ~ ^2Ji) (the result from the Hamiltonian reasoning). 

Correct derivation in the Lagrangian formalism. It will be very useful in the following to use a shorthand 
notation in which repeated indices which are at the same vertical position are simply symmetrized, hke for 
example in {d^)'^Ai, = d^d^A^^di^^^d^^A^^y Only if they are at opposite vertical position they are summed 
over. In this context one should also be aware that lower index positions in the denominator correspond to upper 



index positions in the nominator. This notation is similar to the one introduced on page 147 for antisymmetrized 
indices. 



Let us now once more act in ( E.45| ) with Si on d^J2 (without subtracting 620^ ji) and reformulate the 



righthand side such that we obtain the desired result plus some rest: 

5p(<5ij2^) = -SiS24'ln4^ - S24'lnSii:^ ^ (E.47) 



Si6 


S't'in 


'^2</>all'5l 


S€n 


[Si, 


52^ln^ 
S<i>an 


+ 




826 




'^20all'^l 


5S 
S€n 



(E.48) 
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This time we should be more careful about the variation Si of the variational derivative -jif- and we assume 

that we study a point a'^ which is not at the boundary of the manifold S (which means that the variational 
derivative of boundary terms with respect to cjy^^ (a) vanishes) : 



Si 



ss 



^4>IM) 





5(hS) 



= - d"a 



[Si, 



S€iM) 



]S 






^ '^^J(~^^ 



SS 



S^S u 



^ -^ic^^^jla) 



S<t^lM) 



SS 



V 

oia—fj) ', ((j)+gf,d(fT— fTl ^r—{<y]+Ou,Ou.oit7—t7] ^4 — (cr) + ... 



a(^^^ _ ^H'^O,)''^ f ^(^MiLi^ 



^s. 



'^all fe>i 



5((9m)VSi) <^<^, 



(E.49) 
(E.50) 
(E.51) 

(E.52) 



all. 



The righthand side vanishes on-shell which shows that the symmetry transformation of an equation of motion 



is always another valid equation of motion. Likewise we can expand 52Si(jyi]] as 



52Si(l)\ 



all 



'^2'Pall^r7K 



all 7 



"^all 



E(^m)''520: 



kx aK. ^('^I'^all) 



k>l 



^" d{d^)H'^ 



all 



(E.53) 



Plugging the above two expansions into the variation ( E.4^ ) of the current-divergence yields 



d^ [SiJ^] 



-[Sl,S2](l)^liJ-^ 



fe>l 



)''S2<P^ 



diSi^- 



all 



all) 



SS 



d{d,)H^,y 



^Si 



Y.^-f52<i>Ud,f 



d{5icj^iu) 



fe>i 



d{{d,)Hln) 




(E.54) 



Now we can use the schematic formula —d^a ■ b + {—Yad^b — —d ij2i=o i^Yd'' ^ 'a • 9'6j from footnote |l|. 
The total derivative can then be added to 5iJ2 on the lefthand side. Therefore the current defined by 



■^[<5i,52] 



fc-1 



'5i^2+EEH'(^m)'( 



A;>1 1=0 



SS djSi^l,,) 



id,)" 



<J20all 



(E.55) 



obeys 



^■^'[5i,52 



-[Si,S2]<t>lu 



SS 
5^ 



(E.56) 



and is thus the off-shell Noether current corresponding to the commutator symmetry [Si , S2] ■ Remember that this 
Noether current is defined only up to trivially conserved terms. The fact that the current j^g g , is antisymmetric 
in 1 and 2 also implies that 



Su^ = -^2.f-2EEH'(5.r-^a,0Si-(a,)'(||^;§ 



fc>l 1=0 



\d{d,n^,,s4>i, 



(E.57) 



Only on-shell these results coincide with the ones from the Hamiltonian formalism. 

Note that one could also start with equation ( [E.6| ) for the current j^ and act on it with Si (in stead of acting 
on the divergence of this equation). In order to turn the result into something resembling ( E.44 ), one needs to 

, d^ = K7unr4^T^:r-, Vfc > 1 (0 for /c = 0), which imply 



make use of several commutators like 



by induction 



didi'i'lu)' P 



5y = Ee=i(D'5p.:.p5; 



p-p p d{dz 



V/c > 1. The derivation of the latter commutators 



involves the formula Yl\=o (c) — (c+i) • Following this path becomes extremely clumsy and I managed to follow 
it to the end only if the Lagrangian depends maximally on first order derivatives. 



Appendix F 

Torsion, Curvature H-field and their 
Bianchi identities 



In the following we are frequently making use of the (super)vielbein and its inverse, i.e. a local frame in 
(co)tangent space different from the coordinate basis. We denote it via 



A _ 



E 



Ea'^Ek^ ^ 6 



3 

A 



Ea 



Ea^'S 



K 



(F.l) 
(F.2) 
(F.3) 



The one forms E^ are chosen in such a way that they obey nice properties, i.e. in a Riemannian space it is natural 
to choose an orthonormal frame, while if no metric is present, it can be replaced by other requirements like e.g. 
invariance under supersymmetry for flat superspace. The structure group is then the set of transformations of 
the vielbein which do not change these properties. 

To be a useful concept, the frame should be invariant under the covariant derivative. 



— \7mEn = QmEn + ^MB En — ^mn Ek 
This relates the spacetime connection to the structure group connection. 

F.l Definition of torsion and curvature and H-¥ve\d 



(F.4) 



F.1.1 Torsion 

There are at least three ways to define the torsion. Let us start with the component based one and derive 
from this the more geometric (coordinate independent) definintion. So at first we define the (super) torsion 
components simply as the antisymmetric part of the connection coefficients 



'-MN 



K 



i [MN] 



(F.5) 



The structure group connection ^ma^ is given by demanding that the covariant derivative of the vielbein 
vanishes 



= y mEn = QmEn — ^MN Ek + ^mb En 



Antisymmetrizing in (M, N) and comparing with QF.SP yieldaH 



T-^ ^ dE-^ - ^^ A VIb' 



(F.6) 
(F.7) 



This can be used as an alternative definition to (F;5). Consider now the commutator of two covariant derivatives 
on a scalar (super) field (with V k'-P = Okv) 



[Va/, Vat].^ 



2V[M9Ar](^ = 



(F.8) 
(F.9) 



Note that in the present text form components are defined as e.g. T^ = Tmn^^^' A dr^ with no (!) factor ^ in front which 
corresponds to a definition of the wedge product as dr^^cfc^ = dx'^ A d z^ = <fe[*^ ® dr'^1 = i (dr^^ ® dx'^ — dx^' (g) dr^) . You 



will thus usually find in literature a factor of 2 on the righthand side of (F^ and a factor ^ in (F.IO). To go from one convention 



to the other, simply replace Tmn^ hyJ2J^MN^ in all equations in component form. (For a p-form the factor is of course pi). 
Coordinate independent equations like (P.T) remain untouched because of the compensating redefinition of the wedge product and 
the resulting redefinition of the exterior product. o 
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or simply 



K'i 



V[MVAr](/3 = -TmN Vk(/3 



(F.IO) 



which is yet an alternative and equivalent definition of the torsion. 

F.1.2 Curvature 

For the curvature, let us start with the definition via the commutator of covariant derivatives acting on vector 
fields 

' '■ ^ '■ ~^ (F.ll) 



^M^v^ = -Tmn'^^kv^ + Rmnb^v^ 



[M V AT] 



This is not only a definition, but also a proposition that the commutator takes this form. Let us check this and 
by doing this get a definition of the curvature in component form 



= d[M^N\B'^V^ + ^[N\B'^d\M]V^ + ^[M\c'^{d\N]V^ + n\N]B^V^) - T[mjV]^VkI>^ = 

We can thus read off 



(F.12) 
(F.13) 
(F.14) 



R 



MNB 



d[M^N]B — ^[M\B ^\N]C 



which in form language reads 



Ra' 



<£Ia^ ~ ^A^ A Qc^ 



We finally can rewrite this in terms of T by using (F\6) in the simplified form 

^MB = Fmb — Eb OmEr 



(F.15) 
(F.16) 

(F.17) 



Rmnb — d[M\{^\N]B ~ Eb diN]E- 

RmNK ~ d\M\^\N]K + Ek d[M\EB ^\N]R. 






d[M\^\N]K 

— (^[MIK — d[M\EK )(J'\N]C 

d[M\^\N]K ^ ^[M\K '^\N]P 



B — Eb d[M\EB^ ) (r|jv]c ~ Ec d\N]Es ) (F.18) 
' Ea d[M\Es T\]y]K — Ek Ea d[M\EB d\N]ER + 



Ec d\N]Es Ea ) 



(F.19) 
(F.20) 



RmNK = d[M\^\N]K — ^[M\K '^\N]P 



(F.21) 



The same expression can be derived (even simpler) by acting with the commutator of covariant deriavtives on 
a vector v^' with a curved index instead of the fiat index. 



F.1.3 Summary, including i7-field-strength 

Let us add the field strength H of the antisymmetric tensor field B to our considerations. We then have 



H 

T 



^ = AE^-E^hnc^ 



Ra^ = ^A^ - ^A^ A VLc^ 



(F.22) 
(F.23) 
(F.24) 



In coordinate basis ('curved indices') we have 



Hmnk = Q^mEnk] 

Tmn = r 



K 



Rmnk 



[MN] 
d[M\^\N]K —^[M\K '^\N]C 



(F.25) 
(F.26) 
(F.27) 



The commutator of covariant derivatives on an arbitrary rank (p,q)-tensor fields (as a generalization of ( |F.10[ ) 
and ( F.ll] )) reads 



ViJi/VArjigJ;;;^^ 






En Ai,Ai...Ai^iCAi+i. 

RmNC tB,...Bp 



E^ 



C,Ai...Ag 
MNB. r 



Bi ...Bi-iC Bi+i ...Bp 



(F.28) 



i=l 



i=l 
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This can be generalized yet a bit more, if we want to include fields that do not transform tensorial, like 
e.g. the compensator field. If we denote the representation of the structure group transformation, or better the 
representation of an Lie algebra element, by Tl{L .') (where La^ is the matrix of the fundamental representation), 
the covariant derivative can be written as 

Vm = dM+n{nM-) (F.29) 

The commutator takes the general form 

V[mVjv] = -TMAT^Vif +7^(i^A/JV.■) (F.30) 

This is in particular interesting for the compensator field, where we have a negative shift as representations and 
therefore^ 

Va/$ = aM$-4f (F.31) 

V[A/Vw]$ = -Tmw'^Vk* - Hf^ (F.32) 

Using the definition of the torsion, exterior derivatives of p-forms ry^P^ can be rewritten with covariant 
derivatives, thus allowing to switch to fiat coordinates 

d[AhVM2...Mp+i] = ^[AhVM2...Mp+i]+pT[AhM2\ VK\M3...Mp+i] (F.33) 

In particular 

H = OmBmm = ^aBaa + 2Taa^'Bca (F.34) 

F.2 The Bianchi identities 

Bianchi identities all base on the nilpotency of the exterior derivative cf = 0. The objects H, T^ and Ra^ are 
all defined using the exterior derivative. Acting a second time with the exterior derivative (using cf = 0) yields 
consitency conditions (the Bianchi identities) which have to be fulfilled by any valid H, T^oi Ra^ ■ While these 
identities are trivially fulfilled, if the original definitions for these objects are used, the imposure of constraints 
on them makes a check necessary.^ 

F.2.1 BI for Habc 

The most simple Bianchi identity is the one of the 7J-field H = dB ( F.22| ). It just reads 



dff = (F.35) 

The supergravity constraints on H tha t we w ill obtain, however, are all in fiat coordinates, so that it is convenient 
to rewrite the Bianchi identity (using ( F.33| )) with covariant derivatives and then contract with vielbeins in order 



to turn the curved indices into fiat ones: 



"^ aHaaa = —'ATaa Hcaa 



(F.36) 



Regarding the torsion as a vector valued 2-form and using the generalized definition of the interior product, this 
can also be written as 

VH = dH itH = -itH (F.37) 

^It is even possible now to define a covariant derivative of a connection (see ( 5.6z ) on page ^ or footnote 2 on page 209| for the 



representation of the structure group and its algebra on the connection) 



If the two connections coincide, we obtain 

Va/S7]va = Qm^na — Qn^ma — [f^M,^jv]A ='2Rmna o 

^Let us look at an example to make this point clear: one of the supergravity constraints that we get is -ffa/S-y =0- As J? was 
defined via H = dB in the beginning, this is actually a differential equation for B of the form Ea^^ Ep^ E~/^ (9[Af^jVKl) = 0- One 
could try to calculate the general solution for this equation (which might be quite hard) and then calculate the H-field via H = dB 
which will of course trivially obey the Bianchi identities. However, one prefers not to solve for B, but to calculate additional 
constraints on H using the Bianchi identities. The idea is to get the full information about H without solving for B. The same 
story holds for the other objects. o 
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F.2.2 BI for T^ 



Remember T"^ = dE"^ — E'^ A ^c^ (F-7). Acting on this equation with the exterior derivative yields 



d£;<^ A r^c + ^^"^ A dT} 



c 



^^^-T^ A ^c^ - £;^ A f^z,^ A ^c^ + E^A Rc^ + E^ A f^c^ A ^d^ - 
= -T'^ A flc"^ + E^ A Rc^ 

The Bianchi identity for the torsion (sometimes also called the first Bianchi identity) thus reads 



dT^ + T^ A r^r 



= E'- A Re' 



(F.38) 

(F.39) 
(F.40) 



(F.41) 



Again we want to rewrite it in terms of the covariant derivative. The "exterior" covariant derivative of T reads 



Vrji A ^ T^ ^ OT^ K rp A I O Arp B 



' M-I^MM 



dT'^ + T^ A flB"^ - itT^ 



The above Bianchi-identity can thus be rewritten as 



^ aTaa + 2Taa Tca = Raaa 



VT^ + itT^ = R^ = E^ A Rc^ 

F.2.3 BI for Ra^ 

Remember Ra^ — ^a^ — ^a'^ A ^c^ ( F.16 ). Acting on it with the exterior derivative yields 

di?A^ = -<^A^ A Vtc^ + ^A^ A d^c^ = 

= -^Ra^ a nc^ - Qa" a Qd'^ a nc^ + ^a'^ a Rc^ + ^a'^ a nc° a ^d^ = 

= -Ra^ Anc^ +nA^ ARc^ 
The Bianchi identity for the curvature (also called second Bianchi identity) thus reads 

dRA^ + Ra^ a nc^ - ^A^ A Rc^ = 

" v ' 



(F.42) 
(F.43) 



(F.44) 
(F.45) 



(F.46) 
(F.47) 
(F.48) 



(F.49) 



Again we want to rewrite this in terms of covariant derivatives and flat indices and therefore consider the 
antisymmetrized covariant derivative 



^mRmma — OmRmma — "^Tmm Rkma — ^ma Rmmc + ^mc Rmma 



VRa^ = dRA^ - ^A^^ A Rc^ + Ra^ A Q.c^ 
We thus can rewrite the above Bianchi-identity as 



itRa 



^mRmma + '2'Tmm Rkma 



VRa" + itRa^ 







(F.50) 
(F.51) 



(F.52) 
(F.53) 



If the structure group is restricted to e.g. Lorentz plus scale transformations (see section F.4 on page 194), we 
get 



RMMa 



AD) gb 
MM "a 



^MMa 



and Rmmcx — 7:FMM^a + -;Rm 



''MMabl a 



(F.54) 
(F.55) 



The above Bianchi identity then has to hold seperately for Lorentz and Dilatation part. In particular we have 

(F.56) 



^mFj^j^ + 2Tmm Frm — 



APPENDIX F. TORSION, CURVATURE H-FIELD AND THEIR BIANCHI IDENTITIES 



193 



F.2.4 Alternative derivation from the Jacobi identity 

The above derivations of the Bianchi identities were based on the nilpotency cf = of the exterior deriva- 
tive. The Bianchi identities for curvature and torsion are equivalently obtained from the Jacobi identity for 
commutators: 



[A,[B,C]] + [C,[A,B]] + [B,[C,A]] = 
Applying this to covariant derivatives, using ( F.30|) yields 



= [Vm,[^m,Vm]]^ 

= — 2 [Va^, Tma^" VkJ + 2 [Vjvf, 7^(i?AfA^.')] == 

= —"^^mTmm ^k ~ 2Tmm [Vjvf , Vk] + 27^(Vjvfi?jwiVf • ) + 2i?jvfjvfjvf V^ = 

= ^{Rmmm ~^mTmm )'^k — '2Tmm {^'^Tmk ^ l +'2.TZ{Rmk)) +'^T^{^ mRmm ■ 



— 2 [Rmmm — "^ mTmm — '2Tmm T^ 



MM J^LM 



K\ 



' K 



K ; 



27?. [^ mRmm ■ + "^Tmm Rkm 



(F.57) 



(F.58) 
(F.59) 
(F.60) 
KF.61) 
(F.62) 



Both brackets have to vanish separately, which correctly reproduces the identities (F.44) and (F.52) 



F.3 Shifting the connection 

Some expressions might look simpler if one changes the connection fiMA^ to some new connection CIma^ ■ As 
usual, the difference 

Ama"" = ^ma"" - ^ma"" (F.63) 

transforms as a tensor (the inhomogenous term in the transformation cancels). The new torsion looks as follows: 






Or simply 



rri A rri ^ 

J^MM =-LMM 



^MM 



The expression for the new curvature is a bit more involved and readsg 



Ra^ = dtlA^ -^A^ A^c^ 



Ra^ + dAA^" - Aa^ a rtc^ - rtA^ A Ac^ 



A^^ AA 



c 



= Ra 



^ ' VA^^+T^A^^^-A^^AAc^ 



B D B , n A B , rj, K\ B \ C\ B 



Rmma — Rmma + ^mAma + Tmm Aka 



or equivalently 



Rmma = Rmma + '^ mAma + Tmm Aka + Am a Amc 



(F.64) 
(F.65) 

(F.66) 

(F.67) 
(F.68) 
(F.69) 

(F.70) 
(F.71) 



Proposition 7 The Bianchi identities for T^ a nd Ra ^ on the one hand and T^ and Ra^ on the other hand 
are equivalent if the objects are related via ( F.Gq ) and ( F.7L ). 



*Oi similar interest is a change in the definition of the vielbein. Note that local structure group transformations of the vielbein 
which go along with a structure group transformation of torsion and curvature also include a corresponding transformation of 
the connection. Instead we want to look at an independent transformation of the vielbein and consider general local Gl{n) 
transformations. 

with VmE^ = 0. For the new torsion, we get 



^^-E^Jis-^ 



dE 



^ E^^ AQc^ 



dE'^JB ~ E" h AJb^ - E"Jb^ a nc' 



Tmm Jb +^mJm 



The curvature remains untouched 



/Ja^=Ra^ 



Alternatively one might be interested in shifts of the vielbein (resulting in T = T+<i(^AE)^ — {AE)'-^AQc^) or linear transformations 
of the connection of the form Q = JQJ~^ o 
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Proof In fact this is a rather trivial statement. The Bianchi identities do not put restrictions on the 
elementary objects (the connection and the vielbein), but on the derived objects (torsion and curvature). In the 
same way they do not put restrictions on the difference tensor. Let us make this statement more precise. If the 
Bianchi identity for T^^and Ra^ is fulfilled, then these objects can locally be written as T"^ — dE^— E'^ Af^c^ 



and Ra^ = dSl^^ - ^a'^ A Vtc^ for some E^ and some VIa^ ■ If we revert the derivation of ( |F.66|) and (|F.7Cl|) , 
these equations then simply imply that T^ and Ra^ can locally be written as T^ — dE^ — E^ A Vtc^ and 
Ra^ — ^A^ — ^a'" ^^c^ with ^ma^ = ^MA^ + ^MA^ and therefore necessarily obey the Bianchi identities. 
This proves the proposition. D 

For the first Bianchi identity, we will also provide a brute force proof: Remember the first Bianchi identity 



( F.44 ) for which we temporarily introduce the symbol J: 

J AAA = "^ aTaa + 2Taa Tca — Raaa = (F.72) 

The transformed J reads 



J D ( |F.6q )( |F.7q )( |_F.72| ) £,. D.x D (rp C , a C\ oA C (rp -D , A D\ . 

j aaa -^^ ' j aaa +^a^aa + ^ac {j- a a + ^aa ) - ^^aa [-^ca +^[ca] ) + 

+2Aaa {Tca + ^[ca] ) + '^Taa ^[ca] + 

-VaAaa"" - Taa^Aca'' + Aaa^Aac'' = (F.73) 

Jaaa"" (F.74) 

This proves the proposition again for the first Bianchi identity. The brute force proof for the second is left to 
the reader as an exercise ;-) 

F.4 Restricted structure group 

As we discussed earlier, the (infinitesimal) local structure group transformations in the type II supergravity con- 
text are block-diagonal Aa^ — diag (Aa'', Aq,'^, A^,'^) and are in addition restricted to Lorentz transformations 
and scale transformations in order to leave invariant the supersymmetry structure constants 7^^: 

A,^ = A^^^J^J+A^i;)"^ (F.75) 

A„/^ = ^A(^)<5„'^ + iA(ti,7--«'^ (F.76) 

^a^ = ^A(^)<5a'^ + iA(^)^7"^"^^'^ (F.77) 

Also the connection is a sum of a scaHng connection and a Lorentz connection which makes perfect sense as it 
is supposed to be a Lie algebra valued one form: 

^Ma' = <^5j + f7i^i/^ (F.78) 

f^M„^ = \^[T6o.^ + \^^Mi,a.r''''o.^ (F.79) 

^mJ = WM^6j + -n^iii^^^r'^^J (F.80) 



with 



F.4.1 Curvature 



^^Maia2 — ^'■Mai Vcai — "Majai (F-81) 



It is well known that the curvature is a Lie algebra valued two form. Let us quickly recall the reason. The 
curvature is defined to be 



Ra" = (^a" - ^a"^ a Qc (F.82) 

If JIa^ is Lie algebra valued, dflA^ is still Lie algebra valued, as the exterior derivative acts only on the 
coefficient functions and not on the Lie algebra generator. In addition, the term ^a^ A ftc^ can be written as 
i[ri, 51] A'^, and the commutator of two Lie algebra elements is again a Lie algebra element. 

Let us now see how the structure group reduces into irreducible parts or in particular how the curvature 
decays into the Lorentz part and the scaHng part (if the latter is present). First of all, the result is clearly block 
diagonal if the connection is of this type 

Ra"" = dia.g{Ra\Ro.^,Rj) (F.83) 
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such that the curvature definition (F.82) decays into the three blocks 



Ra'' = (Ma^'-na'An,'' (F.84) 

Ra'^ = (Mo,'^ - n^'' A n-^'^ (F.85) 

Ra^ = dn^^ - ns,'^ A n^^ (F.se) 

For the bosonic part of the curvature the seperation of scahng part and Lorentz part is quite obvious 



Where the Lorentz curvature Ra is antisymmetric if we pull down the index b with the Minkowski metric. 
We can thus extract from the complete curvature the scale part and the Lorentz part (here for 10 spacetime 
dimensions) 

F(^) = ^Ra"" (F.89) 

For the fermionic parts we get similarly (Jq" = —16 in our conventions)|j 

Re'' = ^F(^)<5„'^ + ii?W,/,7,,,7''^"^„^ (F.90) 

f(^^ - -^i?«" (F.91) 

and 

rJ = If^^'^sJ + ^R^'^\,'7^ha,r'^'a^ (F.92) 

F(^) = -Ir&^ (F.93) 

8 

F.4.2 Alternative version of the first Bianchi identity 

The ordinary Riemannian curvature (without torsion) obeys Rabcd — —Rbacd = —Rabdc, R[abc]d — and 
Rabcd = Rcdab (The last is a consequence of the others) . For the bosonic components of our curvature we have 
(using Gab = e^'^rjab with '^AjGab — 2(i9m$ — ^m' )^ab to pull down bosonic indices) 

Rabcd = —Rbacd, R{ab)cd — (F.94) 

Rabcd = -Rabdc + 2Fjj ' Gcd, Rab[cd) — F^b ^ ^cd (F.95) 

R[abc]d = y[aTbc]\d-'2{d[a^-d^'''^)nc\d + 2T[ab\''TE\c]\d (F.96) 



'In order to see how the curvature decays into Lorentz and scale part, let us first consider the building blocks seperately: 



_ 1 

~ 16 






antisym in (aia2)*-»(6i62) 
( |P.117| ) 1, 






The curvature thus takes the form 






r Oa ^ rl ai Vba2l ot 
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Let us write down the antisymmetrization of the indices in R[abc]d expHcitely and several times, with permuted 
indices: 

(F.97) 

(F.98) 

(F.99) 

(F.lOO) 

From this we learn, how we can express the difference Rated — Rcdab (wh ich v an ishes i n the Ri emann ian case), 
in terms of antisymmetrized and symmetrized terms. Consider the sum ( F.97 )-( F.98 )-( F.99 ) + ( F.lOO ): 



R[abc]d = 


= Rabcd + Rcabd + Rbcad 


Rldab]c = 


- Rdabc + Rbdac + Rabdc 


Rlcda]b = 


- Rcdab + Racdb + Rdach 


R[bcd]a = 


= Rbcda + Rdbca + Rcdba 



Ri 



abc]d 



Ri 



[dab]c 



i?i 



cda]b 



R 



[bcd]a 



— 2Rabcd — '2,Rab{cd:) ~ '^Rcdab + "^-Rcdiab) + '^R(ca)bd ^ '^Rac{db) + ^Rbc{da) 



'^Rda{bc) ~ '^Rbd{ac) 



2R, 



= 2 {Rabcd — Rcdab) + 2 {~FabGcd + FcdGab — FacGdb + FbcGda — FdaGbc — FbdG, 

The identity corresponding to Rabcd — Rcdab in the Riemannian case thus reads 

2 {Rabcd — Rcdab) = 

= 2 {FabGcd — FcdGab + FacGdb — FbcGda + FdaGbc + FbdG ac 

with Ryabc]d = ^[aTbc]\d - 2(a[a$ - f^[f "^)T,c|d + '2T[ab\^TE\c]\d- 



R[abc]d ^ R[dab]c ^ R[cda\b ' 



Rl 



{db)ca 

(F.lOl) 



(F.102) 

[bcd]a 



F.4.3 Scaling-curvature 

A covariant way to calculate the scaling field strength F^jj^ is as follows: Consider the covariant derivative 
Vm*& — 9j\/$ — QJ^J of a compensator field $ (a field transforming with a shift under scaling transformations 



(5$ = — A^-^'). We can calculate i^Liy via the ususal commutator of covariant derivatives 



MN 



(F.103) 



Note that the curvature (or field strength) appears "naked" in difference to any action on tensor fields. The 
above equation will be particularly useful when we have constraints on Vm^ which then determine the scaling 
curvature via 

(F.104) 



Fifl = -V[mVjv]$ - Tmn'^^k^ 



MN 



F.5 Dragon's theorem 

In the following we will need the commutat or of two covariant derivatives acting on the torsion with afterwards 
all lower indices antisymmetrized. Due to ( F.28 ), it is given by|j 



^m'^mTmm' 



— —Tmm ^kTmm 



O T? K rp A 



nMMB J^MM 



and can, using the first Bianchi identity ( F.44 ), be rewritten as 

p Arp B _ 

nMMB J^MM — 

= ^ m'^ mTmm + Tmm "^kTmm + 2 {y mTmm + 2Tmm Tlm ) Tkm 

It is convenient to introduce a new symbol for the terms of the curvature Bianchi identity 



Ia' 



IcccA — ^ cRcc/ 



ITcc Rdca 



(F.105) 



(F.106) 



(F.107) 



so that the Bianchi identity (F.52) simply reads Ia^ = 0. Then the following theorem holds (originally due to 
Dragon in il^]; slightly modified in order to include dilatations): 



"Let us check explicitely the vahdity of (F.10.3) 



'9[AfVjv]'J'-r[A/]V]-^Vx'J'^ 



-,(D) 



dyMidN]"^- ^'m) " T[mnC^k^ - 



^(.D) 






^ Of course (F.28) implies a more general rplatinn than (F.105), namely one of the form [Vji/, VjvJTxl"* = . . .. However, the 
lower indices are intentionally antisymmetrized in ( F.lO.'j ), in order to get the weakest possible condition that we need to proof the 
theorem later on. You'll see... o 
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Theorem 4 (Dragon) Given a block diagonal structure group consisting of Lorentz tran sforma tion and dilata- 
t ion in a type II super space, the torsion Bianchi ident ity ( F.44 ) together with the algebra ( F.105 ) or equivalently 
( F.lOt ) imply the curvature Bianchi identities ( F.5^ Ia^ = up to one remaining equation for the scale part, 



namely /j, -^ — or 



p(D) 



IT -yc] 



97^ ^ p^^-^ -^ n 



(F.108) 



where F^jj^ is the field strength of the scale connection Q 



[D) 

M 



It is natural to proof this theorem in two steps, the first being useful enough to write it as a seperate 
proposition. Let us include one more index into the antisymmetrization of Ia^ and define 



I — Icccc — ^cRccc + "^Tcc Rdcc 



(F.109) 



so that we can make direct use of the torsion-Bianchi-identity ( F.44 ) due to the appearance of Rccc^ ■ Clearly 

/^ = is a consequence of Ia^ = and is in general a weaker condition. The following proposition treats this 
weaker condition: 



Proposition 8 In any dimension and for any structure group, the equation I^ ~ (with I^ given by ( F. 1 0^ ) 
is implied by the first Bianchi identity (FJa) and the algebra ( F. 1 03[) or equivalently (F.10(^. 



Proof of the proposition: 



(F.44) 



{F.105) 



(F.44) 



^mRmmm + 2Tmm Rkmm — 
Vjvf {^ mTmm + '2Tmm Tcm ) + 






+2\7mTmm Tcm + 2Tmm ^mTcm + "^Tmm Rkmm = 
STmm {R[cmm] ^ '^[c^MM] ) ^ 2 [Rmmm — "^ mTmm ) Tcm 

OlMM J-[CM\ J-D\M] —'i-LMM ^DM J^CM = 

c\rT-\ Crr> D rji B r» 

^-iMM ^MM -I^DC — U 



(F.llO) 
(F.lll) 

(F.112) 
(F.113) 
(F.114) 

(F.115) 
(F.116) 



Inde ed I^ — is a consequence of the torsion Bianchi identity ( F.44 ) Rmmm^ = ^ mTmm^ + 2Tmm'"Tcm^ 
and (|F.105|). D 



Proof of the theorem: Let us now show that in the case of the type II superspace the antisymmetrized 
version already implies (up to one term) the complete one. Remember the object IcccA^ = ^cRccA^ + 
2Tcc^ Rdma^ introduced in (F.107). It is Lie algebra valued and thus has (for our block diagonal structure 
group) no mixed components in A,B: 



ICCCA —diag (/cCCa ,IcCCa,IcCCa 



-f^\ 



(F.117) 



In addition it splits into dilatation and Lorentz part 



IcccA 



I. 



(D) 

ccc 



5/ 



t{L) 1 
^CCCA 



(F.118) 



with the latter term being antisymmetric in A, B for bosonic a, b. The complete object is fixed by determing 
Iccca' ■ Given the equation Icccc^ — 0, we want to show that IccCA^ = 0. Consider first B — b: 







4/, 



CCCa] 



I, 



CCCa 



(F.119) 



Similarly, ior B — (3: 



4/r--- ,/3 = /. -. /3 = 



4 J [c-y^o;] 



^c'y'yoL 



AT . ,/3 - / , /3 - 

4/ ,^ - / ^ - 



^The following proof is based on a block-diagonal connection of the form Qi\ 



(F.120) 
(F.121) 
(F.122) 
(F.123) 

: diag {^Ma' , f^Ma^ , ^Md^) where the three 

if^AfaS^ic'' and flMd^ = \^Ma''7\&'^- 



entries are related by VmI^a = Vm7" a = which in turn is equivalent to flMa^ = jf^ 

The Bianchi identity for its torsion T-^ = (T" , T" , T" ) is equivalent to the one for the Torsion T^ = [t"-,T°' ,f") when information 
about the connection-difference Aa/a^ is available. o 
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This implies 



= 
= 



Equivalently we get from the equations for B = 0: 



^c^^a 



^cc^a 



= 
= 



There is thus only one component of I-^^ca left to determine. For this we get 



T b 

J--t^[ca] 



"yylc a] 'y'y[ca] 



Taking the trace in (a,b) yields 







-y'yc 'y-yac 



In order that they vanish independently, it is thus enough to check only one equation, namely I. 
reads explicitely 



(D) ^ 
■yyc 



V[^45^ + 2r[ 






(F.124) 
(F.125) 
(F.126) 



(F.127) 
(F.128) 



{F.129) 
(F.130) 

(F.131) 
which 

(F.132) 



Appendix G 

About the Connection 



Let us refer to both, spacetime and structure group connection, simply as "the connection". Properties of the 
one are translated to the other via the condition of covariantly constant vielbeins V mEn^ — 0: 

^MN — OmEn + ^MN (G.l) 

We will use symbols without any decoration (like hats or whatever) to describe a general connection and objects 
derived from it. In our appHcation to the Berkovits string, however, we use the undecorated symbol flua^ 
for the leftmoving connection only, which hopefully does not lead to confusions. To be more explicit, in the 
application we work with several different connections which are all blockdiagonal. In the action there appear 
only i^Mcx^ and i^Ma^- The spinorial f^Ma^ induces via Va/7^^ a connection flMa'' for the bosonic subspace 
which in turn induces a connection ^Ma^ via V Ml'i a = 0- The collection of those will be denoted by VLma^ 

(left-mover connection). The same can be done for CImo.^ leading to a connection VIma^ which we call the 
right-mover connection. 

/ ^Ma'' \ / (ImJ' 

^ma"" = nuo." , nMA"" = Cimoc" o | (g.2) 

V riMA^ / \ CimJ 

The supergravity constraints are derived from the Berkovits string using a mixed connection 

/ ^mJ" \ 

Uma"" = ^Mo.'^ (G.3) 

V tlMa^P I 

where CLmJ' is an a priori independent connection for the bosonic part which is only at some parts of the 
calculation set to either the right or the left mover connection. In order to have covariantly constant structure 
constants (7^/3,7';^) the latter connection is inadequate and we need to use either one of the first two or s.th. 
inbetween, an average connection, which we denote by 



f}- -^ 



^_4AfA = -^[^MA +^MA ] (G.4) 

By definition the connections fijv/A^, ^ma^ and fi ma^ (but not H^v/a^) obey 

VAf7«/3 = Vm7«/3 = V^M7«/3 = (G.5) 

^Mllp ^ Vm7^^ - V M7^^ = (G.6) 

This relates the three matrix-blocks of the connection components. E.g. for the left-mover connection the 
spinorial con nection ^Ma^ (being a sum of scale and Lorentz connection) determines the remaining two blocks 
(see footnote 7 on page 4g| for a derivation) : 



^Ma' - d,'i'>5l + dl:l\ With 4^^, = -fii^L (G.7) 

^mJ = I^'^m^Sc^ + I^'-mIi"'^" (G.8) 

^mJ = ^<^'5^'^ + j4^L7"''«'^ (G.9) 

Please note again that the considerations in the following sections are for a general connection VLma^ and 
not specific to the leftmoving one. In particular the block diagonality and also ^ Mian — ^Ml'i a = are only 
used if this is explicitely mentioned. 
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G.l Connection in terms of torsion and vielbein (or metric) 

A given torsion and vielbein do not determine yet the connection completely. It can be determined by having 
additional structures (like metric or some group structure constants) that one wants to be covariantly constant. 
In the case where a metric is present, the connection is uniquely determined by the torsion and the (non)metricity 
of the metric. Remember the form of the torsion: 



rji A 

^ [MN] 






(G.IO) 
(G.ll) 



Assume that there is some given symmetric tensor field Gab (call it metric, although it might be degenerate). 
In flat indices, (non)metricity (metricity for Mabc = 0) reads 



Mabc — "^aGbc = 

= EA''{dMGBc-2n 

= EA^'{dMGBc-2n 



M[B\ Gd\C)) 
M(B\C)) 



(G.12) 
(G.13) 
(G.14) 



Here we used Gab to pull down indices, although there might be no inverse to pull indices up. It is quite 
common that the metric in the comoving frame (i.e. in flat indices) is constant, like the Minkowski metric, and 
then the derivative part above vanishes. This is, however, not obligatory. In any case, nonmetricity is part of 



the symmetric part (in the last two indices) of VLmb\c only. Let us directly compare (G.14) (solved for the 
connection term) with ( p. 11 ) (rewritten in terms of flat indices and with one index pulled down via Gab 



n 



A{B\C) 



Ea OmGbc — Mabc) 



N. 



^[AB]\c — Tab\c — Ea Eb O^mEn] Gdc 



(G.15) 
(G.16) 



{dEl^)ABGDC 



From those two equations we can derive the ^ab\c without any symmetrization. To this end, write down the 
antisymmetrized connection three times with permuted indices 



AB\C 
BC\A 



BA\C 
CB\A 



2n 

2fl 



IAB]\C 
[BC]\A 



^CA\B — ^AC\B 



2f^[CA]|S 



Note that 

^AB\C 

and consider i (( |GA7| ) + ( |g19| ) - ( |GJ8| )): 



= -n 



AC\B 



2Vl 



A{B\C) 



n 



AB\C 



n 



A(C\B) 



0, 



C{B\A) 



n 



B{C\A) 



n 



[AB]\C 



n 



[CA]\B 



n 



[BC]\A 



(G.17) 
(G.18) 
(G.19) 

(G.20) 

(G.21) 



or 



n 



AB\C — ^[AB]\C + ^[CA]\B — ^[BC]\A + ^A(C\B) 



n 



B{C\A) 



n 



CiB\A) 



(G.22) 



with ^AB\c' = Ea i^MB Gdc- Now one can plug in (G.15) and (G.16), in order to get the relation to non- 
metricity and torsion. For our purpose it is, however, more convenient to use only the torsion (G.16) and leave 
^A(B\c) instead of replacing it by nonmetricity. 



n 



AB\C 



Tab\c + T( 



CA\B — Tbc\a — (d£^ )abGdc 



{dE^ 



)caGdb 



{dE'')BcGDA 



+^A{C\B) + ^B{C\A) ~ ^C{B\A) 



(G.23) 



Some readers might be more familiar with the derivation in curved indices (deflning yMN\K = ^mn^Glk)'- 



[MJV]|A' 



K{M\N) 



Tmn\k 

-{OkCmn ~ "^ kGmn 



Equation (G.22) of course holds likewise for the spacetime connection 



^MN\K — ^IMN]\K + ^[KM]\N — ^INK]\M + ^M{N\K) + ^N{K\M) ~ ^K(M\N) 



(G.24) 
(G.25) 



(G.26) 
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This time we replace not only the terms antisymmetrized in the first two i ndices with the torsion ( |G.24| ) but 
also the terms symmetrized in the last two indices with the (non)metricity (G.25): 



^MN\K = X {dl\lGNK + QnCkM — QkGmn] 



- Tmn\k + Tkm\n ~ Tmk\m — X {Mmnk + M^km — Mkmn) 



(G.27) 
If the metric Gmn is nondegenerate, one can raise the index and the connection is completely determined. 

In ten-dimensional superspace, however, the situation is different as we have a nondegenerate metric only in the 

bosonic subspace. 

Consider finally a second connection 



^MA = ^MA + ^MA 



Due to ( p.lj ), we also have 



rL T^ L 

MK — i MK 

Ti L rri L 

MK — J^MK 



^[MK] 



The equations (G.22) and ( p.26| ) certainly also hold for A: 



^AB\C — \aB]\C + ^[CA]\B - ^[BC]\A + ^A(C\B) + ^B(C\ 



A) 



^C{B\A) 



The vielbein part of ( G.23 ) drops out in the difference of two connections and we get with ( G.30 )^ 



^AB\C = (r - T)ab\C + [T - T)cA\B - {T ~ T)bc\. 



^A(C\B) + Ab(c|A) - ^C(B\A) 



(G.28) 

(G.29) 
(G.30) 

(G.31) 
(G.32) 



G.2 Connection in Superspace 



At least in the ten dimensional type II superspace, there is no natural nondegenerate superspace metric. Only 
the bosonic part Gmn can be inverted and t he rem aining undetermined connection coefficients have to be 
fixed by additional conditions. The expression ( G.23 ) for the structure group connection in fiat indices is more 
appropriate than ( G.27 ), because in fiat indeces we have a clear split of the bosonic and fermionic subspace 
of the tangent space and the only nonvanishing components of the metric Gab is the bosonic (and invertible) 
metric Gab- The connection is from now on block diagonal of the form ^ma^ — diag (J^mo'', ^ma^i^ma'^)- 
Due to the degeneracy of Gab, equation ( G.23D determines only the components ^Ab'^ or equivalently ^Mb^ of 
the structure group connection, i.e. those with bosonic Lie algebra indices. 

In order to determine the remaining components flMa^ and ^Ma^, we have to give additional information 
on what properties we want our connection to have. In supergravity it is a reasonable demand that the structure 
constants of the supersymmetry algebra, i.e. the gamma matrices, are covariantly constant: 



VM7a/3 



= 

I 
= 



(G.33) 
(G.34) 



This does not only fix uniquely the form of i^Ma^ and ^Ma^ in terms of flMa^, but it also restricts the latter 
to be the sum of a Lorentz connection and a scale (or dilatation) connection:^ 



n 



Ma 



= 7"Ma 7 ba 



n 



Ma 



,/3 _ 



— -Jl'^Ma 7 ba 



r,"Af "a 



(G.35) 
(G.36) 



^Some of our supergravity constraints will determine A[„i,]|(, = —SHabc, ^ 



[ab] |c 



'T 



^la.b]\c 



T- 



b\c, 



ia(b|c) 



^a{b\c) 



^a^Gbc and A 



a(&|c) 



-'V^^Gbc, so that the difference tensor reads 



-3H„ 
-2T„ 



(= 



-2T„, 



■ 2T'„i,|^) 



lb\c] 



Vc*G6, = -2T, 



b{c 



2T^ 



lb\c 



V^-J-Gft 



■ '^T^b\c O 



^Let us give at this point only a short argument for this. According to (D.2)-{D.4) we have schematically F^'^lrl^l oc rH'^^^ll + 
r[*:+l] Vfc, if r[*l denotes a term proportional to a completely antisymmetrized product of k gamma matrices. Let us restrict now 
to ten dimensions. The same schematic equation then holds for the chiral submatrices 7'*^!. The connection can due to its index 
structure be expanded in even antisymmetrized products: 



n. 







-y[01 + ^[2] + ^[4] 



When this connection acts on another gamma matrix, we get schematically 



'7 1/3] 



(^m +^[21 +^I41)^[11 oc 7'!! + (7111 + 7'31) + (7PI +7I51) 
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with 



^Ma — ^ 



CM[ac]G^''+n\':;>5: 



M "a 



(G.37) 



Because of the spUt in Lorentz and scale con nectio n, the block-diagonahty of the structure group and the 
degeneracy of the superspace metric, equation ( G.23 ) can be rewritten as 



^Ab\c — TAb\c + TcA\b^Ti,c\A—{dE )AbGdc—{dE )cAGdb + {<iE )bcGdA + ^A Gcb + ^t GcA^^c GbA (G.38) 



or 

^ab\c = Tab\c + Tca\b — Ti,c\a — (d^- )abGdc — (dE )caGdb + {^ )bcGda + ^a G cb ' 
^OLb\c ~ Tabic + Tcctlfc — (dE )abGdc— {^ )caGdb + ^a Gcb 
^ab\c = T'q,;,|c + rcQ,|b — (dE )abGdc~{^ )caGdb + ^Sc Gcb 

which determines ^mo' via 



VL 



Ma 



EM'^^CaldG'''' with GacG 



'cb 



^^h ^ca 



(G.40) 
(G.41) 

(G.42) 



The remaining components flMa^ and ^Ma^ are then fixed via ( G.35 ) and ( G.36 ). 

Let us in the following calculate 51 A/a'' more explicitely in the WZ gauge in order to extract the Levi Civita 
connection of the bosonic subspace. 



G.3 Extracting Levi Civita from whole superspace connection (in 
WZ-gauge) 



„2$. 



Remember our definition Gmn — Em"" e ?]ab En in the appHcation to the Berkovits string and the Wess 



Zumino gauge (|H.76yH.77yH.92D : 



Em 



e=o 



em^ 


V-m" 


1/-™" \ 




/ e,r 


-^a" 


-^a^" 





-5^° 





, Ea = 





5c.'' 











(5,7° / 




\ 





S^'' 



with 






A" nl, tJ- = p mi ae /x I fj. ^ mi "A.M 



flA4.4^| -0(G.43) 



As bosonic metric, we could either take just the leading component in the 0-expansion of Gmn, or the one given 
by the bosonic vielbein e™" and the Minkowski metric: 



9mn — ^mn\ — ^m C TJab^n : 



9mn — ^vri Vab^n — ^ dfnn 



(G.44) 



The first is naturally induced by the superspace 'metric', while the second is by construction covariantly con- 
served with respect to the connection ujma'' = ^ma'^\ (in contrast to gmn because of the scaling compensator 
field <j)). We want to write the superspace connection at = as the Levi Civita connection w.r.t. gmn or gmn 

plus additional terms. 

The sup erspace connection was derived above starting from ( G.22| ) or ( G.23 ), arriving at the equations 
( G.39| -G.41) for ^ab\ci ^cxb\c and flab\c in terms of the torsion and the exterior derivative of the supervielbein 
dE"^. We can also use the general equation ( G.23 ), in order to determine the form of the Levi Civita connection 
for gmn in terms of the bosonic vielbein. We just have to set the torsion and the symmetric part to zero. 
However, as we already use the supervielbein in order to switch from flat to curved indices and vice versa, we 
better should write the bosonic vielbeins explicitely in the resulting equation: 



."'^mb%]-Vdc = -ea"eb"(dE'')„„%e-ec™e„"(cfe'^)„„77d6 + erec"(de'')r 



%f]da 



(G.45) 



The 7'^' -parts vanish due to the graded antisymmetrization of the indices. The 7!^! parts are fine because they can be absorbed 
by acting with the bosonic connection on the bosonic index. Only the -y^^' part remains and cannot be removed. As it stems from 
the 7[*l-part in ^Ma^ , we conclude that the corresponding coefBcient has to vanish and only scale and Lorentz connection remain. 
The sketched argumentation can be done rigorously which leads to the stated results for the relation between bosonic and fermionic 
connection. o 
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For the metric gmn instead, the symmetric part of the Levi Civita connection is no longer zero. We stil l have 
torsionlessness and metric compatibility as characterizing properties. The latter condition impHes via ( G.14 ) 
that 



,(LC) r~ 



1 



^m(6|c)[ff] = ■^'9™5hc = 0^(1) ■ gbc 



(G.46) 



Using again (G.23) with vanishing torsion, we arrive at 



ea'^oo^^A9]-~9dc 






^c ^a vQ6 JrrinQdh \ ^b ^c 



'(ds''), 



■iQda 



ec™<9,„(/) • gab 



(G.47) 



In both cases (for g and g) the corresponding Levi Civita connection is certainly sitting in the superspace 
connection in the terms with dE'* in ( |G.39| - |G^ ) at — Q. Indeed one can writey 






(G.48) 
(G.49) 



This is consistent with the fact that Vlab\c and Vlab\c as given in ( G.40| ) and ( G.41 ) vanish at = in the 
WZ-gauge (where Eoc^^\ = (5q,*^ and fi^A'^l = 0. In order to calculate ^ab\c\ as given in ( G.39 ), we need 
the the exterior derivative of the vielbein (as given above) with fiat bosonic indices. As the constraints on the 
torsion components will also be given in flat indices, we will express everything in terms of torsion components 
with flat indices: 

{dE%b\ - e„"efc" (*'')„„ - 2V[a^efc]" TmJ\ + ^a^i^b^ Ta^V^I = (G.50) 

= ea"efc" ((de-^)™™ +^™^V'n^ Tj^b"]) - 2e[,|™V'm%" (e„^ T^''\+i^n^ Tab''\) =(G.51) 
= ea"efc"((de'^)™„-V™^^„^TABl)-2e[,|™^„^r^|6]'*| (G.52) 



Plugging this result into ( p.3g| ) yields VLab\c at = in terms of torsion components with flat indices and 
derivatives of the bosonic vielbein only: 



n 



able 



Tab\c\ + Tca\b\ - Tbc\a\ " (ca^eb" ((de ),nngdc ~ Ipm V-'n T^13\c\) ^ 2e[a|"Vm JUlbjcl) + 
- (ec™ea" ((de'*)m„gdh - '0m V'n^ TaB|6|) - 2e[c|"V'm Tj^\a]b\) + 
+ (efc™ec" {{(k^Un-gda - i'm^iM^ T^|a|) - 2e[b|"0m-^ T>|c]a|) + 
+ ^a\ (jcb + ^b\ (jca - ^c\ (jba 



(G.53) 



Now we can express everything in terms of the Levi Civita connection w.r.t. g (|G.47|) , torsion terms with flat 
indices and covariant derivatives of the compensator fleld: 



'in the Wess Zumino gauge we can express dE"| by de" plus torsion terms as we will demonstrate now. First we have 



dE"| 



„A4 j^JV/' 



d[^E„f\ (fe^dr^+2 d[mEj^f\ dr-^dr-^ + dij^ Ej^]\ dc"^ dr' 



As Em^l = fim", we have 



(dE'')mn\ ={cfe"). 



Now remember the definition o f the torsion T 
Wess- Zumino gauge ( H.9^ , H.96| ): 



dE^ 



E A Ofl which reads for fermionic form indices at = in the 



d[A< ^A/] ' 



'Tma/' 



■\M.Af\ 



a\ (H-9() 



Tj^A/^ 



Similarly we have 



5| 



[Jvt'^n] 



A\ (H.9() 



"A-l ^'nS 



For A = a, we can thus write in summary 



(d^")A-tiV 



tImat"! 



APPENDIX G. ABOUT THE CONNECTION 



204 



n„ 



m, ,LC d[~] ~ 



dc 



T„, 



T 



T, 



hc\a I 



" v ' 



+2e[,|™Vm-^ r^|b],| + 2e[,|"^™^ T^|,]b| - 2e[;,|'"V„ 



T 



A.\c\a\ 



(G.54) 



While for the use of w,„'j [g] above the partial derivatives of the compensator (/) combine with the scale connec- 
tions to covaria nt der ivatives, either the scale connections or the partial derivatives remain explicitely for the 
use of a;^j''^[g] ( G.45 ). In summary we have for the two cases 



^ ^ah\c I 



m, ,LC rfr;;! ;; 



dc 



2T, 



a[b\c] 



T, 



bc\a\ 



-2 V[6$| g,]a - Va*| gtc - (2e[fc".9c]a + Ga^fffcc) V^m"^ (Va$)| 



(G.55) 






[9]Vdc 



„20 



2T, 



a[6|c] I 



T, 



fcc|a I 



-2( V[fc|$| - e[fa|"9„0)77e]a - ( Va$| - ea"9„0)r?bc - (2e[fc"5c]a + ea'"g6c) V-m^ (V^$)| + 

+e2^ (2ea"e[fc"77,]d - ei^ec^Vad) ^m^^n^ Tab"] + 

+2e,'"7A™^ T^[fc|,]| - 2e[b|'"V'm^ T^a|c]| ~ 2e[6|"V,„^ r^|c]a| (G.56) 

We have written the terms in a way that one can clearly distinguish between terms anti-symmetric in 6, c 
(Lorentz-part) and terms symmetric in 6, c (scale-part). In the second version (G.56), the whole second Hue 



could be written as -1-2 Vl 



(D) 
[b 



e"^Vc]a 



ni^^ 



a'24> 



straints into it. The Levi Civita connection 



,LCd 



rjiic which is, however, less convenient for plugging the con- 

[g] does not transform under scale transformations in the 
way it should, which is repaired by the non-covariantly transforming partial derivatives dk4>. They are thus the 
minimal extension of the Levi-Civita connection to make it transforming properly under the whole structure 
group. Combining these terms with oj^'^[g] just leads back to i^^'^ig] which apparently has a scale part. 
This seems strange for a Levi Civita connection, but is only true in the frame e™" where the fiat metric is not 
Minkowski. 



Assuming that VM7a/3 = '^^7°^ 



0, we can finally (according to ( G.35 ) and ( p.36| )) write down the 



connection when acting on fermionic indices. We restrict to the version with the Levi Civita action for g„ 



^m 'Uab^n ■ 



n 



m-f 



, , X.bc a I , ,(D)x a 



1 

r 



e„"c.^^^'* 



[g]vd\, 



2e-20 T 



T, 



n[b\ yy\'id\c\ -r ^e ■ ^a[b\c\\ -f 

-2( V[fc|<i>| - e[fc|"9„0)r;,], - 2e^rVc]aAn-^ {"^ A^ + 
+ (2e/'e[6"7yc]d - Cb'^Cc^Vad) i^k'^i^n^ Tj,b'^\ + 

+e-2*(2ea"i^„^ T^[6|,]| -2efc"^„^ T^(,|e)| + 2e,"V'n'^ T^(a|h) 



be a 

7 1 



Va$| 






(G.57) 



'=-o^ 



An equivalent expression with 7*"^^" and 5-/"- replaced by 7^^^.^" and 5^°" is obtained for r^m-y"- 

A second useful way to write the connection ^ab\c\ is to bring it to a form which is the bosonic v ersion of 
( G.23D and from which we can read off the bosonic torsion and nonmetricity. To this end, we rewrite ( |G.50 ) as 



{dE'')ab\ = e,™e,"((cfe'^),^„-T„,/)-f r.fa'^l 



(G.58) 
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Plugging this into (G.3£) yields 



^ab\c 


= -Sa Sb [de jmnddc - Gc Cq (Oe )ran9db + Cfc Be (,06 Jmngda + 


ea"lJ„,6|c 


+ ea Sb J-rnn 9dc + Be Cq Imn Qdb - Sb Cc Irnn Qda 




+ ni^' 


9cb+ni^' 


~9ca - ni^^ 


9ba 



{G.59) 



As we have in the Wess-Zumino gauge 51mb^| — Cm'^ujab^, the obtained equation is simply the bosonic version 



XD)b _ niD) 



of ( |G.23| ) with ujma = ^m S^. The bosonic torsion coincides with r„i„° 



Tmn'^l = Bm^eJ Tab''\ + 2e[,„>,/ T.b'^I + ^m^^n^ T^b" 



(G.60) 



Appendix H 

Supergauge Transformations, their 
Algebra and the Wess Zumino Gauge 



This appendix contains, like most of the others, considerations which are vaUd not only for our application to 
the Berkovits string in ten dimensions, but as well for other dimensions and for different supergravity theories. 
The curved indices m as well as the flat indices A contain bosonic indices m or a as well as fermionic indices A-t 
or A. For extended supersymmetry the latter are further split into several irreducible fermionic indices. E.g. 
for type II in ten dimensions (our application) we have A4=(m.A) and A.=(a,&) where & is either of the same or 
of opposite chirality as a. We only assume the presence of a (super)vielbein Em^ and of a (super) connection 
^MA^ in the supergravity theory. Discussions of other fields (like the i?-field) are of course only relevant for 
theories containing these fields. 

The supergravity transformation (local supersymmetry) is in some sense a special class of superdiffeomor- 
phism transformations. If the general superdiffeomorphisms are parametrized by a vector field ^^{x ) = £,^{x, 6), 
the local supersymmetry will be parametrized by only ^•^(x, 0). Likewise, general coordinate transformations 
in the bosonic submanifold are parametrized by ^'^{x,0), while all the higher 0-components of ^"^ correspond to 
additional auxiliary gauge degrees of freedom. Similarly, the local structure group transformations Lab{x) (e.g. 
Lorentz-transformations or in our appHcation also scale transformations) have auxiliary gauge degrees in the 
higher 0-parts. Following roughly ||l^, p. 127-144], we want to bring e.g. the vielbein into a particular form, using 
(and thereby fixing) some of those shift symmetries, and to identify the bosonic spacetime diffeomorphisms and 
the local supersymmetry transformations with the bosonic and fermionic stabilizers of this (Wess-Zumino-like) 
gauge respectively. But let us at first have a look at the general transformation properties of the superfields. 

H.l Supergauge transformations of the superfields 

H.l.l Infinitesimal form 

In the following, we make frequent use of some structure group connection ^ma^ and the corresponding 
covariant derivative Vm- As long as nothing else is announced, the equations are valid for any connection (in 
particular, it is not meant to be the left-moving connection only). 

Transformation of a general tensor field We are interested in a combination of an infinitesimal su- 
perdiffeomorphism transformation (or better the corresponding Lie derivative) and a local structure group 
transformation. For an object with only curved indices, the transformation reduces to the Lie derivative. The 
Lie derivative of a vector field v = v^'^Om e.g. reads as usual 



C^v^^ = [C^vr = (H.l) 

= i''dKv"~dKe'v'' (H.2) 
It can be rewritten in terms of covariant derivatives as 

£^t,*^ = ^""Vkv^' ^VKe'v"" -2^''Tkl^'v'^ (H.3) 

For one-forms the covariant expression of the Lie derivative contains a torsion term with opposite sign: 

C^OJM ^ (£^(^A.cfc^)),,, (H.4) 

= ^'^dKUJM + dMi'^^K^ (H.5) 

= ^^Va'c^m + VmC'^c^a' + 2e^r;fM^c^L (H.6) 
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In contrast to the above, it is convenient for objects with fiat indices, not to consider them as being contracted 
with basis elements, when acting with the Lie derivative, but to really only act on the component functions, 
which transform like scalars under diffeomorphismq^. 



i 






(H.7) 
(H.8) 



This is a covariant object from the diffeomorphism point of view, but the connection transforms inhomogenously 
under the structure group transformations. The entire gauge transformation of v^, however, contains also a 
local structure group transformation: 



Sv"" = C^v' 



Lr^v' 



(H.9) 



As the structure group connection itself is Lie algebra valued, the second term in ( [H.SD can be absorbed in the 
structure group transformation: 

Ls^ = Zs^ - ^"^^KB^ (H.IO) 

The combined diffeomorphism and local structure group transformation can thus be written as 



5v' 



e^Kv' 



Lh^'v 



A„.B 



(H.ll) 



The first term is a covariantized (w.r.t. the structure group) version of the Lie derivative ( [H.TI ), and we will 
therefore denote it by 



^(cov)^A ^ ^K^^v^ 



(H.12) 



In general Ci^^' will be defined as the La^ — part of the complete transformation, i.e. a Lie derivative w.r.t. 

? 

^ , accompanied by a structure group transformation with La^ — £,^^ka^ whose representation we denote 
with TZ(L.' j (see also before (F.29) on page 191): 



• (cov) 



£^ + 7^(^^^^K.■) 



(H.13) 



^Note the (common) convention used in (H.l) to define C^u^'^ as the Af-th component of the Lie derivative of v and not the 
Lie derivative of the M-th component function! This convention is extended to objects with an arbitrary number of curved indices, 



C^t 



Nl...Ng 

Ml... Alp 



c^i^Z 



Ll ...Lq 



dr 



Ki 



■) dr^P ® dLi 



'9i,) 



Nl...Ng 



Ml...Mp 

In cases where we want to act explicitely on e.g. the component functions, we can denote it with e.g. C^{v'^') = S^^dfcv'^' . This is 
of course not the component of a tensor, but it makes sense in calculations like C-^{v^' Bm) = C-^{v^') ■ Qm + v^' C -^{d m) ■ Prom 



the Lie derivatives for general vectors (H.2) and one forms (H.5) we can in turn read off the transformation of the basis elements 






-Om^^ dN 



For fiat indices, however, we use just the opposite convention, i.e. we do not regard the fiat index to be contracted with any basis 
element when acting with the Lie derivative. The action on an object with both, flat and curved indices will thus be defined as 
follows 



,NB 
''MA 



c^tZ". = [ /:^(tiidr^ ® Bl] 



In cases where we want to calculate something different we will use a more explicit notation like on the righthand side in the above 
equation. The reason for this convention is the following. Starting in a coordinate basis, it is natural to express the transformed 
tensor in the coordinate basis again, while if one starts in a non-coordinate frame e^, it is more natural to express the result in the 
transformed basis: 



V + C--,v ■- 



■ C^v^ ■ eA +v'^C^eA 



eA + C^eA 



Let us finally give the Lie derivative of the local vielbein and its inverse (using (H.3) and (H.6)) which will also be discussed in 
the equations ( 11.16 ) and following: 



C^{Ea) 



U'^^KA^ -"^Aii^ -■2li''TKA^)EB 



C^{E^) = {~i''^KB^ + '^Be + '2i''TKB^)E^ 
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On one-forms we thus have £*™^'w^ 



^ ^koja, while on objects with curved index the structure group 



transformation has no effect and the covariantized Lie derivative reduces to the ordinary Lie derivative. When 

acting on a more general tensor with curved and flat indices, Ci^''' thus takes the following form: 

C 



.(cov), NB _ 
- -^ ^MA — 



fKc, ,NB 
K ^KtuA 



dK^t 



MA + ^Mt, l^MA 



en 



B.NC 



KC I^MA 



? "ATA 



J.JV n 

'^MC — 



(Vie^ + 2e^rKi~)t^/^ + (VMC^ 



2^ Tkm 



L\ ,NB 
I f-LA 



(H.14) 
(H.15) 



This transformation is usually called a supergauge transformation |17, chapter XVI]. As it reduces for 
curved indices to the ordinary Lie derivative, its action on tensor components (given above) is determined by 
the Lie derivative, the Leibniz rule and the transformation of the supervielbein. In addition the transformation 
of the structure group connection will be of interest, as it transforms inhomogenously under the structure group 
transformation. For completeness (even if the given information will be a bit redundant), let us write down 
explicitely the transformations (supergauge + structure group) for all the type II supergravity superfields of 
our interest: 



Supervielbein A general infinitesimal gauge transformation (a Lie derivative corresponding to a superdiffeo- 
morphism plus a local structure group transformation) of the supervielbein Em^ looks as follows: 



5E.'^ 



'^M 



i QkEm + OmS^^Ek + Em Lb 



Bf A 



(H.16) 



Redefining the local structure group transformation parameter, this can be written in terms of covariant deriva- 
tives 



5Em^ 



K^^.^^A ,^^.,K^,A , ,K(^,,^L TMK'')EL^+EM''{LB^-enKB^ 





Va/C + 2^ TcM +Lb Em 



■2Tkm^ 



Lb^ 



(H.17) 
(H.18) 






For some purposes, also the explicit form with partial derivatives (but in the new parametrization) will be 
useful: 



^M^ 



SEm^ = dM^^ + ^Mc^S,'' +2^''TcM^ + Lb^Em"" 



i 



nDEM^ 



(H.19) 



For the inverse vielbein we get likewise (or via SE 



SEa^' 
or 5Ea^' 



-E-^SE-E-^) 

'■M j^ K 



= eoKEA'^'-dKe'EA 

= -VAe'-'ifTcA'' 



La^'Eb'' 



^Lb^Ea"" 



(H.20) 
(H.21) 



'Ea' 
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The structure group connection transforms tensorial with respect to the superdiffeomorphisms but of 
course not Uke a tensor (but inhomogenous) with respect to the structure group transformation.^ 



sn 



MA 



= eoxn 



MA 



dKie^KA^ -OmL, 



= edK^ 



MA 



La +5 SIka 



[L, VtM]A = 

dM^, ^KA — S, Qm^KA 






dMLA^" - [i, ^ 



M\A 



(H.22) 



(H.23) 
(H.24) 



^MA —2^ RkMA —OmLa — [L,n]\f]A 

,(cov). 



'n 



MA 



-^MLA"=-m.L)nMA' 



(H.25) 



The scale connection The above transformation of the connection is vaHd for a general one. In our appUca- 
tion to the Berkovits-string, however, the structure group on the supermanifold is restricted as follows. Firstly, 
the connection is block-diagonal. Secondly, each block decays into Lorentz- plus scale transformation. Finally, 
the blocks are not independent in the end, but let us assume for the moment, that they are. Then we have three 
scale connections, namely the trace of each block respectively. In detail we have for the "mixed connection" (see 
appendix ^ 



O ^ 

±±MA 



Hmna 





2 "a/ "a 



2^ MN"a 








2"m "a 



SF, 



2^ MN^oi 

The scale connection (or dilatation connection) simply transforms as 



o(i)b 

^ 'Ma 







\ 





1 

4 















4 ' 'Mabl a / 


^MNc 


6 













ln(i) ab f3 n 
i^MNab 1 a " 










ln(i) ab_f3 
i^MNabl OL 



(H.26) 



(H.27) 



(H.28) 



59. 



[D) 
M 



= i^dKni^^ + dM^n^^^-dML^^'K 



sn[^^^^^dKCif^ 



"M 



Bm^'^^^P - 9Mi(^\H.29) 



5Vt 



{D) 
M 



— OfKpiD) 
^ ^s; ^KM 



dML(^^ 



5^i?) = 2C^Flf,\ - dML(^^ 



with F, 



(D) _ 



KM 



d[K^M]i 



F, 



(D) _ 



KM 



= dfK^ 



[K^'M] 



(H.30) 
(H.31) 



We also could have started with the pure left-mover connection ^ma^ ~ diag (ilMa*", ^A/a^, ^j\/a^) to derive 



Sn\,i or the pure right-mover connection CI]\ia^ to derive SQj^j . We will now return to the notation of this 
appendix, where ^Ima^ is just a general connection, and not necessarily the left-mover one. 



^Let us quickly rederive the correct structure group transformation of the connection via the transformation property of the 
covariant derivative: 



<5{l)Vm^'' 



V Lb 



Om (v'^Lb'^) + SlUmb'^v'' + ^mb^Slv'' = 

Omv^ ■ Lb"^ + v'^BmLb^ + SLnMB^v^ + Qmb-^v'^Lc^ = 

(dMv'' + Hmc''^'^) • Lb^ + v"^ (dMLc"^ + SlI^mc^ + Lc^^mb"^ ■ 



O B T A 



For Va/J) to transform covariantly, we need to have 

^f7 



(Lyl'MC 



-SmL, 



'M^C 



-V mLc^ 



-Lc Hmb 



■ ^MC Lb 



= -[L.ilM]c^ 
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The superspace connection We will not need the superspace connection Tmn^ as frequently as the 
structure group connection, but let us discuss its transformation for completeness. As it is inert under structure 
group transformations, the supergauge transformation reduces to the Lie derivative. Remember the relation 

^MN — ^MN + dniEiy ■ Ea (H.32) 

which is a direct consequence of ^ mEm^ = 0. The Lie derivative of Tmn^ can thus be derived from the 
Lie derivative (or alternatively from the supergauge transformation) of the structure group transformation and 
the vielbein. Both, vielbein and structure group transformation are tensorial with respect to difleomorphisms 
and thus the inhomogenity in the transformation of Tmn^ can only result from the inhomogenity of the Lie 
derivative of OmEn^, which is (using commutativity of partial and Lie derivativa^ OmOn^^ El^. The Lie 
derivative of the connection thus reads 

r^LMAT^ - e^aLLMAT^ + 9Af e'TLAT^ + SjvC'^rML'^ - a^C'^rMiv'^ + SMaArC"^ (H.33) 

C "^ v ' 

m,rM]N''+dM(dON^ 

The first two terms are just the Lie derivative of a matrix valued one form dx^^TMN^ , while the last three 



terms are the usual inhomogenous transformation of a structure group connection (compare ( [H.25|) ), here with 
the Gl(n)-matrix Mn^ = —dNS,^- The same transformation can be derived by comparing e.g. the tensorial 
transformation of ^-.Vm^''^ on the one side with dMiC^v^) + C^Tmn^ -v^ + Tmn^ ^^v^ on the other side 

(using again that Lie and partial derivative commute) . The Lie derivative of the connection is in some sense the 



^For a scalar field ${p/i), whose partial derivative becomes the component of a vector field, it is quite obvious that partial and 
Lie derivative commute: 

C^dM'^iph) = ii'^dKdM-S'iph) + dM^'^dK'S'^ph) = dMi^i'^dK-S'^ph)) = dMC^^(ph) 

For a nontensorial object like 9m<jv/ m ("'^ '''^^ ^^^ connection) it is less clear whether it makes sense to define a Lie derivative 
on it. However, it will be very convenient to do so, and we will simply take the definition coming from infinitesimal diffeomorphisms 

(with x' = a; + ,J). Note that d'.rt' ,}'" jj (x')\ — '^Mt' m aj (a;), which leads to 

We can likewise extend the definition of C\°^' = C.^ + 'R.{(^^'^VIk ') to nontensorial objects by defining e.g. 



7^(L)9pi^,i = ap(7^(L)t^,i) 



The structure group transformation 7?.(L) thus commutes with the partial derivative by definition and we thus have the same 
property for the covariantized Lie derivative 

1-^ OptMA- "PK'-^ *MA) 

Note that this is also consistent with a proper transformation property of the covariant derivative: 

^(cov)y7 ,NB _ /-(cov) (n ,NB I p N,KB p K,NB,-T>ln ■\tNB\ _ 

C-^ ^P^MA - '-■^ {OpiMA+^ PK iMA-^PM *KA + '^(^^P-)^Ma)- 

n I /.(cov),JVS 1 I / /.(cov)p n\ ,KB I p N /~(cov),KB / /-(covjp k\,NB p K r(cov),NB . 

Op I ^^ ^MA + '-^ ^ PK tMA + i PK -t--, Im A ^ ■^— ^ PM ^KA ^ ^ PM L. ^ ^KA + 

i } \ e. j i \ i j « 

+n\d-T^^p-\t''^,\^n{^p:) d-^^ t^Pj, = 

Vp lct°''^tZ^A + (/:_.rpK^) i^/a - (^^rp„^) t^4 + Ti(ct°''^np. 

+ {^eRLPK"" + vpcvk?"^ + 2eTLK'')) tfp - {^eRLPKi'' + ^pc^ms,'' + ^^tlm'')) 4a ■ 

+-R,(2C^RLP.)4i = 

5^' VpVKt^P + (Vm?^' + 2C^TiA/^') Vpt^ - (Vk^ + ^eTLK^") VptfP + 



+Vp5« V^t^,^ + Vp (Vm?^ + 2C^TiM^ j tn - Vp (Vk5" + 25^TiK^ 

+ (2C^Klpa''^ + VpCVa'C"^ + 2C^T£x'^)) t§i - (2^^KiPA/^ + VpCVmC^ + 2^^Tlm'')) t^5 + 

+7e(2C^KiP.)tj^,^ = 

?^' Va Vpt^.i + (Vp?^ + 2C^Tap^') VAt^i + (VmC^' + 2eTLM") ^pt^ - (VkC^ + 2C^TiA^) ^pt^P 
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difference of two connections and is therefore a tensor. This can be seen by expressing the partial derivatives 
on ^*^ in terms of covariant ones and discover that the remaining connection terms combine to curvature and 
torsion.^ 

(H.34) 



C^Tmn —2^ Rlmn + Vm (VtvC + 2C Tln ) 



Remember that above we have seen the Lie derivative of the superspace connection as a combination of a Lie 
derivative on its form index (the first lower index) plus a Gl{n) structure group transformation with transfor- 
mation matrix M^^ = —OnS,^- Equivalently it can be seen as a combination of a supergauge transformation 
(regar ding only the first index as curved one) plus a modified Gl(n) transformation with the matrix (compare 

Q)) 



M, 



N — —d^S^ — £_ TpN = 



(H.35) 
(H.36) 



Indeed the above Lie transformation can be written as 






K 



2eRLMN'' -OmMn'' - [M, r 



M\N 



K 



(H.37) 



-VmA/jv-^ 



which perfectly agrees with the form of a gauge transformation of a structure group connection given in ( H.25 ). 
Let us finally note that 






K 



K\„.N 






(H.38) 



which provides another way to calculate the Lie derivative of the connection. For the Levi Civita connection 
this equation impHes that the Lie derivative commutes with the covariant derivative, if ^ is a killing vector. 



Tensorial superfields Usually, all additional fields present in a supergravity theory (Hke i3-field, RR-fields or 
dilaton) are contained in superfields that transform homogenously (tensorial) under supergauge transformations 
and structure group transformations. The gauge transformation of a tensor field with index structure t^^ 
transforms as 

Lc tMA -~ La tuc (H.39) 



r.JVB 
OImA 






(coy), NB 
^MA 



nL-K 



was given in (H.15). The above transformation is of course also valid for scalar fields where simply 



where Ci^^ 

i 

the structure group transformation vanishes. If a S-field (a two form, i.e. an antisymmetric rank two tensor) is 
present, its general gauge transformation contains in addition the one-form gauge transformation B ^ B + 6A 
which will briefiy be discussed in a separate section at a later point. Another example of a tensorial superfield in 
our application to the Berkovits string is the bispinor-superfield T"^^ which contains the RR-fields in the leading 
component in the 0-exp ansion . In order to act with the structure group transformation La^ (appearing in the 
general transformat ion (|H.39| )) on the bispinor indices, we need La^ to be block diagonal. This is described in 
the main part (see ( 5.65| )). A final remark about our application in the main part is about the appearance of 
a compensator fie ld $ w hich does not transform homogenously under the structure group, but via a shift (see 
discussion below ( |5.15S| )). 



H.1.2 Algebra of Lie derivatives and supergauge transformations 

H. 1.2.1 Commutator of Lie derivatives 

The SUSY algebra on scalar fields and tensors with curved indices should be entirely implemented in the su- 
perdiffeomorphisms (independent from any accompanying local structure group transformation which appeared 
above) . The commutator of two diffeomorphisms yields the vector Lie bracket of the transformation parameters 






c 



[Ci:?: 



Alternatively we can derive the same result, starting from ( H.32 ) 
K 






i i i 



Using the covariant expressions of the supergauge transformation of Q/^ 



and Em then leads to (H.34) 



(H.40) 



APPENDIX H. SUPERGAUGE TRANSFORMATIONS, THEIR ALGEBRA AND THE WZ GAUGE 212 



where the vector Lie bracket reads 



U,^: 



M 






(H.41) 
(H.42) 



If we plug in the local basis elements Ea = Ea^^Om in place of ^1/2, the above equation only holds, if the 
covariant derivative acts only on the curved index. The covariant derivatives do not vanish when we act on the 
curved index of Ea^'^ only. We thus do not only get the torsion term, as one would naively expect, but instead 



[Ea,Eb] = {2n[ABf - 2Tab^) Ec 
= -2{dE^')ABEc 



^c 



(H.43) 
(H.44) 



For objects with flat indices it is thus convenient to extend the Lie derivative to the supergauge transformation, 
which is covariantized with respect to the structure group. 

H.1.2.2 Algebra of covariant Lie derivative and structure group action 

Let us restrict our considerations for a moment to a structure group vector v^. We first want to study the 
commutator of two covariantized Lie derivatives. 



= (e^Vi77^ - r/^Vi^'O "^KV^ + C''^'^ [Vl, Vk] v^ = 






2ev''RLKB^V^ 



For a one form we arrive likewise at 



j^(cov)^^(cov)j^^ 



£(cov) r,/-L K r> B 



On curved indices, however, the super gauge transformation reduces to the Lie derivative 



£(C0V) ^(COV) 
L r ' "^ 

^(cov) £(cov) 



..M 



LOM 



£(cov) 



.M 






£(cov) ^M 



(H.45) 

(H.46) 

(H.47) 
(H.48) 



(H.49) 

(H.50) 
(H.51) 



On a more general tensor i^^ we therefore have the following commutator of supergauge transformations 
(remember footnote 0) 



. (cov) ^(cov) 



^NB _ /-(cov) .ATS I 9,jA'_,Ln B.NC '^cKLn C .N B 



[«,7] 



MC 



7j(-,_.^_.(fl.))t«^ 



(H.52) 



In particular we have for supergauge transformations along the coordinate basis 

[/'(cov) ^(cov)i,JVS _on B.NC njy C.NB _ Tp / , , fry D\\ , 

The algebra of two infinitesimal structure group transformations is rather simple]^ 



MA 



[7^(Ll),7^(L2 



-7^([Ll,L2]) 



(H.53) 



(H.54) 



^The minus sign comes from our definition how the structure group matrix acts on vectors and forms. E.g. on a vector we have 
'R{Li)Tl{L2)v^ =n{Li){L2B^vB) = Lic^L2B'='vB = (LaLOB^D^ =n{L2Li)v'^^ [7J(Li) ,7^(L2)]^'^ = -'Jl{[Li,L2])v^. 
Similarly for one forms Tl(Li)'7Z{L2) uj^ = 7?.(Li) (— 1/2 A^'^s) = iiA'^^2 c^'^s = {LiL2)a^^b = —''^(^1^2)'^^=^ 
\Tl{L\) ,'R.(L2)\uiA = —T^{[Li,L2\)ijJA- If one prefers, one can get rid of the minus sign by either redefining the action of 
7?.{Z/) with a minus sign or with a transposed L (not only for antisymmetric L). This is because [L'^,L'^Y' = —[^1,^2] and 
-[-Li,-L2] = -[Li,L2]. o 
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The commutator between supergauge transformation and structure group transformation finally reads 






n[ {c'^T^L 



(H.55) 



which is easily checked by acting e.g. on a vector v^ . The complete algebra can be written in one single equation 
as 



. (cov) 



-7^(Ll) ,£ 



(cov) 



n{L2 



.(cov) 



.(cov) - 



.(cov) , 



^^covj ^^ 2i'^r^''RKL-+C''T'L2.-OT'Li: - [^1,^2] 



(H.56) 



H.1.2.3 Commutator of covariantized Lie derivative (supergauge) and covariant derivative 

In Riemannian geometry the commutator of Lie derivative and covariant derivative vanishes, if the vector along 
which the Lie derivative is taken is a killing vector. We want to see what relation there is for a more general 
connection. Let us first consider the commutator of the Lie derivative and the covariant derivative with curved 
index on a superspace vector 



£-,Vm 



,.K 



K „.N 



= [C^,dM]v''+C^TMN'' -V 



=0 



According to footnote y, the first term vanishes and we have 
^ 



'C^,Vm 



— C^Tmn 



K 



{H.34) 



^S.'-Rlmn'^ + Vm (VatC^' + 2e^TLj-^^ 



LTV 



(H.57) 



(H.58) 



In the case of a Levi Civita connection, the Lie derivative of the connection vanishes, if the Lie derivative of the 

metric vanishes, i.e. if ^ is a kiUing vector^. In general, however, we have the condition that the Lie derivative 
of the connection has to vanish. 

Let us introduce just for the moment the symbol TZ to denote the action of a Gl(n) matrix (like the superspace 
connection Tm ■') on the curved indices. Acting on an arbitrary tensor, the commutator of above becomes 



Ct°'\VM 



n [ c^Tm- 



n[ cf'^riM- 



(H.59) 



How does this commutator modify, if we choose the covariant derivative with flat index? 



Ct°^\yA 



C^TKEa^'Vm 



{H.21) 



^ - (v^e*' + 2C^rcA^'0 Vm + Ea'^u ( c^Tm- ] + Ea'^tzI ct'^'^n 



M- 



(H.60) 
(H.61) 



°This is quite natural, as the Levi Civita connection is built only out of the metric. Nevertheless, let us check this statement 
explicitly with the derived formula, in order to see whether it is consistent. In the Riemannian case we have 



-*-' """- mn\k 



and the killing vector condition reads (pulling down the indices with the covariantly conserved metric gmn) 
We can rewrite the above Lie derivative as 

= 25 Rlmnk + '^m'VnS.k = 

= 2| Rlmnk + -VmVngfc + -V„Vm5fc - Rmnk ?i = 

= 25 Rlmnk — -VmVfc^n — -'V n'^ kS,m — Rmnk S,l = 

= 25 Rlmnk — -'^k'^mS.n + R-mkn S.I — -'^ k'^ n^m + Rnkm (l — Rmnk (l 

^S ^Imnk ^kmn Kl ' ^nkm Si ^mnk Si 

= — ( Rnkm + Rkmn + Rmnk ) (l = O 



APPENDIX H. SUPERGAUGE TRANSFORMATIONS, THEIR ALGEBRA AND THE WZ GAUGE 214 



Finally we allow for an additional structure group transformation, in order to see the commutator of a general 
gauge transformation with the covariant derivative: 





Va 


+^(2^^i?iA.+v^(v.e + 2^^rL.))+ n{2C^'RcA--^AL:) 



(H.62) 



When acting on scalar fields, only the first term remains. 

The idea of the above considerations was of course that part of the gauge transformations become just the 
local supersymmetry transformations, while the fermionic components of the covariant derivative should contain 
the supersymmetric covariant derivative. We therefore expect, at least for the flat case, a vanishing result for 
the fermionic components of this commutator. We will come back to this question after having established the 
WZ-gauge. 



H.1.2.4 Algebra of the gauge transformations 



The algebra in subsection [H.1.2.2| was assuming that the variation acts on all objects, including the transfor- 
mation parameter of the flrst transformation. This is not true for fleld-independent transformation parameters. 

If £, is just the transformation parameter of the symmetry, then this parameter does not transform itself. On 

the other hand, there is no need for the transformation parameter to coincide with ^ . Instead, S, can be a 
functional of transformation parameter and of the the flelds. We thus have to treat its variation seperately. 

A general gauge variation has the form St^j^ = C\^^'t^/^ + TZ{L ■ ')t^[^, where £_ and the structure group 

matrix L are local and may or may not depend on the flelds of the theory. Acting a second time with such a 
variation yields 



SM...) 



. (cov) 



si[c'^T'+nL2.)] = 



SiiC 



«2 



n{(^n 



K- 



))<.-. 






L, 



.•))'5i(...) 



,(cov) ^ 

«2 
•(cov) . 



^nu^ IC'T'^k.-^kL^: ]+6^L2. 
+ 7^(L2.•) 

n{2C^ClRLK- - ^2^kLi + S1L2 



(■•■) + 



/:(r'+7^(Ll) )(...) = 



£(C0V) 



n(L2 



(cov) 






7^(Ll. 



<5l ?2 V ^2 

Finally we take the commutator and use the commutation relation ( [H.56|) of above 



(H.63) 

(H.64) 

= (H.65) 

(H.66) 

(...)(H.67) 



[^1,52] - n{4^^(tRLK-+iiyKL2-^^VKLi+SiL2--52Li 



»(cov) 

1^2, fi]+sir2 -62^1 



n[2^^^^RKL- 



.(cov) 



.(cov) 



C'T'L,-C'T'L2-[L2,L,] 

«2 Cl 



['5i,52]=£^TL -, ^+n{2^^^^RKL-+[L,,L2].+SiL2.-S2Li. 

[6 ,«l] + <5l£2 -S2il 



(H.68) 
(H.69) 



If S, and L are fleld dependent and transform like all the other flelds, we have Si £,2 = [£,1 , £,2] and S1L2 



£(covj^^ — [Li,L2] and the above equation is the same as (H.56), while if both parameters do not transform 



at all, we have a similar, but still different algebra with some different signs and some terms missing. The 
above important equation will help us to flnd the SUSY-algebra in this huge algebra. By going to the WZ- 
gauge, we will flx part of the superdiffeomorphisms and local structure group transformations. The remaining 
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transformations, which stabilize this gauge will then have a field-dependent ^ , which we can plug into the above 
equation. 

H.1.3 Finite gauge transformations 

In order to choose an expHcit gauge it is useful to know the finite form of the gauge transformations (only 
then you can decide whether a particular gauge is accessible or not). For superdiffeomorphisms and local 
structure group transformations (i.e. Lorentz transformations and perhaps dilatations), we know the finite 
form anyway. Let us denote the transformed fields by a prime (for superdiffeomorphisms) and by a tilde 
(for structure group transformations). The vielbein transforms homogenously under both transformations, i.e. 
E'j^,j^{x') — ■§§7mEn'^{x') under superdiffeomorphisms and Em^{x) = Em^ {x)Kb'^{x) under structure 



group transformations. Altogether this reads 



i^;/(i') = 



dx^ 



dx 



iM 



E 



n''{x)Kb^{x)) 



( dx 



N 



\ dx'^t ' 



En^[x)]K'b^{x') 



Likewise a more general tensor field with index structure i]J^^ transfoms as 

dx'^ dx'^ 



^~ma(S') = g^,Mg,L ^^c(^)AA'"(g)(A'^)i^^(g) 



(H.70) 



(H.71) 



Other examples for such homogenous transformations (apart from the vielbein) are a RR-superfield with 
'P'^^{x ') — 'P'^^{ X )A-y^A^^ (where the structure group transformation Ka^ is supposed to be a blockdiagonal 

one), or a dilaton scalar superfield with simply $(ph) (x') = $(p^)(a::). 

The finite inhomogenous transformation of the connection superfield reads[| 



' ' n.f 4 (2; ) 



Af 



''MA 



n^^\Ax') 



dx 

dx^ 

dx^ 



(-9jvA^^ + (A-i)^^r!A,c^(J)Ac^) 



(H.72) 
(H.73) 



In the main part of this thesis we have also introduced a compensator field $, which transforms by a shift under 
scale transformations, i.e. <^'{x') = $(x) — A^^\x) (where A^^^ denotes the dilatation or scale part of the 
bosonic block). 



H.2 Wess-Zumino gauge 
H.2.1 WZ gauge for the vielbein 



Superdiffeomorphisms x — F ( x ) 



™/ ^M 



^ ( X ) with X — [x ,6) parametrise many more gauge degrees 



of freedom than just the bosonic diffeomorphisms x'"' = /"( x) = x"^' 



= .t'o (S)+^a;'j;^(5)+O(0 ) 



^™ ( X , = 0) . Let us write x ' as 

(H.74) 



We have 



dx'^^ 

dx^ 


/ ax'" 

dx'^ 
\ dx" 


dx'"' 
dx'^ 


dx^ 



9=0 



9x 
dx" 



tin 

^ M 
iM. 



(H.75) 



In the following we will see that it is possible to fix the vielbein for vanishing 6 to 




(H.76) 



''Defining ^\f = jfj^f^Ma" and A'^' = ^jT^Aa" yields the transformation (H.73) in the second line. However, having in mind 



the definition of the mixed connection (H.27) yields the same transformation for each of the scale connections f1]^^ ' (with A(^)), 
n^^' (with A(-D)) and tl'^^'' (with A(^)) respectively. 

In our application to the Berkovits string, we have introduced a compensator field >I> via Gab = ^'^'^Vab which transforms under 
the bosonic scale transformations A. The distinction, however, is not important, as A, A and A get coupled by the gauge fixing of 
Ta.fs" = 1^13 and T^^" = ■y^^ anyway, o 



APPENDIX H. SUPERGAUGE TRANSFORMATIONS, THEIR ALGEBRA AND THE WZ GAUGE 216 



with inverse 




where V'a"^ = 






(H.77) 

(H.78) 
(H.79) 



We want to show that the above gauge can always be reached if the original supervielbein had full rank. To 
this end, let us call the supervielbein in the above gauge £'^j"^(x') and only the original general one Em^- 



We should have the relation ^^^p^E'^^^ (x') = En^{x). Indeed, multiplying E'J^J^{x') from the left with the 
transposed {6 = 0)-Jacobian without ordinary diffeos ( g^° — J™) yields 



dx' 










V'ri 



'-^Sj^^ 



V 5m.^ 
This fixes some of the auxiliary gauge parameters: 



/m 






= E 



N 



/m. 



i?Vl 



AT = [Ea/ - X j^j-lp-m ) S^ 



Ad 



(H.80) 



(H.81) 



,M 



,M, 



So all the x'j^ are fixed. In contrast, x'q (x) are still free and they parametrize bosonic diffeomorphisms and 
local supersymmmetry. We still have many more unfixed auxiliary gauge parameters (the higher ^-derivatives 
of x') whose fixing we will discuss in subsection 11.2.4. 



H.2.2 Calculus with the gauge fixed vielbein 

Before we proceed with the gauge fixing of the connection, let us have a look at some consequences of the special 
vielbein gauge. The new bosonic vielbein em°( x ) = Em°'{ x , 0) offers a second possibility to switch from curved 
to flat indices and one has to be careful, in order not to mix up things. The inverse of the supervielbein behaves 
differently than the inverse of the bosonic vielbein. While in superspace the inverse is with respect to a sum 
over all superspace indices, the sum for the bosonic inverse runs only over the bosonic indices 



Tp a\ m 

-C/m I 66 — 



1 



E 



M 



E, 



M\ 






(H.82) 
(H.83) 



It therefore makes a difference which vielbein is used to change from flat to curved indices and vice verse. 
Consider an arbitrary supervector Vm- 



K^| e/ 



VcE„i I Cq 
VcE^'l e" 



VcE„ 



(H.84) 
(H.85) 



or m summary 



c„ m 



Kn|e,"- Val + Vcli'^'-ea 



(H.86) 



For upper bosonic indices the situation is better because the WZ-gauge removes the disturbing additional term: 



Vl e/' 



=0 



(H.87) 
(H.88) 



so that we get the nice relation 



y°|e„"= V" 



We can do the same considerations for fermionic indices and arrive at the opposite situation 




(H.89) 



(H.90) 
(H.91) 
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H.2.3 WZ gauge for the connection 

Similar to the supervielbein-case it is likewise possible to reach a special gauge at = for the connection 
componets with fermionic form-index: 

' ^^^ ' (H.92) 



n 



M.A 







Let us show that this gauge fixing is really accessible. We would like to reach the gauge ( |H.92D using the local 
structure group transformations of higher order in (i.e. with A^^| — 5a^)- Remember the structure group 
transformation of the connection 



^Ma"{x) = -dMt^A" + {^-')A''^MD'^{x)^C 



Reaching the gauge fixing condition (H.92) is thus possible by simply choosing 



A 



AA.A 



B _ 



^AiAa^^I - nMA''{.x)\ 



(H.93) 
(H.94) 



H.2.4 Gauge fixing the remaining auxiHary gauge freedom 

In addition to the ordinary Wess Zumino gauge 

P ^41 ^ X A 
i^M. I — 0A4 

^M.A = 



we can demand the gauge fixing condition d(j^^Ej^\i^\ = using the gauge parameter dj\/idj\fS^^ 
the other higher components of ^'^ and La^ can be fixed by imposing^ (see e.g. ||ll9| ) 



d< 



■9Ad„£^A4„ 



c'CA^i • ■ •(^A4„^A4„+i 



)A 



= 

= Vne {l,...,dim(Ai)- 1} 



(H.95) 
(H.96) 

Indeed all 

(H.97) 
(H.98) 



where dim(A-i) shall denote the number of fermionic dimensions, e.g. 32 for type II in ten dimensions. Actually 
the above equations even hold for n = dim(A-t) (the highest components of E and fi), but then trivially, as the 
total graded symmetrization of n + 1 fermionic indices (which is an antisymmetrization in fact) in n dimensions 
always vanishes. For n > dim(A-t) even the derivati ve wit hout graded symmetrization vanishes trivially as usual. 
The se cond equation is even true forn = (due to ( H.96 )) while the first is modified for n = to -Eai'^I — ^A4.^ 
( |H.95|) . 

This gauge is useful to calculate explicitely higher orders in the ^-expansion of the vielbein or the connection 
in terms of torsion and curvature. Let us consider at first the connection. For the n-th partial derivative of the 
component with fermionic form index we can write 



dj^i ■ ■ ■ 9A4„fiA1„ + iy 



2 V— -\ 



^ |g.98| ) 



i=l 



— 2_^^-M.i ■ ■ ■^M.^-l^■M.^+l ■ ■ ■^■M.r^\R■M■^■M■^+lA + ^[M.,\A ^\J\A„ + i\C ) 

4=1 



n+ 1 



a, 



(M.1 



.d 



'A4„_i| (2-R|A4„)A4„ + iA +^\A/l„)A -^ 



Al„+iC 



n 



C o i 

A4„ + iA • "|Ai„)C 



(H.98) 



dj^i ■ ■ ■ 9A4„f^A4„+iy 



2n 
n+ 1 



A-AHi 



'a4„_i^A1„)A1„ 



Vn> 1 



(H.99) 

(H.lOO) 
(H.lOl) 

(H.102) 



Unfortunately, due to the n-dependent factor -^j^, this relation cannot easily be integrated. In particular, 
although the above equation implies c^a^^aTa'^I = RM.^fA^\, we have in general dj^Qj.j-A^ ^ Rj^MA^ ■ Also 

^Looking at the infinitesimal transformations 

5 (9a^i..-9a4,.Sjw„+/)| = ajWi...9Ai,. (5Al„ + i?^ + f2A^„+li3'^C''+2e^TcM'' 

S [9^.1 ■■■dj^n^M.ri+lA )\ = -9a4i • ■ -C^A^n (c^A^n + i-f'A + [^ ' ^M. „ + l\)\ 

it seems quite obvious that the parameters c^Ati • ■ • 9a-i„+i? ^nd i9A-ti ■ ■ ■ ^AlnJ-i^A can be used to shift 
d, 



(A4i 



■^A/tn^Al^+i) ^'nd 9(Xj • • ■ 9A/t„f^A4„+i)yl to whatever value one likes. A rigorous proof that (H.97) and (H.98) 



are accessible, however, should consider the finite transformations, o 
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The calculation for the components of the vielbein is very similar 

9.M1 • • • 9_M,^ -E^dn + i = 



= d, 



(A4i 



■ d^E, 



Ad„-C/A4„4 



=0 ( |g.97| ) 



-yll^A^i 



'[A4, 



■dj^^E\j^ ] 



-j- / , ^A4i ■ ■ ■ ^A^.-i^Al. + i ■ ■ ■ ^Ad,. (rVt.Al^ + i + £'[A1, ^A4„ + i] 



(H.103) 



(H.104) 



— (9(Adi ■ • •C'jv4„_i| (2r|;V4„)A4„+i +^|At„) f^A4„ + iB - £'a<„ + i ^\M.„)B )| (H.105) 



For the second and third term in the bracket we can use ( |H.97[ ) and ( [H.98D again, so that the third term will 
vanish while from the second term we get a contribution only when all derivatives act on the connection, because 
Ej^^^^l = 5m^^. Using ([H.102|), we arrive at 



2n 



n+1 



d, 



(Ml 



9A/l„_iTVt„)At„4 



2(n-l) 
n+1 



Vn> 1 



(A4i 'JJ^2 ■ ■ ■ t^A4„_i-n-^\H„)^vt„_|_iB 



Rf 



In particular we get for n = 1 



(H.106) 



(H.107) 



The higher 0-components of the vielbein and connection parts with bosonic form index {Em^ and n,nA^) 
can Hkewise be expressed in terms of torsion and curvature: 



9a<i ■ ■ • dj^n ^mA 






m (^(Ali • • • (J^A„-l^A<„)A I 



.8, 



i=l 



=0(H.98) 



2d, 



(A4i 



-'■M.n 



R 



\M.„)mA 



-n 



^n. -^ 



1 



|A1„)A ^hnC 



:r*'rn. 4 j' 



(H^ 



d^/ii . . . i9ai„ ^TTiA 



2d,. 



A4i ■ • ■ t^Al„_i|^|A<„)mA 



2 

Vn> 1 



A "|A1„)C 



(H.108) 



(H.109) 



(H.llO) 



Although in contrast to ( H.102 ) we do not have an n-dependent factor, we have in general dj^/iflmA 7^ 2R_M.mA 
away from = 0. The reason for this fact is the symmetrization on the righthand side. Also we have il,nA^ y^ 
2x^Rm^a'' for e^O. 

For the vielbein the situation is again similar: 



(9a4i ■ ■ -dj^^En 



■ 2_^ d/^i ■ ■ ■ f^[A4,| • • • ^A4„-E|m] I + d„i d(Adi ■ ■ ■ dj^^^_^Ej^^ 



i=l 



0(H.97),(g.9^ 



2 d{M.i ■ ■ ■9a4„_i| \ J-\^A„)m'' + 2''^\M.,^ 



T\\yl^\„, +— -E|A/f„'l r2„,R ——Em ^ - 



'|A4„)B 



(g.97),(|g.9i 



{H.91 



^d, 



9a4„_iT\ 



■= C){Adi ■ ■ ■ CA4„_i J A1„ 



-'(Al„ t/Adi • ■ •i^A4„_i)"mS 



9A/f„ ,^^n 



In particular for n = 1 we get 



dM. Em 


= 2 T^m 


+ ^A4 ^mB 





(H.lll) 

(H.112) 
(H.113) 

(H.114) 



while for n > 1 we can use (H.llO) to arrive at 



9a4i • ■ -dj^^En 


— 2 9(A4i ■ • • dj^^^_-^Tj^^-^m 


+ 2(5(A1i (?A42 • ■ • f^At„-i-RA4„)mB 





Vn > 2 (H.115) 

In practice we are given constraints on torsion and curvature components with only flat indices. Rewriting 
the equations ( H. 102| ), ( H. 106] ), ( H.110D ,( H.114) and (H.115) with flat components yields the following rekursion 
realtions 
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^" - Cc,. . Q. . /p. . D , 



9a1i • ■ ■5A4„-EjVt„+i I — , -I ^iAd„ C^Ali ■ • • t^A4„_i)('^A4„ + i TcD )\ + (Vn > 1) 



dM,...dM„n^^,.^,A^\ = ^^^S^M^^^^,...^M,^_^}iEM„^,''RcDAn\ Vn>l (H.116) 

2n 

71+1 

"I ~~j — S{Ai.„-i "^Adn (^Adi • • • f^A4„_2)('^A4„+i -RcDB )| (H.117) 

5Aii...9A4„auA''| = 2J(A4„''aAii...9/^„_i)(^™''^CDA'')| Vn>l (H.118) 

9a4 -E-m I — ^Sj^ Em TcD \ + <^A4 ^mS | (H.119) 

dj^^ . . .djvi^En I = 2(5(.vt„ 5;v4^ . . . 9jv4„_i)(-E'm Tcd )| + 

+2<5(a4/5a<„-i'' 9a4i .••aAi„_,)(^m''i?CDB-^)| Vn > 2 (H.120) 



Let us do the first steps of the iteration, in order to see what is happening: 

n = 0: nMA^"] - 0, nmA''\=^^A'' (H.121) 

Ej^ I = (5 Ad , -Bm^l = em", i?„j I = ■(/;„,. (H.122) 

n = l: aAli^A^.A^'l = 5M^^5M,'^ Rc-Da''\. dM.^nA''\=25M.^e^'' RcdA''\+25M'^^.n'^ Rc-da^.122,) 

dM.iEM.2 I = '^Aii '5a42 ^cx) |, 9a<£^„°| = 2(5a4 e„ Tcd" 1+2(5^4 ^n Tcx>"| 

aA<£;„^| = iS^'^eJ Tcd^\ + 26^'^^^'^ TcT,^\ + Sm^uj^s"^ (H.124) 

n = 2 : 9a<^9a42^a<3A I = 0*^(^121 ^\M.i) ^-M-s Esj^ \ Rcda \ + 7;^ {j\A2\ ^-M.^ d\j^^)RcT>A (H.125) 

dj^^dj^2^mA I — 2(5(jv42 (2<5a1i) S» ^£/ I +2(5 All) V-'m r£:F I +^A4i) ^m£ ) RcDA \ + 

+2S(^M.^^e,J SAto^CdA^'l + 2(5(At2'''/'m^ aAioi^ccDA^'l (H.126) 

<9a1iC^A42-^A43 I = 0*^(^42 '^A4i) ^A43 ^£:F | TcD | + -(5(jvt2 '^^^^3 9j^^)TcT> I + 

+ ^'^(A4i'''5^2)^'5a43'^ i?C7?6^| (H.127) 

dA/l^dji^^En I = 2(5(At2 (2^Ati) Gm ?£/ | + 2(5a1i) V"™ ^£:F I +^Ati) "^mf ) 7c£) | + 
+ 2'5(A42 ^m d_M.^)Tcd I + 2(5(Al2 V'm 9a4i)7cx> I + 

+2S(^M2^dM,fem'' RcdB^l + 2(5(A42^^A4o''^™'^ Rc-DB^l (H.128) 



Apparently this iteration gets very involved for higher orders, but in principle we can express every superviel- 
bein component and superconnection component in terms of the bosonic vielbein, the gravitinos, the bosonic 
connection and the torsion and curvature components. Note finally that the components Tj^n^ of the super- 
space connection do not vanish at leading order like the structure group connection. Instead we find because of 
Tmjv^ = {OmEn^ + En^^mb^) Ec^ for the leading order that 



^j^N I — Qj^En I Ec I (H.129) 
Using some of the equations above, this impHes in particular 

TaIh I = '2-Tj^n'^\ Ea \+2Tj^n \5a. + ^ AA '^nB 5^ = (H.130) 

= 25M.'^en'' Tc/I Ea''\ + 25^'^7A„^ TccdI Ea'^\ + 

+2(5Ai^e„'' Ted^\ J^^' + 25^4'' V-r.^ Tc-d^\ Sa.'' + ^m^^uB^^^a^ (H.131) 

rAdAT^^I = ^M^^^f'^ Tc-d''\eJ''\+8m''^m'^ Tc'v'^\^a' (H.132) 



H.3 Partial Gauge Fixing of the B-superfield 

Although the gauge fixing of the i3-field is not necessary in order to obtain the supergravity transformations, 
we will discuss it at this place, as it is very similar to the gauge fixings of connection and vielbein. Again we 
want to fix only the auxiliary gauge degrees but leave the gauge freedom of the bosonic two-form. The B-field 
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gauge symmetry is of the form B ^ B + dA, with some one-form A. Let us spHt the gauge transformation into 
three cases with different index structures: 

Ba^aT -^ Bj^js/ + dij^A^r] (H.133) 

Bji^n -^ B^/in + d[Ai.An] (H.134) 

Bmn -^ Sm„ + 9[„A„] (H.135) 

In the 0-expansion, we thus have 

d]Ci---dK^Bj^Ar\ -> dK,---dKpBj^Ar\+-dK,---dK^dMAAj-\--dK.,---dK.pdArAj^\ (H.136) 
dici ■■■dK.pBj^n] —> dKi---dKpBj^ri\+ -dK.1 ■■■dK.pdj^Anl- -dndiCi---djCpAM\ (H.137) 

dlCi ■ ■ ■ d}Cj,Bfnn\ -^ djCi ■ ■ ■ djCpBrnnl + T^'^m Qki ■ ■ ■ d]CpAn\ — -9„ djCi ■ ■ ■ djCpAra] (H.138) 

The gauge symmetries of the first two fines can be used to set d(x,^ . . . 97CpSA4)A/'| ^ ^(TCi • • • c^k;pSa/^)ai| ^-^d 
d(Ki ■ ■ ■dK.pBA/i)n\ to any value one fikes. This fixes Am up to a de-Rham closed term (as usual) and up to 
the bosonic gauge parameter Am\. We want to choose a gauge in such a way that for p > 1, the higher orders 
in the 0-expansion can be expressed in a simple way in terms of the i?-fiux Hmnk = d[MBffK]. To this end 
consider 

3p ■ d(^Ki ■ ■ ■ dTCp^tHK.p)M.Af = 

p 
= 3^a;ci...%.|...aK,B|^V]- (H.139) 

1=1 

p 

= pdKi ■ ■ ■ dK.pBM.Af - ^ {dK.1 ■ ■ ■ dM. ■ ■ ■ dK.pBK.iAf -Oki ■■■dAf ■■■ dKpBK.A^) = (H.140) 

i=l 

= {p + 2)dK, ■ ■ ■ dKpBA^AT - (P + 1) (<9(7Ci • • • dKpBAA)Af - d(Kt ■ ■ ■ dKpBAf)Ad) (H.141) 

This suggests to choose the gauge 

diK^---dKpBA^-)Ar\-d(^K^---dKpBj^)A<\ ^ yp (H.142) 

which fixes Oki ■ ■ ■ dKpd[A/iAAf]\ ■ The above equation is a trivial statement for p equal or bigger as the 
fermionic dimensions (i.e. 32 for a ten-dimensional spacetime and type II), because the graded symmetrization 
of fermionic indices (i.e. their antisymmetrization) vanishes when the number of indices exceeds the dimension. 
On the other hand the statement is a very strong one for p ~ 0, where we simply get -Ba4A/^I ~ 0. 
The choice for the gauge in the case with mixed index structure is not as obvious as above: 

3P • d(^Ki ■ ■ ■ dK,p_iHKp)AAn = 

p 
= 3j2dK,---d[K,\...dKpB\A^,,]= (H.143) 

i=l 

P 
= pdKi ■ ■ ■ dKpBAAn - ^ (^TCi • • • OaA ■ ■ ■ dKpBK.n - Ok^ . . . dn ■ ■ ■ dKpBK^AA) = (H.144) 

i=l 

= {P+ 1)9k;i • • • dKpBA^n - ((P + l)<9(7Ci • • • dKpBj^-j,, - pdndi^K, ■ ■ ■ dKp_,BKp)Ad) (H.145) 

Instead of setting d(^Ki ■ ■ ■ dKpBA/i)n\ to zero (which is of course a vafid choice, too), it seems more convenient 
here to choose 

9(7Ci •••97Cp-B^)„| = -^dnd^K,---dKp^^BKp)A<\ ^P (H.146) 

which fixes Ok^ ■ ■ ■ dKpdA<An\. Now we have fixed as much as we can and hope that the remaining components 
behave in a nice way: 

3P • d(^Ki ■ ■ ■ dKp-iHKp)mn = 

p 
= iY,dK^---d^KA---dKpB\„,^^= (H.147) 

i=l 

P 
= pdKi ■ ■ ■ dKpBmn - ^ (Oki ■ ■ ■ dm ■ ■ ■ dKpBK.n - Oki ■ ■ ■ On ■ ■ ■ dKpBK.rn) = (H.148) 

i=l 

= pdKi ■ ■ ■ dKpBmn - P {d,nd(Ki ■ ■ ■ dKp^iBKp)n - dndf^Ki ■ ■ ■ dKp^iBKp)m) (H.149) 
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Indeed , the g auge fi xing condit ion ( |H.146|) is fine to remove the last terms for 6 = 0. Plugging ( |H.142| ) in 
( H.141 ) and ( H.146 ) in ( H.145 ) and ( H.149 ), we can express all auxiliary components of B in terms of some 
i/-field components: 



dlCi ■ ■ ■ d}Cp Bmn I 



5(7Ci • • ■ dK.p^iHK^)Mj^j-\ Vp > 1, Bmu\ =0 (p = 0) 



p + 2 

— — - • 9(k;i . . . dK^_,HK.^^M„\ \fp > 1, 
p+1 ^ p p; I 

Vp> 1 



BMn\=0 ip=0) 



3 d(K., ■■■d, 






(H.150) 

(H.151) 
(H.152) 



Again, the constraints on the components of H wil be given in flat coordinates. Rewriting the above set of 
equations correspondingly, produces derivatives acting on the vielbein. We thus get again a recursion relation 
which is coupled to the recursion relation for the vielbein. 

H.4 Stabilizer 

In order to recover the supergravity transformations, we need to determine those supergauge transformations 
which leave the Wess-Zumino-gauge and the additional gauge flxing conditions untouched. 



H.4.1 Stabilizer of the Wess Zumino gauge 



Let us start with the vielbein which was flxed to i?A4'^| = Sj^"^ (H.76), and remember the general transforma- 
tion (|H.19|) 



5E 



M 



= dMe+^Mc'^e+'^eTc 



CM 



JB Em 



^M^ 



Let us denote the first components in the ©-expansion of the transformation parameters as follows 



e ^ ^^+x^^ju + 



La 



B _ 



T B , ^A4 r 1 



(H.153) 



(H.154) 
(H.155) 



The 6 = component of Ej^ in the WZ gauge then transforms as 



5 Em' 



^A4 + ^ A<c ^0 + 2^0 Tc^A \+ Lqb Ej^ 



&M.B (fj.yg) 



ij^ + 2^0 TcAA. + -^0 B ^A4 



In order to preserve the gauge of the vielbein, we thus need that the above variation vanishes 



S.M. = -^M. (2^0 ^CB I +ioB 



(H.156) 
(H.157) 

(H.158) 



This result is very general, without any restriction on the structure group. In order to become more explicit, 
let us now assume that the structure group is block-diagonal and split the index A into {a, A). (Remember, 
the fermionic index might further decay, e.g. for type II in ten dimensions into A. = (a, a).) The vector ^'^ can 
then be written as 



BcC 



r = ^0 - 2x^<5^''^o^ TcbI + 0{6 ) 



r = it -^^6. 



A4x B 
A4 



(2^0'' Tcb' 



L 



OB 



0{f) 



(H.159) 
(H.160) 



In this appendix, we will not make use of any torsion constraints. This will be done in the main part. 

The gauge fixing condition of the connection was ^aa.a^\ — 0, while its general gauge transformation reads 



(IH.25D 



5n 



MA 



2C Rkma — QmLa — [L, ^m]a 



The gauge is thus preserved if 



J^M-A — 'iOAyi ?o ^CT>A I 



or 



La''{x,6) 



Loa"{x) + 2x'^5m''£.'S Rc-da''\+0{6 ) 



(H.161) 
(H.162) 
(H.163) 



APPENDIX H. SUPERGAUGE TRANSFORMATIONS, THEIR ALGEBRA AND THE WZ GAUGE 222 



H.4.2 Stabilizer of the additional gauge fixing conditions 



Remember the additional gauge fixing conditions (H.97) and (H.98) 



9(-A/l, ■ • ■ 9a4„ -Ea4„ , , ^ 1—0, C?(Ali • ■ • C^Adn^Aln+ijA |— 



Stabilizing the first condition 



Vn> 1 



5d, 



■ 9 A/t., Ef 



(All • ■ ■ <-'A<„-C/A4„+i) I — 



implies 



9a4i • • ■9a4„ + iC I = -C^(A4i ■ • -t^A^nl (2^ ^CB +-^8 ) | ^|A<„+i) 



Vn> 1 



(H.164) 



= (H.165) 
(H.166) 



(H.167) 



This is actually recursion relation again. For the second fermionic derivative of the transformation parameter 
e.g., we get 



9M.1dM.2S, I — ^2^(_;^^| Tc|A42) 1^2.^0 9(M.^\Tc\M.2 



- L 



(A4iA42) 



2^0 (2 Tc(M.i\ I Te\m.2) I ^ di^M.^\Tc\M.2) \ - RciM.iM.2)' 



-2L 



0(A4i 



T, 



C\M2) 



StabiHzing finally the second additional condition (the one on the connection) 

(5 9(Ali ■ • ■ 5A4„f^Al„+i)A 1 = 



9(jVtj . . . 9jV4,J (2^ Rk\M.„+i)A - d\M.^^^)LA - [L, fi|jv4„+i)]A 



9, 



[Ml 



C^A1„| (2^ Rk\M.„ + i)A - f^|At„ + i)-^A 



implies 



t^Ati • • • (9a1„+i-^A — 2 9(a1i • • ■ 9jv<^| (^ Rc-DA jl^lA^n+i) 



■D 



Vn > 1 



(H.168) 
(H.169) 



(H.170) 
(H.171) 

(H.172) 



Like above, this is a recursion relation, starting with the second fermionic derivative 



c^ All 9^42-^ A 



= 2e 



iM.i\ Rc\AA2)A I +2^0 9(M.^\Rc\M.2)A 



2^0 (^2rc(.A4^| I Re\m.2)a I 



A/li\Rc\A<2)A 



-2L, 



0(Ati[ 



i?, 



'C\M.2)A 



The two conditions ( H.167 ) and ( [H.172 ) are restricting only terms of order 2 and hi g her in 9 of the transformation 
parameters ^^ and La^ and therefore do not affect our earlier result ( H.15S| )-( H.160 ) and ( H.163 ) for the 
stabilizer of the WZ gauge. 



H.4.3 Local Lorentz transformations as part of the stabilizer 

For a reasonable gauge fixing we should still have local Lorentz invariance and the bosonic diffeomorphism as 
part of the stabilizer group. We recover the local structure group transformations, if we set 



so 



= 



which leads to 



LA^{x,e) 



e 






Loa"{x)+0{6 ) 
Oif) 



A4x 

= —X 



A4 ^OB 



A 



0{f) 



(H.173) 

(H.174) 
(H.175) 
(H.176) 



The leading components of all superfields with fiat indices obviously then transform only under the local 
structure group transformation Lqa^, because the coupled superdiffeomorphism affects only higher orders 
in 9. When acting on a more general tensor of e.g. the form t^^, the coupled diffeomorphism contributes via 



the matrix (Vl^^ + 2S^Tcl^) acting on the curved indices (compare ( |H.15 )). For the leading component, i.e. 
^ = 0, the nonvanishing part of this matrix is just 



-(VK:r + 2e^rcK^) 



- 5k.^L,b^5jC' 



(H.177) 
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In other words, the bosonic curved indices m,n, . . . do not transform, while the fermionic curved indices 
Ad,Af, . ■ ■ transform under the structure group. 

For the behaviour on first order in 6, it is already instructive to consider the action of the above transfor- 
mation on a scalar superfield like a dilaton superfield ^(ph)'- 

S'^iph) = C''Vc$(ph) = -a^-^'5At^i0B''Vc$(p„)+O(^') (H.178) 

That means for the 0-component \^/i = VA/i^{ph)\ , that it transforms, as if M. was a spinor index. 

'^Aa^ = dMm{ph))\ = (H.179) 

= -5M^LaB'^ye^iph)\= (H.180) 

= -5M^L^B'^5c^\^: (H.181) 

Although it might seem intuitive that (curved) fermionic indices transform under the structure group, it is 
important to note that this is only due to the WZ-gauge, which couples part of the superdiffeomorphisms to 
the local structure group transformations. Originally, the curved fermionic index a< does not transform under 
structure group transformations. 

H.4.4 Bosonic difFeomorphisms as part of the stabilizer 

The equations for the stabilizer are given in fiat indices ^"^ . We will need this to extract the local supersymmetry 
transformations. But in order to see whether the transformation with parameters i'^' [x) = (^™(x),0, 0) and 
La^ = (not La^ , which has absorbed part of the diffeomorphism) , corresponding to bosonic diffeomorphisms, 
is contained in the stabilizer, a change to curved indices is preferable. Instead of using the vielbein to switch 
from fiat to curved index, we check this directly. The transformation of the vielbein components with this 
parameter is 

(H.182) 

<^f^(A<i ■ • ■f?.M„£^A<,.+i)'^| = d(M.i- ■ ■dM.r,\{^'^'^kE\M.„+i)^ + d\M.^^^)^''Ek^)\^ (H.183) 

= C'5fca(^,...aA4„|i^|Ai„+i)'^l =0 (H-184) 

The same is true for the connection 

5 O^A^I = Co^fe ri^A^'l + dMi''\ ^ka''\ = (H.185) 

=0 

,55(^, ...9ai„^A4,.+im''| = ••• = (H-186) 

H.5 Local SUSY-transformation 

This section could actually be another subsection of the "stabilizer" section. But as we have special interest in 
the local SUSY transformations, we make it a seperate section. 

H.5.1 The transformation parameter 

The supersymmetry transformations are defined to be the set of transformations within the stabilizer with 

SUSY: ^o^^ioA^'-O, 0^eo=e'' (H.187) 




From ( |H.158D and (|HA62|) we thus get 

Cjw ~ — 2e TcAd , Laaa = Se RcAdA (H.188) 



Or more explicitely (compare ( H.159| ),( H.160 ) and ( H.163| )): 



C{e) = -2x^5M^e''Tc-D''\+0{f) (H.189) 

^^(e) = e^-2x^5M^e^Tc-D^\+0{e'') (H.190) 

LA^'ie) = 2x^5M^e'' Rc'DA''\+0{f) (H.191) 
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Remember that the gauge transformation corresponding to these parameters is of the form 

5, = £(r''+7^(L(e).■) 



(H.192) 



We should finally note that the separation of the gauge transformations into local structure group transforma- 
tions, local bosonic difleomorphisms and local supersymmetry contains some arbitraryness. In particular when 
the structure group contains an abelian subgroup (e.g. dilatations), a redefinition of local supersymmetry with 
such an abelian structure group transformation does not change the supersymmetry algebra. In fact the choice 



Lqj 



as part of the stabilizer of the gauge fixing is not possible any longer if such a subgroup (e.g. the 



local scale transformation) is fixed. In the case where we fix for example (in our application in the main part) 
the leading component of the (bosonic) compensator field $ to $1 = or <i>| = <i>(p;j)|, we get the additional 
stabilizer condition (C'^"Vc$" - L^"'>)\ = or (C<^"Vc$" - i^^^)] ^ ^"^Vc $(ph)| or equivalently 



-{D 



L'^>ie)^e^\7c^ & ^^{e) ^ (^{e) 



A^X -A^C 



-x'^S 



A4 



e"- Vc$l 



(H.193) 



or 4^^(e) - e'^ ("Vc$"| - Vc $(p,)|) & ^^(e) -> (^{e) - -x^S^^e^^ ("Vc$"| - Vc $(p,)|)(H.194) 

Alternatively, we could have fixed the complete superfield $ to zero (before going to WZ-gauge). Then the 
scale part of the connection is not structure group valued and therefore has to be treated as a difference tensor. 
Only the Lorentz part can then be used for the implementation of the WZ-gauge. 



H.5.2 The supersymmetry algebra 



In order to read off the algebra of the local supersymmetry transformations from ( |H.6g| ) , we need the transfor- 
mation of f itself under a second supersymmetry transformation 

^2, 



SeA''i£2) = -2x^ei5,,TcM^\+0{e- 

- -2a;^ef <5^^ £(r'' TcB^ 

?(ei) 

Air TICK ^ __rj,__A 



= -2.x^5Ai'^e2£f VbTcu 
and also the transformation of La^ under supersymmetry: 



0{f) 



5e,LA''{e2) = 2x^eJ6,,RcMA''\+Oie) 



«(ei) 



0{f) 
-2, 



2x^e^5M^e\ V£Rc-da''\ +0(0 ) 



For the algebra ( |H.69[) , we still need the Lie bracket of the vector field: 



(H.195) 
(H.196) 

(H.197) 

(H.198) 
(H.199) 

(H.200) 
(H.201) 



For simplicity, let us restrict to the leading component, although we would have enough information to calculate 
higher orders as well: 



[e(£i),a£2) 



A\ ^B 



- £^<5c^eAi^(£2) - e^S^^^M^ie^) - 28^ Tcb''\ e^ 

= -2efef Tse^ \ + 2e^ei Tcb^ \ - 2ef Tcb"" \ ef 
= 2efTcB^\ef 



(H.202) 

(H.203) 
(H.204) 



Having derived only the leading co mpon ent of the vector-Lie bracket, we should restrict to the leading component 
for the rest as well. The algebra ( H.6£ ) then becomes 



[<5,„<5,J = £(™^' 



{-2efTci,^\ef + 0{§})E^ 



n[2e^efRe-D-'+0{e) 



(H.205) 
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H.5.3 Transformation of the fields 

The supersymmetry transformation of the fields is simply given by 



(H.206) 



where ^'^(e) and LA^{e) are of the special form given in ( H.187 )-( H.191 ). Let us derive the transformations 
of all the fields that we will need. In order to extrac t the transformation of the (leading) components, we will 
again make frequent use of the Wess Zumino gauge ( H.7(j ) and ( H.92 ) (using Em'^\ = e,„°, Em \ = ^m )■ In 
any supergravity theory we have a vielbein and a structure group connection which we will consider first. 



H.5.3.1 Vielbein (bosonic vielbein and gravitino) 

Remember, the vielbein transforms according to ( H.igj ) as 



SEm^ = dM^^ + nMc^(^'+2fTcM'' 

" v ' 



Lb Em 



(H.207) 



In practice, we will be given constraints on torsion components with fiat indices, s.t. it is useful to re write th e 
equatio ns in those components. In addition, we plug in the expHcit form of ^'^(e) and LB^{e) given in ( H.18S| )- 
(H.191) to obtain the local supersymmetry transformation of the nonvanishing leading vielbein components (the 
bosonic vielbein and the gravitino(s)):: 



= 2e^ 



Tcb''\+2e''^m^TcB''\ 



Selpn 



dm£ + t^mC 



^e^ -V^e^er. 



h rp A.\ 

. -ICb 



+ 2e'^Vm^ Tcs^l 



VmS^ 



(H.208) 
(H.209) 



H.5.3. 2 Connection 



Remember the general gauge transformation of the structure group connection (|H.25[) 

dnMA^" = 2£,''Rkma'' -OmLa"" -[L,nM]A'' (H.210) 

In the case where a scale part of the connection is present, this transforms accordingly as (see (H.30|)) 



5VL 



(D) 
M 



^4 J'CM ^ Om^' 



(H.211) 



For the stabilizer of WZ-gauge wi th r^A iA^I — an d S i^M.A^\ — and for the choice ^g — Lqa^ (corre- 
sponding to local supersymmetry ( H.187 ) and ( H.18^ )) the nontrivial part of the above equations becomes (for 
9 = 0): 



S ^rnA I 



2^0 RcmA 






More explicitely (replacing 



so ■ 



Q) this reads 



(H.212) 
(H.213) 



S^mJ' 


= 2e^ (e„/ i?.^rfa' +AjR-ySa'' + ^m^ R^Sa' 


)- 




+ 26"^ (em^ R^da' +i^J R-ysJ' +i'JR^Sa 


) 


s nif^ 


= 2e-(e,/F(^) 


4- lb ^ F^^^ 


+ i,jF>-> 


)- 




+2s^ {ej F^ 


-1- iPm ^^s 


^*JF'^ 


) 



(H.214) 



(H.215) 



H.5.3. 3 Compensator field 

A compensator field is not necessarily present in a supergravity theory. In our context such a field $ is used to 
allow a scale transformation of the metric in fiat indices: 



Gab = e tjab 



(H.216) 
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Where tjab is some constant metric which is invariant under the orthogonal transformations. In our case, its 
bosonic part is just the Minkowski metric and the rest is zero. There is no way, how a constant metric can 
scale. Therefore the compensator field <& takes over the scaling of Gab under scale transformation by simply 
getting shifted with the scale parameter 

7^(L) $ = $ - L(^) (H.217) 

Similarly, the covariant derivative will be defined to act only on $ (and not on tjab) in such a way that the 
covariant derivative of Gab has the form that is indicated by its indices. 



VmGab = 2{dM^-niT)GAB 
The general gauge transformation of the compensator field thus reads 



(5$ 



eidK'^^n 



{D) 
K 



_l(D) 



(H.218) 
(H.219) 

(H.220) 



Define 



"Vk*" 

= $1 



For the lowest component , this implies the following local SUSY transformation in the WZ gauge 



(5e(/) = e 



- r~tr. 



(H.221) 

(H.222) 



(H.223) 



The transformation is zero, if we combine it with an additional scale stabilizer transformation ( [H.193|) 

i^''^ - e^0C (H.224) 

Note that the transformation of the connection is such that the covariant derivative of the compensator field 
transforms like a vector 



In particular we have for the SUSY transformation of the first theta-components 



5, Va^I = e^ VbVa$| 



(H.225) 



(H.226) 



H.5.3.4 Scalar super field (e.g. dilaton and dilatino) 

The Dilaton field is a scalar and thus has the simple transformation 



5^ 



iph) 



e^ Vf7$ 



C^iph) 



= /:^$ 



(ph) 



(H.227) 



Define now the dilatino to be 



$ 



(ph) 



dA/i^{ph)\ 



This definition of the dilatino implies according to ( |H.227|) for the dilaton ip^ph) the transformation 



5^ 



{ph) 



e^Xc 



(H.228) 
(H.229) 

(H.230) 



(H.231) 



For the transformation of the dilatino we use the fact that the variation of a covariant derivative is simply the 
covariantized Lie derivative (supergauge transformation) plus the structure group transformation of the new 
tensor according to the new index structure (see footnote ^ on page 210 and ( H.15| )). We thus have 



5{VA^{ph)) 



C^ VcVA$(ph) - LA^'^B^iph) 



(H.232) 
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with ^'^ and La given in ( |H.187D -( |H.191| ). For the fermionic components at = 0, this reads simply 



S\a = e^ VcVa$(p/j) 



(H.233) 



Apparently, we need some equations of motion at this point, in order to say more. We can, however, relate this 

^2 



expression expHcitely to the component dj^dj^(^(^ph)\ of the dilaton: 



Now we can use that 



dj^^A. I = — E_A. I dj^EL I Eb I — 
= — E_A, dj^Ec Eb — 



= —S_A. Tj^c I Eb I 
The transformation of before can then be rewritten as 



(H.234) 
(H.235) 

(H.236) 

(H.237) 

(H.238) 






(H.239) 



H.5.3.5 Bispinor fields (RR-fields) 

Apart from that we will be interested in the transformation of RR-fields 

The leading component, that we defined in the main text as p"^ — e~®'^(p'') 'P°'l^ 



(H.240) 



then transforms as 



Jp«^ = -Se'^Acp"^ + g-^'^tp'-'e'^ S/eV"^ 



(H.241) 



H.5.3.6 Two or three form (e.g. B-field and H-&eld) 

Finally we consider the transformation of a two form (e.g. the B-field) and of a three form (e.g the 7?-field): 

SBab - i''VDBAB-2L[A\''BD\B] (H.242) 

5BmN = e''VDBMiV + 2(V[M|e^ + 2e^Tp[M|^)SL|jv]=e'^aKBA/Ar + 29[M|e^Si|jv] (H.243) 

SHabc = e''Vci/ABC-3L[^l^ffc|i3C] (H.244) 



SH 



MNK 



e^oH 



MNK 



3(V[M|C'' + 2^^rp[M|^)i/L|iVK] = ^''dLH_ 



MNK 



idyM\^'^HL\MK\ (H.245) 



It makes some difference whether we consider the fields with fiat or with curved coordinates. The difference 
lies in the transformation of the vielbeins. Physically, we are interested in the transformation of the bosonic 
B-field Bmn\ and i?-field i?mnfe| with curved indices. If we assume that H = dB and B thus is a gauge field, 
we can make use of the WZ-like gauge -Ba-ia/'I = BmAfl — and dicBmn\ = 3 Hjcmnl, in order to become more 
expHcit for the transformation of Bmn \ ■ For the B-field transformation it thus makes sense to take the version 
in terms of partial derivatives instead of covariant ones. 



6B„ 



£ St> djcBjnnl + '2d[m\£ -Bx>|n] 
3e Hx)mn\ 



Rewritten in fiat coordinates, the result becomes 



X>„;, A.„l. B 



Se^'em^en" Hrpabl + 6£^7/;[„-^e„]'' Ht,m\ + ie''^[m^i>n] H-v^b 



(H.246) 

(H.247) 



(H.248) 



So far we have only used simplifications coming from the WZ-like gauge but no supergravity constraints yet. 
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